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Abstract
The aim of this paper is to introduce the different notions of g̃α-closed

maps and study some of their basic properties.Strongly g̃α-closed maps have
been defined to find the relationship with g̃α-closed maps and as an application
g̃α-regular spaces have been defined to study its properties in terms of g̃α-closed
maps.
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1 Introduction

Levine[7] offered a new and useful notion in General Topology, that is the
notion of a generalized closed set. This notion has been studied extensively in
recent years by many topologists. The investigation of generalized closed sets
has led to several new and intersting concepts, e.g. new covering properties
and new separation axioms weaker than T1. Some of these separation axioms
have been found to be useful in computer science and digital topology. After
the introduction of generalized closed sets there are many research papers
which deal with different types of generalized closed sets. Devi et al.[2,1] have
introduced semi-generalised closed sets (briefly sg-closed), generalised semi-
closed sets (briefly gs-closed), generalised α-closed (briefly gα-closed) sets and
α-generalised closed (briefly αg-closed) sets respectively. Jafari et al.[3] have
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introduced g̃α-closed sets and studied their properties using #gs-open sets[10].
In this paper we have introduced g̃α-closed maps. Using these new types of
functions, several chracterizations and its properties have been obtained. Also
the relationship between g̃α-closed maps and strongly g̃α-closed maps have been
established. We have introduced g̃α-regular space and studied its properties
intrems of g̃α-closed maps.

2 Preliminaries

We list some definitions which are useful in the following sections. The inte-
rior and the closure of a subset A of (X, τ) are denoted by Int(A) and Cl(A),
respectively. Throughout the present paper (X, τ) and (Y, σ)(or X and Y ) rep-
resent non-empty topological spaces on which no separation axiom is defined,
unless otherwise mentioned.

Definition 2.1 A subset A of a topological space (X, τ) is called

(i) a generalized closed set (briefly g-closed) [7] if Cl(A) ⊆ U whenever A ⊆ U
and U is open in (X, τ)),

(ii) an ω-closed set [8] (= ĝ− closed ) if Cl(A) ⊆ U whenever A ⊆ U and U
is semi-open in (X, τ),

(iii) a *g-closed set [9] if Cl(A) ⊆ U whenever A ⊆ U and U is ω-open in
(X, τ),

(iv) a #g-semi-closed set(briefly #gs-closed)[10] if sCl(A) ⊆ U whenever A ⊆
U and U is *g-open in (X, τ) and

(v) a g̃α-closed[3] if αCl(A) ⊆ U whenever A ⊆ U and U is #gs-open in X.

The complement of g-closed(resp *g-closed,ω-closed,#gs-closed and g̃α-closed)set
is said to be g-open(resp *g-open,ω-open,#gs-open and g̃α-open)respectively.

Definition 2.2 A function f : (X, τ)→ (Y, σ) is called

(i) g-continuous [7] if f−1(V ) is a g-closed set of (X, τ) for each closed set V
of (Y, σ),

(ii) ω-continuous [8] if f−1(V ) is an ω-closed subset of (X, τ) for every closed
set V of (Y, σ),

(iii)g̃α-continuous[4] if f−1(V ) is a g̃α-closed subset of (X, τ) for every closed
set V of (Y, σ) and
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(iv) strongly g̃α-continuous[5] if f−1(V ) is a closed subset of (X, τ) for every
g̃α-closed set V of (Y, σ)

Definition 2.3 Let f : (X, τ)→ (Y, σ) be a map. Then f is said to be

(i) #g-semi-irresolute [10] (briefly #gs-irresolute) if f−1(V ) is #gs-closed in
(X, τ) for each #gs-closed set V of (Y, σ)

(ii) α-irrsolute[1] if f−1(V ) is α-open in (X, τ) for each α-open set V of (Y, σ)

(iii)g̃α-irresolute[5] if f−1(V ) is g̃α-closed in (X, τ) for each g̃α-closed set V
of (Y, σ)

Definition 2.4 Let f : (X, τ)→ (Y, σ) be a map then f is said to be pre-α-
closed[1] if the image of every α-closed set in (X, τ) is α-closed in (Y, σ).

