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Abstract

In this paper a new class of fuzzy sets, namely r-(τi, τj)-θ-generalized fuzzy
closed sets is introduced for smooth bitopological spaces. This class falls strictly
in between the class of r-(τj, τi)fuzzy θ-closed sets and the class of r-(τi, τj)-
generalized fuzzy closed sets. Furthermore, by using the class of r-(τi, τj)-θ-
generalized fuzzy closed sets we establish a new fuzzy closure operator which is
generate a smooth topology. Finally, (i, j) strongly-θ-fuzzy continuous, (i, j)-θ-
generalized fuzzy continuous and (i, j)-θ-generalized fuzzy irresolute mappings
are introduce, we show that (i, j)-θ-generalized fuzzy continuous properly fits
in between (j, i) strongly-θ-fuzzy continuous and (i, j)-generalized fuzzy contin-
uous.

Keywords: Smooth topology, fuzzy closure operator, θ-generalized closed
fuzzy set, θ-generalized fuzzy continuous mapping, θ-generalized fuzzy irresolute
mapping, strongly θ-fuzzy continuous mapping.



r-(τi, τj)-θ-Generalized Fuzzy Closed Sets... 59

1 Introduction

Šostak [19], introduced the fundamental concept of a ‘fuzzy topological struc-
ture’, as an extension of both crisp topology and Chang’s fuzzy topology [3], in
the sense that not only the object were fuzzified, but also the axiomatics. Sub-
sequently, Badard [1], introduced the concept of ‘smooth topological space’.
Chattopadhyay et al. [4] and Chattopadhyay and Samanta [5] re-introduced
the same concept, under name ‘gradation of openness’. Ramadan [18] and his
colleagues introduced a similar definition, namely, smooth topological space
for lattice L = [0, 1]. Following Ramadan, several authors have re-introduced
and further studied smooth topological space (cf. [4, 5, 10, 20]). Thus, the
terms ‘fuzzy topology’ in Šostak sense, ‘gradation of openness’ and
‘smooth topology’ are essentially referring to the same concept. In our
paper, we adopt the term smooth topology. Lee et al. [15] introduced the con-
cept of smooth bitopological space (smooth bts, for short) as a generalization
of smooth topological space and Kandil’s fuzzy bitopological space [11].

The first step of generalizing closed sets was done by Levine [16]. He defined
a set A to be generalized closed if its closure belongs to every open superset of
A. Subsequently, Fukutake [9], generalized this notion to bitopological space
and he defined a set A of a bitopological space X to be ij-generalized closed
set if τj-cl(A) ⊂ U whenever A ⊂ U and U is τi-open in X. Since then many
concepts related to generalized closed sets were defined and investigated. Bal-
asubramanian and Sundaram [2] gave the concept of generalized fuzzy closed
sets in Chang’s fuzzy topology as an extension of generalized closed sets of
Levine. Kim and Ko [14] defined generalized fuzzy closed sets in smooth topo-
logical spaces. Recently, we [21, 22] generalized this notion to smooth bts.
Noiri in [17] and Dontchev and Maki in [6] gave another new generalization of
Livine generalized closed set by utilizing the θ-closure operator. The concept
of θ-generalized closed sets was applied to the digital line [7]. Khedr and Al-
Saadi [12] generalized the notion of θ-generalized sets to bitopological space.
El-Shafei and Zakari [8] introduced the concept of θ-generalized fuzzy closed
sets in Chang’s fuzzy topology.

The aim of this paper is to continue the study of generalized fuzzy closed
sets in smooth bts, this time via the (τi, τj)θ-fuzzy closure T τiτj defined in [13]
and study its basic properties. Moreover, we define a new fuzzy closure oper-
ator by using this class of θ-generalized fuzzy closed sets, which is induced a
smooth topology. Finally, we introduce and study the concept of a new class of
fuzzy mappings, namely (i, j) strongly-θ-fuzzy continuous, (i, j)-θ-generalized
fuzzy continuous and (i, j)-θ-generalized fuzzy irresolute mappings and give
the relations between them.
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2 Preliminaries

Throughout this paper, let X be a non-empty set, I = [0, 1], I0 = (0, 1]. A
fuzzy set µ of X is a mapping µ : X −→ I, and IX be the family of all
fuzzy sets of X. For any µ1, µ2 ∈ IX , µ1 ∧ µ2 = min{µ1(x), µ2(x) : x ∈ X},
µ1 ∨ µ2 = max{µ1(x), µ2(x) : x ∈ X}. The complement of a fuzzy set λ is
denoted by 1̄ − λ. For α ∈ I, ᾱ(x) = α ∀x ∈ X. By 0̄ and 1̄, we denote
constant maps on X with value 0 and 1, respectively. For each x ∈ X and
t ∈ I0, the fuzzy set xt of X whose value t at x and 0 otherwise is called the
fuzzy point in X. Let Pt(X) be a family of all fuzzy points in X. xt ∈ λ if
and only if λ(x) ≥ t and xt is said to be quasi-coincident (q-coincident, for
short) with λ, denoted by xt q λ if and only if 1̄ − λ(x) < t. For µ, λ ∈ IX ,
µ is called q-coincident with λ, denoted by µ q λ, if µ(x) + λ(x) > 1 for some
x ∈ X, otherwise we write µ q̄ λ. Also, for two fuzzy sets λ1 and λ2 ∈ IX ,
λ1 ≤ λ2 if and only if λ1 q̄ 1̄− λ2. The indices are i, j ∈ {1, 2} and i 6= j.

Definition 2.1. [1, 4, 18, 19] A smooth topology on X is a mapping τ : IX → I

which satisfies the following properties:

(1) τ(0̄) = τ(1̄) = 1,

(2) τ(µ1 ∧ µ2) ≥ τ(µ1) ∧ τ(µ2), ∀ µ1, µ2 ∈ IX ,

(3) τ(
∨
i∈J µi) ≥

∧
i∈J τ(µi), for any {µi : i ∈ J} ⊆ IX .

The pair (X, τ) is called a smooth topological space. The value of τ(µ) is

interpreted as the degree of openness of fuzzy set µ, that is mean for r ∈ I0,

we say µ is an r-open fuzzy set of X if τ(µ) ≥ r, and µ is an r-closed fuzzy

set of X if τ(1̄ − µ) ≥ r. Note, Šostak [19] used the term ‘fuzzy topology’

and Chattopadhyay [4], used the term ‘gradation of openness’ for a smooth

topology τ .

Definition 2.2. [5] A mapping C : IX × I0 → IX is called a fuzzy closure

operator if, for λ, µ ∈ IX and r, s ∈ I0, the mapping C satisfies the following

conditions:

(C1) C(0̄, r) = 0̄,

(C2) λ ≤ C(λ, r),

(C3) C(λ, r) ∨ C(µ, r) = C(λ ∨ µ, r),

(C4) C(λ, r) ≤ C(λ, s) if r ≤ s,

(C5) C(C(λ, r), r) = C(λ, r).

The fuzzy closure operator C generates a smooth topology τC : IX −→ I

defined by

τC(λ) =
∨
{r ∈ I| C(1̄− λ, r) = 1̄− λ}.
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Theorem 2.1. [5, 13] Let (X, τ1, τ2) be a smooth bts. For λ ∈ IX and r ∈ I0,

a τi-fuzzy closure of λ is a mapping Cτi : IX × I0 −→ IX , defined as

Cτi(λ, r) =
∧
{µ ∈ IX | µ ≥ λ and τi(1̄− µ) ≥ r}.

And, a τi-fuzzy interior of λ is a mapping Iτi : IX × I0 −→ IX defined as

Iτi(λ, r) =
∨
{µ ∈ IX | µ ≤ λ and τi(µ) ≥ r}.

Then:

(1) Cτi (resp., Iτi) is a fuzzy closure (resp., interior) operator.

(2) τCτi = τIτi = τi.

(3) Iτi(1̄− λ, r) = 1̄− Cτi(λ, r), ∀ r ∈ I0, λ ∈ IX .

Recall next the definitions of open Q-nbd, θ-cluster point and θ-fuzzy clo-
sure operator in smooth bts (X, τ1, τ2).