Definition 2.5 A space (X, τ) is called a

(i)#Tg̃α-space[3] if every g̃α-closed set in it is a closed set,

(ii)T1/2-space [7] if every g-closed set in it is a closed set and

(iii)Tω-space[8] if every ω-closed set in it is a closed set.

Definition 2.6 For a subset A of (X, τ) the g̃α-closure of A is defined to be
the intersection of all g̃α-closed sets containing A and the g̃α-interior is defined
to be the union of all g̃α-open sets contained in A. The class of all g̃α-open sets
is denoted by G̃αO(X) and the class of all g̃α-closed sets is denoted by G̃αC(X).

3 g̃α-closed Maps

Definition 3.1 A map f : (X, τ) → (Y, σ) is said to be g̃α-closed if the
image of every closed set in (X, τ) is g̃α-closed in (Y, σ).

Example 3.2 Let X = Y = {a, b, c}, τ = {φ,X, {a}}, σ = {φ, Y, {a, c}}
G̃αC(Y ) = {φ,X, {b}, {a, b}, {b, c}}, The function f is defined as f(a) =
a, f(b) = c, f(c) = b. The function f is a g̃α-closed map.

Proposition 3.3 A map f : (X, τ) → (Y, σ) is g̃α-closed if and only if
g̃α-Cl(f(A)) ⊆ f(Cl(A)) for every subset A of (X, τ).

Proof. If f is a g̃α-closed map and A ⊆ X.Then f(Cl(A)) is g̃α-closed in
(Y, σ). f(A) ⊆ f(Cl(A)).
g̃α-Clf(A) ⊆ g̃α-Cl(f(Cl(A))) = f(Cl(A)).Conversely let A be any closed
set in (X, τ).Then A = Cl(A) and f(A) = f(Cl(A)) and by hypothesis g̃α-
Cl(f(A)) ⊆ f(Cl(A)) = f(A),also f(A) ⊆ g̃α-Cl(f(A)) and hence f(A) = g̃α-
Cl(f(A)) Therefore f(A) is g̃α-closed.
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Theorem 3.4 A map f : (X, τ) → (Y, σ) is g̃α-closed if and only if for
each subset S of (Y, σ) and for each open set U containing f−1(S) there is a
g̃α-open set V of (Y, σ) such that S ⊆ V and f−1(V ) ⊆ U .

Proof.
Suppose that f is a g̃α-closed map. Let S ⊆ Y and U be an open subset of

(X, τ) such that f−1(S) ⊆ U . Then V = (f(U c))c is a g̃α-open set containing
S such that f−1(V ) ⊆ U . Conversely, let S be a closed set of (X, τ). Then
f−1((f(S))c ⊆ Sc and Sc is open. By assumption, there exists a g̃α-open set
V of (Y, σ) such that (f(S))c ⊆ V and f−1(V ) ⊆ Sc and so S ⊆ (f−1(V ))c.
Hence V c ⊆ f(S) ⊆ f((f−1(V ))c) ⊆ V c which implies f(S) = V c. Since V c is
g̃α-closed, f(S) is g̃α-closed and therefore f is g̃α-closed.

Proposition 3.5 Let f : (X, τ) → (Y, σ) be a mapping such that g̃α-
Cl(f(A)) ⊆ f(Cl(A)) for every subset A of (X, τ).Then the image f(A) of
a closed set A in (X, τ) is g̃α-closed in (Y, σ).

Proof. Let A be a closed set in (X, τ) By hypothesis g̃α-Cl(f(A)) ⊆
f(Cl(A)) = f(A) and f(A) ⊆ g̃α-Cl(f(A)) so g̃α-Cl(f(A)) = f(A). Therefore
f(A) is g̃α-closed in (Y, σ).

Proposition 3.6 If f : (X, τ) → (Y, σ) is #gs-irresolute and pre-α-closed
and A is a g̃α-closed subset of (X, τ) then f(A) is g̃α-closed.

Proof. Let U be any #gs-open set in (Y, σ) such that f(A) ⊆ U and since
f is #gs-irresolute, f−1(U) is #gs-open in (X, τ). Hence αCl(A) ⊆ f−1(U) as
A is g̃α-closed in (X, τ). Since f is pre-α-closed f(αCl(A)) is a α-closed set
contained in the #gs-open set U which gives αCl(f(αCl(A))) ⊆ U and we have
A ⊆ αCl(A). Therefore f(A) ⊆ f(αCl(A)), αCl(f(A)) ⊆ αClf(αCl(A) ⊆ U .
Therefore f(A) is g̃α-closed.

Remark 3.7 The composition of two g̃α-closed functions need not be g̃α-
closed.

Example 3.8 Let X = Y = Z = {a, b, c}, τ = {φ,X, {a}}, σ = {φ, Y, {a, b}}
η = {φ, Z, {b}},
G̃αC(X) = {φ,X, {b}, {c}, {b, c}},
G̃αC(Y ) = {φ, Y, {c}, {a, c}, {b, c}},
G̃αC(Z) = {φ, Z, {a}, {c}, {a, c}},. The function f and g are defined as f(a) =
a, f(b) = c, f(c) = b,g(c) = a, g(b) = b, g(a) = c,f and g are g̃α-closed. But
(gof)({b, c}) = g(f({b, c}) = {a, b} which is not g̃α-closed in Z.

Corollary 3.9 If f : (X, τ) → (Y, σ) is a g̃α-closed map and g : (Y, σ) →
(Z, η) is a pre-α-closed and #gs-irresolute map then their composition gof :
(X, τ)→ (Z, η) is g̃α-closed.
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Proof. Let A be a closed set in (X, τ). Then f(A) is g̃α-closed set in
(Y, σ). Since g is both #gs-irresolute and preα-closed,then by Proposition 3.6
g(f(A)) = (gof)(A) is g̃α-closed in (Z, η) and therefore gof is g̃α-closed.

Proposition 3.10 If f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) are g̃α-
closed maps and (Y, σ) be a #Tg̃α-space then their composition gof : (X, τ)→
(Z, η) is g̃α-closed.

Proof. Let A be a closed subset of (X, τ). Then by hypothesis f(A) is
g̃α-closed in (Y, σ). Since (Y, σ) is a #Tg̃α-space f(A) is closed in (Y, σ). Again
by hypothesis g(f(A)) is g̃α-closed in (Z, η). Thus g(f(A)) = (gof)(A) is g̃α-
closed.

Proposition 3.11 If f : (X, τ) → (Y, σ) is a closed map and g : (Y, σ) →
(Z, η) is a g̃α-closed map then their composition gof : (X, τ) → (Z, η) is g̃α-
closed.

Proof. Let A be a closed set in (X, τ) then f(A) is closed in (Y, σ).Then
(gof)(A) = g(f(A)) is g̃α-closed.

Remark 3.12 If f : (X, τ) → (Y, σ) is a g̃α-closed and g : (Y, σ) → (Z, η)
is a closed map then their composition gof : (X, τ) → (Z, η) need not be
g̃α-closed.

Example 3.13 Let X = Y = Z = {a, b, c}, τ = {φ,X, {b}}, σ = {φ, Y, {b, c}}
η = {φ, Z, {a}, {a, b}}, G̃αC(Y ) = {φ, Y, {a}, {a, b}, {a, c}}, G̃αC(Z) = {φ, Z, {b}, {c}, {b, c}},.
The function f and g are defined as f(a) = c, f(b) = b, f(c) = a and g(a) =
c, g(c) = a, g(b) = b. (gof)({b, c}) = g(f({a, c}) = {a, c} which is not g̃α-
closed in Z.

Theorem 3.14 Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) are two
mappings such that their composition gof : (X, τ) → (Z, η) be a g̃α-closed
mapping.Then the following are true.

(i)If f is continuous and surjective then g is g̃α-closed.

(ii)If g is g̃α-irresolute and injective then f is g̃α-closed.

(iii)If f is g-continuous ,surjective and (X, τ) is a T1/2-space then g is g̃α-
closed.

(iv)If f is ω-continuous,surjective and (X, τ) is a Tω-space then g is g̃α-closed.

(v)If g is strongly g̃α-continuous and injective then f is closed .
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Proof.

(i) Let A be a closed set in (Y, σ).Since f is continuous, f−1(A) is closed
in (X, τ) and (gof)f−1(A) is g̃α-closed in (Z, η)i.e g(A) is g̃α-closed in
(Z, η).(since f is surjective). Therefore g is a g̃α-closed map.