Definition 2.3. [13] Let (X, τ1, τ2) be a smooth bts, µ ∈ IX , xt ∈ Pt(X) and

r ∈ I0. µ is called an r-open Qτi-nighborhood of xt if xt q µ with τi(µ) ≥ r, we

denote

Qτi(xt, r) = {µ ∈ IX | xt q µ, τi(µ) ≥ r}.

Definition 2.4. [13] Let (X, τ1, τ2) be a smooth bts, λ ∈ IX and r ∈ I0. Then:

(1) A fuzzy point xt ∈ Pt(X) is called an r-(τi, τj)θ-cluster point of λ if for

every µ ∈ Qτi(xt, r), Cτj(µ, r) q λ.

(2) An (τi, τj)θ-closure is a mapping T τiτj : IX × I0 −→ IX defined as follows:

T τiτj (λ, r) =
∨
{xt ∈ Pt(X)| xt is r-(τi, τj)θ-cluster point of λ}.

(3) λ is called an r-(τi, τj) fuzzy θ-closed iff λ = T τiτj (λ, r). The complement

of an r-(τi, τj) fuzzy θ-closed is called an r-(τi, τj) fuzzy θ-open.

(4) Θτi
τj

(λ, r) =
∧
{µ ∈ IX | µ ≥ λ, µ = T τiτj (µ, r)}, which is a fuzzy closure

operator.

Theorem 2.2. [13] Let (X, τ1, τ2) be a smooth bts, λ and µ ∈ IX , xt ∈ Pt(X)

and r ∈ I0. Then:

(1) T τiτj (λ, r) =
∧
{µ ∈ IX | Iτj(µ, r) ≥ λ, τi(1̄ − µ) ≥ r}, i.e., T τiτj (λ, r) is

an r-τi-closed fuzzy set.

(2) xt is an r-(τi, τj)θ-cluster point of λ iff xt ∈ T τiτj (λ, r).
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(3) λ ≤ Cτi(λ, r) ≤ T τiτj (λ, r).

(4) If τj(λ) ≥ r, then Cτi(λ, r) = T τiτj (λ, r).

(5) Θτi
τj

(λ, r) = T τiτj (Θ
τi
τj

(λ, r), r), i.e., Θτi
τj

(λ, r) is an r-(τi, τj) fuzzy θ-closed.

(6) T τiτj (λ, r) ≤ Θτi
τj

(λ, r).

Definition 2.5. [22] Let (X, τ1, τ2) be a smooth bts, λ ∈ IX and r ∈ I0. A

fuzzy set λ is called an r-(τi, τj)-generalized fuzzy closed (r-(τi, τj)-gfc set, for

short), if Cτj(λ, s) ≤ µ, whenever λ ≤ µ such that τi(µ) ≥ s ∀ 0 < s ≤ r. The

complement of r-(τi, τj)-gfc set is an r-(τi, τj)-generalized fuzzy open (r-(τi, τj)-

gfo set, for short).

Definition 2.6. [22] A mapping f : (X, τ1, τ2) −→ (Y, σ1, σ2) is called (i, j)-

generalized fuzzy continuous ((i, j)-GF -continuous, for short) if f−1(µ) is an

r-(τi, τj)-gfc set in X for each µ ∈ IY , σj(1̄− µ) ≥ r.

3 r-(τi, τj)-θ-Generalized Fuzzy Closed Sets

This section is devoted to introduce the concept of r-(τi, τj)-θ-generalized fuzzy
closed sets in smooth bts (X, τ1, τ2), and study its fundamental basic proper-
ties.

Definition 3.1. Let (X, τ1, τ2) be a smooth bts, λ ∈ IX and r ∈ I0. A fuzzy

set λ is called:

(1) an r-(τi, τj)-θ-generalized fuzzy closed (r-(τi, τj)-θ-gfc set, for short) if

T
τj
τi (λ, s) ≤ µ whenever λ ≤ µ such that τi(µ) ≥ s ∀ 0 < s ≤ r.

(2) an r-(τi, τj)-θ-generalized fuzzy open (r-(τi, τj)-θ-gfo set, for short) if 1̄−λ
is an r-(τi, τj)-θ-gfc set.