(ii)Let B be a closed set of (X, τ). Since (gof) is g̃α-closed,(gof)(B) is g̃α-
closed in (Z, η). Since g is g̃α-irresolute ,g−1(gof)(B) is g̃α-closed in
(Y, σ).i.e f(B) is g̃α-closed in (Y, σ)(since g is injective). Thus f is a g̃α-
closed map.

(iii) Let C be a closed set of (Y, σ). Since f is g-continuous f−1(C) is g-closed
in (X, τ). Since (X, τ) is a T1/2-space f−1(A) is closed in (X, τ) and
so (gof)f−1(A) is g̃α-closed in (Z, η)(since f is surjective). Hence g is
g̃α-closed.

(iv)Let C be a closed in (Y, σ). Since f is ω-continuous, f−1(C) is ω closed
in (X, τ). Since (X, τ) is a Tω space, f−1(C) is closed in (X, τ). Then
(gof)f−1(C) = g(C) is a g̃α-closed map.

(v) Let D be a closed set of (X, τ). Since (gof) is g̃α-closed (gof)(D) is g̃α-
closed in (Z, η). Since g is strongly g̃α-continuous g−1(gof)(D) is closed
in (Y, σ).i.e f(D) is closed in (Y, σ).(since g is injective). Therefore f is a
closed map.

Theorem 3.15 Let (X, τ) and (Y, σ) be any two topological spaces.

(i)If f : (X, τ) → (Y, σ) is g̃α-closed and A is a closed subset of (X, τ) then
fA : (A, τA)→ (Y, σ) is g̃α-closed.

(ii)If f : (X, τ) → (Y, σ) is a surjective g̃α-closed (resp closed) and A =
f−1(B) for some closed (resp g̃α-closed) set B of (Y, σ) then fA : (A, τA)→
(Y, σ) is g̃α-closed.

Proof.

(i)Let B be a closed set of A.Then B = (A∩F ) for some closed set F of (X, τ)
then B is closed in (X, τ). By hypothesis f(B) is g̃α-closed in (Y, σ). But
f(B) = fA(B) and hence fA is a g̃α-closed map.

(ii)Let D be a closed set of A then D = A ∩ H for some closed set H of
(X, τ). fA(D) = f(D) = f(A∩H) = f(f−1(B)∩H) = B ∩ f(H). Since
f is g̃α-closed, f(H) is g̃α-closed and so B ∩ f(H) is g̃α-closed in (Y, σ).
Therefore fA is a g̃α-closed map.
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4 g̃α-Open Maps

Definition 4.1 A map f : (X, τ) → (Y, σ) is said to be a g̃α-open map if
f(A) is g̃α-open for each open set A in (Xτ).

Theorem 4.2 A map f : (X, τ)→ (Y σ) is g̃α-open if and only if for each
subset S of (Y, σ) and for each closed set U containing f−1(S) there is a g̃α-
closed set V of (Y, σ) such that S ⊆ V and f−1(V ) ⊆ U .

Proof. Suppose that f is a g̃α-open map. Let S ⊆ Y and U be a closed
subset of (X, τ) such that f−1(S) ⊆ U . Then V = (f(U c))c is a g̃α-closed
set containing S such that f−1(V ) ⊆ U . Conversely, let S be an open set
of (X, τ). Then f−1((f(S))c ⊆ Sc and Sc is closed. By assumption, there
exists a g̃α-closed set V of (Y, σ) such that (f(S))c ⊆ V and f−1(V ) ⊆ Sc

and so S ⊆ (f−1(V ))c. Hence V c ⊆ f(S) ⊆ f((f−1(V ))c) ⊆ V c which implies
f(S) = V c. Since V c is g̃α-open, f(S) is g̃α-open and therefore f is g̃α-open.

Corollary 4.3 A function f : (X, τ)→ (Y σ) is g̃α-open if and only f−1(g̃α-
Cl(B) ⊆ Cl(f−1(B)) for every subset B of (Y, σ).

Proof. Let f be g̃α-open.For any subset B of Y,f−1(B) ⊆ Cl(f−1(B).By the
theorem 4.2 there exists a g̃α-closed set A of Y such that B ⊆ A and f−1(A) ⊆
Cl(f−1(B)). Therefore f−1(g̃α-Cl(B)) ⊆ f−1(A) ⊆ Cl(f−1(B)),since A is a
g̃α-closed set in (Y, σ).
Conversely let S be any subset of (Y, σ) and F be any closed set containing
f−1(S).Take A = g̃α-Cl(S).Then A is a g̃α-closed set and S ⊆ A. By assump-
tion f−1(A) = f−1(g̃α-Cl(S)) ⊆ Cl(f−1(S)) ⊆ F and therefore by the theorem
4.2 f is g̃α-open

Proposition 4.4 For any bijection f : (X, τ) → (Y, σ) the following are
equivalent.

(i)f−1 : (Y, σ)→ (Xτ) is g̃α-continuous.

(ii)f is a g̃α-open map.

(iii)is a g̃α-closed map.

Proof.

(i)⇒ (ii) Let U be an open set of (X, τ). By assumption (f−1)−1(U) = f(U)
is g̃α-open in (Y, σ) and so f is g̃α-open.

(ii) ⇒ (iii) Let F be a closed set of (X, τ) then F c is open in (X, τ). By
assumption f(F c) is g̃α-open in (Y, σ).i.e f(F c) = (f(F ))c is g̃α-open in
(Y, σ) and therefore f(F) is g̃α-closed in (Y, σ). Hence f is g̃α-closed.
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(iii) ⇒ (i) Let F be a closed set in (X, τ). By assumption f(F) is g̃α-closed
in (Y, σ) and f(F ) = (f−1)−1(F ) and therefore f−1 is g̃α-continuous.

Definition 4.5 Let x be a point of (X, τ) and V be a subset of X. Then
V is called a g̃α-neighbourhood of x in (X, τ) if there exist a g̃α-open set U of
(X, τ) such that x ∈ U ⊆ V .

Theorem 4.6 Let f : (X, τ) → (Y, σ) be a mapping. Then the following
are equivalent if arbitrary union of g̃α-closed sets is also g̃α-closed in Y.

(i)f is a g̃α-open mapping.

(ii)For a subset A of (x, τ), f(Int(A)) ⊆ g̃α − Int(f(A)).

(iii)For each x ∈ X and for each neighbourhood U of x in (X, τ) there exist
a g̃α-neighbourhood W of f(x) in (Y, σ) such that W ⊆ f(U).

Proof.

(i)⇒ (ii)Suppose f is g̃α-open. Let A ⊆ X. Then Int(A) is open in (X, τ) and
so f(Int(A)) is g̃α-open in (Y, σ). We have f(Int(A)) ⊆ f(A). Therefore
f(Int(A) ⊆ g̃α − Int(f(A)).

(ii) ⇒ (iii)Suppose (ii) holds. Let x ∈ X and U be a neighbourhood of
x. Then there exist an open set G such that x ∈ G ⊆ U . By assump-
tion f(G) = f(Int(G)) ⊆ g̃α-Int(f(G)). This implies that f(G) = g̃α-
(Int(f(G)). Hence f(G) is g̃α-open in (Y, σ). Further f(x) ∈ f(G) ⊆
f(U) and so (iii) holds where W = f(G).

(iii)⇒ (i)Suppose (iii) holds. Let U be an open set in (X, τ), x ∈ U, f(x) =
y ∈ f(U). For each y ∈ f(U) there exist a g̃α-neighbourhood Wy of
y in (Y, σ) such that Wy ⊆ f(U)(by hypothesis). Since Wy is a g̃α-
neighbourhood of y there exist a g̃α-open set Vy ∈ (Y, σ) such that y ∈
Vy ⊆ Wy. Therefore f(U) =

⋃
({Vy : y ∈ f(U)}) is a g̃α-open set in

(Y, σ). Thus f is a g̃α-open map. Since arbitrary union of g̃α-open sets is
g̃α-open.

5 Strongly g̃α-closed and Strongly g̃α-open Maps

Definition 5.1 A map f : (X, τ)→ (Y, σ) is said to be a strongly g̃α-closed
map if the image f(A) is g̃α-closed in (Y, σ) for each g̃α-closed set A in (X, τ).

Proposition 5.2 Every strongly g̃α-closed map is g̃α-closed.