If λ is an r-(τ1, τ2)-θ-gfc set and an r-(τ2, τ1)-θ-gfc set, then it said to be pair-

wise rθ-gfc set (P-rθ-gfc set, for short).

Some properties of T τiτj fuzzy closure are state in the next proposition.

Proposition 3.1. [13] Let (X, τ1, τ2) be a smooth bts, λ, µ ∈ IX and r ∈ I0.

Then:

(1) T τiτj (0̄, r) = 0̄.

(2) T τiτj (λ, r) ∨ T
τi
τj

(µ, r) = T τiτj (λ ∨ µ, r).
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(3) T τiτj (λ, r) ≤ T τiτj (λ, s), if r ≤ s.

(4) T τiτj (T
τi
τj

(λ, r), r) ≥ T τiτj (λ, r).

Proposition 3.2. The union of any two r-(τi, τj)-θ-gfc sets in smooth bts

(X, τ1, τ2) is an r-(τi, τj)-θ-gfc set.

Proof. Let λ1 and λ2 are r-(τi, τj)-θ-gfc sets in X and r ∈ I0. Let λ1 ∨ λ2 ≤ µ

such that τi(µ) ≥ s for 0 < s ≤ r this implies λ1 ≤ µ and λ2 ≤ µ. Since

λ1 and λ2 are r-(τi, τj)-θ-gfc sets, then from Proposition 3.1(2) and Definition

3.1(1), T
τj
τi (λ1 ∨ λ2, s) = T

τj
τi (λ1, s) ∨ T

τj
τi (λ2, s) ≤ µ ∨ µ = µ. Hence, λ1 ∨ λ2 is

an r-(τi, τj)-θ-gfc set.

The intersection of two r-(τi, τj)-θ-gfc sets need not to be an r-(τi, τj)-θ-gfc
set as the following example show.

Example 3.1. Let X = {a, b}. Define λ1, λ2 ∈ IX as follows:

λ1 = a0.3 ∨ b0.5, λ2 = a0.6 ∨ b0.2.

We define smooth topologies τ1, τ2 : IX −→ I as follows:

τ1(λ) =


1 if λ = 0̄, 1̄,

1
2

if λ = λ1,

0 otherwise;

and τ2(λ) =


1 if λ = 0̄, 1̄,

1
4

if λ = λ2,

0 otherwise.

Then (X, τ1, τ2) is a smooth bts. Consider η1 = a0.1∨b0.6, η2 = a0.4∨b0.3 ∈ IX .

It is easy to see that η1 and η2 are 1
4
-(τ1, τ2)-θ-gfc sets, but η1 ∧ η2 = a0.1 ∨ b0.3

is not a 1
4
-(τ1, τ2)-θ-gfc set.

The next results together with the example following them show that
the class of r-(τi, τj)-θ-gfc sets is properly placed between the classes of r-
(τj, τi)fuzzy-θ-closed sets and r-(τi, τj)-gfc sets.

Proposition 3.3. Let (X, τ1, τ2) be a smooth bts, λ ∈ IX and r ∈ I0. If λ is

an r-(τj, τi)fuzzy-θ-closed set, then λ is an r-(τi, τj)-θ-gfc set.

Proof. Let λ be an r-(τj, τi)fuzzy-θ-closed set and let λ ≤ µ such that τi(µ) ≥ s

for 0 < s ≤ r. In fact that λ is an r-(τj, τi)fuzzy-θ-closed set and by Proposition

3.1(3) we have, T
τj
τi (λ, s) ≤ T

τj
τi (λ, r) = λ, and since λ ≤ µ, then we get,

T
τj
τi (λ, s) ≤ µ. Hence, λ is an r-(τi, τj)-θ-gfc set.
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The converse of Proposition 3.3 is not true. In fact of Example 3.1, η1 =
a0.1 ∨ b0.6 is a 1

4
-(τ1, τ2)-θ-gfc set but it is not a 1

4
-(τ2, τ1)fuzzy θ-closed set

because, T τ2τ1 (η1,
1
4
) = 1̄ 6= η1.

The next Proposition gives the sufficient condition of Proposition 3.3.