Proof. Since every closed set is g̃α-closed the result follows.
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Example 5.3 Let X = Y = {a, b, c}, τ = {φ,X, {a, b}}, σ = {φ, Y, {a}}
G̃αC(X) = {φ, Y, {c}, {a, c}, {b, c}}, G̃αC(Y ) = {φ, Y, {b}, {c}, {b, c}},. The
function f is the identity function. The function f is g̃α-closed but not strongly
g̃α-closed .Since for the g̃α-closed set {a, c}, f({a, c}) = {a, c} which is not
g̃α-closed in (Y, σ).

Proposition 5.4 A map f : (X, τ) → (Y, σ) is strongly g̃α-closed if and
only if g̃α-Cl(f(A)) ⊆ f(g̃α-Cl(A)) for every subset A of (X, τ).

Proof. Suppose that f is strongly g̃α-closed and A ⊆ X.Then f(g̃α-Cl(A) is
g̃α-closed in (Y, σ).We have f(A) ⊆ f(g̃α-Cl(A)), g̃α-Cl(f(A)) ⊆ g̃α-Cl(f(g̃α-
Cl(A)) = f(g̃α-Cl(A))for every subset A of (X, τ).Conversely let A be a g̃α-
closed subset of X.Then A = g̃α-Cl(A) and so f(A) = f(g̃α-Cl(A)) ⊇ g̃α-
Cl(f(A)).By definition f(A) ⊆ g̃α-Cl(f(A).Therefore f(A) = g̃α-Cl(f(A)).i.e
f(A) is g̃α-closed and hence f is strongly g̃α-closed .

Definition 5.5 A map f : (X, τ)→ (Y, σ) is said to be strongly a g̃α-open
map if the image f(A) is g̃α-open in (Y, σ) for each g̃α-open set A in (X, τ).

Proposition 5.6 For any bijection f : (X, τ) → (Y, σ) the following are
equivalent.

(i)f−1 : (Y, σ)→ (Xτ) is g̃α-irresolute.

(ii)f is a strongly g̃α-open map.

(iii)f is a strongly g̃α-closed map.

Proof.

(i) ⇒ (ii) Let U be a g̃α-open set of (X, τ). By assumption (f−1)−1(U) =
f(U) is g̃α-open in (Y, σ) and so f is strongly g̃α-open.

(ii) ⇒ (iii) Let F be a g̃α-closed set of (X, τ) then F c is g̃α-open in (X, τ).
By assumption f(F c) is g̃α-open in (Y, σ).i.e f(F c) = (f(F ))c is g̃α-open
in (Y, σ) and therefore f(F) is g̃α-closed in (Y, σ). Hence f is strongly
g̃α-closed.

(iii)⇒ (i) Let F be a g̃α-closed set in (X, τ). By assumption f(F) is g̃α-closed
in (Y, σ) and f(F ) = (f−1)−1(F ) and therefore f−1(F ) is g̃α-irresolute.

Theorem 5.7 If f : (X, τ) → (Y, σ) is #gs-irresolute,pre-α-closed and g̃α-
closed then it is a strongly g̃α-closed map.

Proof. It follows from Proposition 3.6
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5.0.1 Applications

In this section we introduce the definition of g̃α-regular spaces and prove some
preservation theorems of Normality and Regularity.

Definition 5.8 A space (X, τ) is said to be g̃α-regular if for each closed set
F of X and each point x 6∈ F there exist disjoint g̃α-open sets U and V such
that F ⊆ U and x ∈ V .

Theorem 5.9 In a topological space (X, τ), the following statements are
equivalent.

(i) (X, τ) is g̃α-regular.

(ii) for every point x of (X, τ) and every open set V containing x there exists
an g̃α-open set A such that x ∈ A ⊆ αCl(A) ⊆ V .

Proof.

(i) ⇒ (ii). Let x ∈ X and V be an open set containing x. Then X − V is
closed and x 6∈ X − V . By (i) there exist disjoint g̃α-open sets A and
B such that x ∈ A and X − V ⊆ B. That is X − B ⊆ V . Since every
open set is #gs-open, V is #gs-open. X − B is g̃α-closed. Therefore
αCl(X − B) ⊆ V . Since A ∩ B = φ,A ⊆ X − B. Therefore x ∈ A ⊆
αCl(A) ⊆ αCl(X −B) ⊆ V . Hence x ∈ A ⊆ αCl(A) ⊆ V .