Proposition 3.4. Let (X, τ1, τ2) be a smooth bts, λ ∈ IX and r ∈ I0. If λ is

both an r-τi-open fuzzy set and an r-(τi, τj)-θ-gfc set, then λ is an r-(τj, τi)fuzzy

θ-closed set.

Proof. Since λ is an r-τi-open fuzzy set, i.e., τi(λ) ≥ r. Then, τi(λ) ≥ s for

0 < s ≤ r. Since λ ≤ λ and λ is r-(τi, τj)-θ-gfc set. Then from Definition

3.1(1), T
τj
τi (λ, s) ≤ λ for 0 < s ≤ r. On the other hand clearly, λ ≤ T

τj
τi (λ, s).

Thus, T
τj
τi (λ, s) = λ for 0 < s ≤ r. Consequently, T

τj
τi (λ, r) = λ. Hence, λ is

an r-(τj, τi)fuzzy θ-closed set.

Proposition 3.5. Let (X, τ1, τ2) be a smooth bts, λ ∈ IX and r ∈ I0. If λ is

an r-(τi, τj)-θ-gfc set, then λ is an r-(τi, τj)-gfc set.

Proof. Let λ is an r-(τi, τj)-θ-gfc set and let λ ≤ µ such that τi(µ) ≥ s for 0 <

s ≤ r. To show Cτj(λ, s) ≤ µ. By Theorem 2.2(3), Cτj(λ, s) ≤ T
τj
τi (λ, s) and

since λ is r-(τi, τj)-θ-gfc set we have, T
τj
τi (λ, s) ≤ µ. This implies, Cτj(λ, s) ≤ µ.

Hence, λ is an r-(τi, τj)-gfc set.

The converse of Proposition 3.5 is not true as the following example show.

Example 3.2. Let X = {a, b}. Define λ1, λ2 ∈ IX as follows:

λ1 = a0.5 ∨ b0.8, λ2 = a0.7 ∨ b0.5.

We define smooth topologies τ1, τ2 : IX −→ I as follows:

τ1(λ) =


1 if λ = 0̄, 1̄,

1
2

if λ = λ1,

0 otherwise;

and τ2(λ) =


1 if λ = 0̄, 1̄,

1
2

if λ = λ2,

0 otherwise.

Then (X, τ1, τ2) is a smooth bts. Consider the fuzzy set λ = a0.3 ∨ b0.5 is a
1
2
-(τ1, τ2)-gfc set but it is not a 1

2
-(τ1, τ2)-θ-gfc set.

Thus we have the following diagram

r-(τj, τi)fuzzy θ-closed =⇒ r-(τi, τj)-θ-gfc

⇓ ⇓
r-τj-fuzzy closed =⇒ r-(τi, τj)-gfc
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4 GΘ
τj
τi -Fuzzy Closure Operator

In this section we use the classes of r-(τi, τj)-θ-gfc sets to establish a new type
of fuzzy closure operator call it generalized Θ

τj
τi -fuzzy closure.

Definition 4.1. Let (X, τ1, τ2) be a smooth bts, λ ∈ IX and r ∈ I0. A gener-

alized Θ
τj
τi -fuzzy closure is a map GΘ

τj
τi : IX × I0 −→ IX defined by

GΘτj
τi

(λ, r) =
∧
{ρ ∈ IX |ρ ≥ λ, ρ is r-(τi, τj)-θ-gfc set}.

Theorem 4.1. Let (X, τ1, τ2) be a smooth bts, λ, λ1, λ2 ∈ IX and r ∈ I0.

Then:

(1) If λ1 ≤ λ2, then GΘ
τj
τi (λ1, r) ≤ GΘ

τj
τi (λ2, r).

(2) If λ is an r-(τi, τj)-θ-gfc set, then GΘ
τj
τi (λ, r) = λ.

Proof. To prove (1), suppose GΘ
τj
τi (λ1, r) � GΘ

τj
τi (λ2, r). Then there exist

x ∈ X and t ∈ (0, 1) such that

GΘτj
τi

(λ2, r)(x) < t < GΘτj
τi

(λ1, r)(x). (4.1)

Since GΘ
τj
τi (λ2, r)(x) < t, there exists an r-(τi, τj)-θ-gfc set ρ such that λ2 ≤ ρ

and ρ(x) < t. Since λ1 ≤ λ2, then λ1 ≤ ρ which implies GΘ
τj
τi (λ1, r)(x) ≤

ρ(x) < t. This contradicts (4.1). The proof of (2), follows directly from the

definition of GΘ
τj
τi (λ, r).