(ii) ⇒ (i). Let F be a closed set and x 6∈ F . This implies that X − F is an
open set containing x. By (ii), there exists a g̃α-open set A such that
x ∈ A ⊆ αCl(A) ⊆ X − F . That is X − αCl(A) ⊇ F . Since every α-
closed set is g̃α-closed, αCl(A) is g̃α-closed and X − αCl(A) is g̃α-open.
Therefore A and X −αCl(A) are the required g̃α-open sets containing x
and F respectively.

Theorem 5.10 If f : (X, τ)→ (Y, σ) is a continuous α-open and g̃α-closed
surjective map and (X, τ) is a regular space then (Y, σ) is g̃α-regular.

Proof. Let y ∈ Y and V be an open set containing y of (Y, σ). Let x
be a point of (X, τ) such that y = f(x). Since f is continuous, f−1(V ) is
open in (X, τ). Since (X, τ) is regular, there exists an open set U such that
x ∈ U ⊆ Cl(U) ⊆ f−1(V ). Hence y = f(x) ∈ f(U) ⊆ f(Cl(U)) ⊆ V . Since
f is a g̃α-closed map, f(Cl(U)) is a g̃α-closed set contained in the open set V
which is #gs-open. Hence, we have αCl(f(Cl(U))) ⊆ V . Therefore y ∈ f(U) ⊆
αCl(f(U)) ⊆ αCl(f(Cl(U))) ⊆ V . This implies y ∈ f(U) ⊆ αCl(f(U)) ⊆ V .
Since f is an α-open map and U is open in X, f(U) is α-open in (Y, σ). Every
α-open set is g̃α-open and hence f(U) is g̃α-open in (Y, σ). Thus for every
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point y of (Y, σ) and every open set V
containing y there exists an g̃α-open set f(U) such that
y ∈ f(U) ⊆ αCl(f(U)) ⊆ V . Hence by Theorem 5.9, (Y, σ) is g̃α-regular.

Theorem 5.11 If f : (X, τ)→ (Y, σ) is continuous and strongly g̃α-closed
bijective map and if (X, τ) is a g̃α-regular space then (Y, σ) is g̃α-regular.

Proof. Let y ∈ (Y, σ) and V be an open set containing y. Let x be a point
of (X, τ) such that y = f(x). Since f is continuous, f−1(V ) is open in (X, τ)
By assumptions and Theorem 5.9, there exists an g̃α-open set U such that
x ∈ U ⊂ αCl(U) ⊆ f−1(V ). Then y ∈ f(U) ⊆ f(αCl(U)) ⊆ V . We know
that αCl(U) is α-closed and hence g̃α-closed. Since f is strongly g̃α-closed ,
f(αCl(U)) is g̃α-closed. Every open set is #gs-open and hence V is #gs-open.
Therefore, we have αCl(f(αCl(U)) ⊆ V . This implies
y ∈ f(U) ⊆ αCl(f(U)) ⊆ αCl(f(αCl(U)) ⊆ V . That is
y ∈ f(U) ⊆ αCl(f(U)) ⊆ V . Now U is g̃α-open implies X − U is g̃α-closed in
(X, τ). Since f is a strongly g̃α-closed map, f(X − U) is g̃α-closed in (Y, σ).
That is, Y − f(U) is g̃α-closed in (Y, σ). This implies f(U) is g̃α-open in
(Y, σ).Thus, for every point y of (Y, σ) and every open set V containing y
there exists an g̃α-open set f(U) such that y ∈ f(U) ⊆ αCl(f(U)) ⊆ V .
Hence by Theorem 6.2, (Y, σ) is g̃α-regular.

Theorem 5.12 If f : (X, τ)→ (Y, σ) is continuous, strongly g̃α-open
bijective map and if X is a normal space, then Y is normal.

Proof. Let A and B be disjoint closed sets of Y . Since f is continuous
bijective, f−1(A) and f−1(B) are disjoint closed sets of X. Since X is normal,
there exist disjoint open sets G and H of X such that G ⊃ f−1(A) and
H ⊃ f−1(B). Every open set is g̃α-open and hence G and H are disjoint
g̃α-open sets of X. Since f is strongly g̃α-open bijective, f(G) and f(H)
are disjoint g̃α-open sets of Y containing A and B respectively. Since every
closed set is #gs-closed, A and B are #gs-closed sets in Y . Then we have
αInt(f(G)) ⊃ A and αInt(f(H)) ⊃ B and αInt(f(G))∩αInt(f(H)) ⊂ f(G)∩
f(H) = φ. Therefore, there exist disjoint α-open sets αInt(f(G)) say U
and αInt(f(H)) say V of Y containing A and B respectively. U and V are
α-open sets imply U ⊆ Int(Cl(Int(U))) and V ⊆ Int(Cl(Int(V ))). Since
Int(Cl(Int(U))) ∩ Int(Cl(Int(V ))) = φ,
A ⊆ αInt(f(G)) = U ⊆ Int(Cl(Int(U))) and B ⊆ αInt(f(H)) = V ⊆
Int(Cl(Int(V ))). Hence, Y is normal.

Theorem 5.13 The following are equivalent for a space (X, τ).

(i) (X, τ) is normal.
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(ii) for any disjoint closed sets A and B, there exist disjoint g̃α-open sets U
and V such that A ⊆ U and B ⊆ V .

(iii). for any closed set A and any open set V containing A, there exists an
g̃α-open set U of X such that A ⊆ U ⊂ αCl(U) ⊆ V .

Proof.

(i)⇒ (ii). This is obvious since every open set is g̃α-open.

(ii)⇒ (iii). Let A be a closed set and V be an open set containing A. Then
A and X−V are disjoint closed sets. By (ii), there exist disjoint g̃α-open
sets U and W such that A ⊆ U and X−V ⊆ W . Since every closed set is
#gs-closed, X−V is #gs-closed. W is g̃α-open implies X−V ⊆ αInt(W )
and U ∩αInt(W ) = φ. Therefore, we obtain αCl(U)∩αInt(W ) = φ(By
theorem 4.19[3]) and hence A ⊂ U ⊆ αCl(U) ⊆ X − αInt(W ) ⊆ V .

(iii) ⇒ (i). Let A and B be disjoint closed sets of X. Then A ⊆ X − B
and X − B is open. By (iii), there exists a g̃α-open set O of X such
that A ⊆ O ⊂ αCl(O) ⊆ X − B. Since A is closed, it is #gs-closed.
A ⊆ O and O is g̃α-open implies A ⊆ αInt(O). αCl(O) ⊆ X − B
implies B ⊆ X − αCl(O). Put U = Int(Cl(Int(αInt(O)))) and V =
Int(Cl(Int(X − αCl(O)))). Then U and V are disjoint open sets of X
such that A ⊆ U and B ⊆ V . Hence X is normal.

Definition 5.14 A spacec (X, τ) is said to be α-regular if for every closed
set F and a point x /∈ X,there exist disjoint α-open sets A and B such that
x ∈ A and F ⊆ B[1]

Theorem 5.15 In a topological space (X, τ) the following are equivalent.

(i) (X, τ) is α-regular

(ii)for every point x ∈ X and every open set V containing X there exist an
α-open set U such that x ∈ U ⊆ αCl(U) ⊆ V [1]

Theorem 5.16 If f : (X, τ)→ (Y, σ) is a continuous α-open and strongly
g̃α-closed surjective map and if (X, τ) is a regular space then (Y, σ) is α-regular.

Proof. Let y ∈ Y and V be an open set containing y in Y.Let x be a
point of (X, τ) such that y = f(x).Since (X, τ) is regular and f is continuous
there is an #gs-open set U such that x ∈ U ⊆ Cl(U) ⊆ f (−1(V )).Hence
f(x) = y ∈ f(U) ⊆ f(Cl(U)) ⊆ V .Since f is a g̃α-closed map f(C(U)) is a g̃α-
closed set contained in the #gs-open set V (since any open set is g̃α-open).Hence
αCl(fαCl(U)) ⊆ V .Therefore y ∈ f(U) ⊆ αCl(f(U)) ⊆ αCl(f(αCl(U)) ⊆ V
and f(U) is α-open. By the theorem 5.15 (Y, σ) is α-regular.
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