The converse of Theorem 4.1(2) is not true, we show that in the next
example. The example is inspired by the one introduced in [[14], p.333].

Example 4.1. Let X = {a, b}. Define fuzzy topologies τ1 = τ2 : IX −→ I as

follows:

τ1(λ) = τ2(λ) =


1 if λ = 0̄, 1̄,

0.2 if λ = a0.7,

0 otherwise.

The fuzzy set a0.7 is not a 1-(τ1, τ2)-θ-gfc set, but GΘτ2
τ1

(a0.7, 1) = a0.7.

Because, a0.7 ∨ bs is a 1-(τ1, τ2)-θ-gfc set for s ∈ I0. Therefore,

GΘτ2
τ1

(a0.7, 1) =
∧
s∈I0(a0.7 ∨ bs) = a0.7 ∨

∧
s∈I0 bs = a0.7.

Next we prove GΘ
τj
τi is a fuzzy closure operator.

Theorem 4.2. Let (X, τ1, τ2) be a smooth bts. Then a mapping GΘ
τj
τi : IX ×

I0 −→ IX is a fuzzy closure operator such that GΘ
τj
τi (λ, r) ≤ Θ

τj
τi (λ, r) for all

λ ∈ IX and r ∈ I0.
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Proof. To show GΘ
τj
τi is a fuzzy closure operator, we need to satisfy conditions

(C1)−(C5) in Definition 2.2.

(C1) Clearly 0̄ is an r-(τj, τi)fuzzy θ-closed set. Then, by Proposition 3.3,

0̄ is an r-(τi, τj)-θ-gfc set. In view of Theorem 4.1(2), we get GΘ
τj
τi (0̄, r) = 0̄.

(C2) Follows immediately from the definition of GΘ
τj
τi (λ, r).

(C3) Since λ ≤ λ ∨ µ and µ ≤ λ ∨ µ, then from Theorem 4.1(1),

GΘτj
τi

(λ, r) ≤ GΘτj
τi

(λ ∨ µ, r) and GΘτj
τi

(µ, r) ≤ GΘτj
τi

(λ ∨ µ, r)

this implies, GΘ
τj
τi (λ, r) ∨ GΘ

τj
τi (µ, r) ≤ GC12(λ ∨ µ, r).

Suppose GC12(λ ∨ µ, r) � GΘ
τj
τi (λ, r) ∨ GΘ

τj
τi (µ, r). Consequently, x ∈ X

and t ∈ (0, 1) exist such that

GΘτj
τi

(λ, r)(x) ∨ GΘτj
τi

(µ, r)(x) < t < GΘτj
τi

(λ ∨ µ, r)(x). (4.2)

Since GΘ
τj
τi (λ, r)(x) < t and GΘ

τj
τi (µ, r)(x) < t, there exist r-(τi, τj)-θ-gfc sets

ρ1, ρ2 with λ ≤ ρ1 and µ ≤ ρ2 such that

ρ1(x) < t, ρ2(x) < t.

From Proposition 3.2, ρ1 ∨ ρ2 is an r-(τi, τj)-θ-gfc. Since λ ∨ µ ≤ ρ1 ∨ ρ2, then

we have GΘ
τj
τi (λ ∨ µ, r)(x) ≤ (ρ1 ∨ ρ2)(x) < t. This contradicts (4.2). Hence,

GΘ
τj
τi (λ, r) ∨ GΘ

τj
τi (µ, r) = GΘ

τj
τi (λ ∨ µ, r).

(C4) Let r ≤ s, r, s ∈ I0. Suppose GΘ
τj
τi (λ, r) � GΘ

τj
τi (λ, s). Consequently,

x ∈ X and t ∈ (0, 1) exist such that

GΘτj
τi

(λ, s)(x) < t < GΘτj
τi

(λ, r)(x). (4.3)

Since GΘ
τj
τi (λ, s)(x) < t, there is an s-(τi, τj)-θ-gfc set ρ with λ ≤ ρ such

that ρ(x) < t. This yields T
τj
τi (ρ, s1) ≤ µ, whenever ρ ≤ µ and τi(µ) ≥ s1,

for 0 < s1 ≤ s. Since r ≤ s, then T
τj
τi (ρ, r1) ≤ µ whenever ρ ≤ µ and

τi(µ) ≥ r1, for 0 < r1 ≤ r ≤ s1 ≤ s. This implies ρ is an r-(τi, τj)-θ-gfc.

From Definition 4.1, we have GΘ
τj
τi (λ, r)(x) ≤ ρ(x) < t. This contradicts (4.3).

Hence, GΘ
τj
τi (λ, r) ≤ GΘ

τj
τi (λ, s).

(C5) Let ρ be any r-(τi, τj)-θ-gfc set containing λ. Then, from Definition

4.1, we have GΘ
τj
τi (λ, r) ≤ ρ. From Theorem 4.1(1), we obtain GΘ

τj
τi (GΘ

τj
τi (λ, r), r)

≤ GΘ
τj
τi (ρ, r) = ρ. This mean that GΘ

τj
τi (GΘ

τj
τi (λ, r), r) is contained in every

r-(τi, τj)-θ-gfc set containing λ. Hence, GΘ
τj
τi (GΘ

τj
τi (λ, r), r) ≤ GΘ

τj
τi (λ, r). How-

ever, from (C2), GΘ
τj
τi (λ, r) ≤ GΘ

τj
τi (GΘ

τj
τi (λ, r), r). Hence, GΘ

τj
τi (GΘ

τj
τi (λ, r), r) =

GΘ
τj
τi (λ, r). Thus, GΘ

τj
τi is a fuzzy closure operator. Since every r-(τj, τi)fuzzy

θ-closed set is r-(τi, τj)-θ-gfc set, then GΘ
τj
τi (λ, r) ≤ Θ

τj
τi (λ, r), for all λ ∈

IX and r ∈ I0.
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After we show GΘ
τj
τi is a fuzzy closure operator. The next theorem show

GΘ
τj
τi generate a smooth topology, τGΘ

τj
τi

on X which is finer than τ
Θ
τj
τi

.

Theorem 4.3. Let (X, τ1, τ2) be a smooth bts. Define a mapping τGΘ
τj
τi

:

IX −→ I by

τGΘ
τj
τi

(λ) =
∨
{r ∈ I| GΘτj

τi
(1̄− λ, r) = 1̄− λ}.

Then τGΘ
τj
τi

is a smooth topology on X, for which τ
Θ
τj
τi

(λ) ≤ τGΘ
τj
τi

(λ) for all

λ ∈ IX .

Proof. Since GΘ
τj
τi is a fuzzy closure operator. Then by Definition 2.2, τGΘ

τj
τi

is a smooth topology on X. By Proposition 3.3, Θ
τj
τi (1̄ − λ, r) = 1̄ − λ which

yields GΘ
τj
τi (1̄− λ, r) = 1̄− λ. Thus, τ

Θ
τj
τi

(λ) ≤ τGΘ
τj
τi

(λ) for all λ ∈ IX .

At the end of this section we state the following proposition which is de-
scription each r-(τi, τj)-θ-gfc set in smooth topological space (X, τGΘ

τj
τi

).

Proposition 4.1. Let (X, τ1, τ2) be a smooth bts. λ ∈ IX and r ∈ I0. If λ is

an r-(τi, τj)-θ-gfc set, then λ is an r-τGΘ
τj
τi

-closed fuzzy set.

Proof. The proof follows from Theorem 4.1(2) and Theorem 4.3.

5 (i, j)-θ-GF -Continuous (Irresolute) and (i, j)-

S-θ-Fuzzy Continuous Mappings

In this section we introduce the concepts of (i, j)-θ-GF -continuous, (i, j)-θ-
GF -irresolute and (i, j)-strongly-θ-fuzzy continuous and investigate some of
its properties. For a mapping f from (X, τ1, τ2) into (Y, σ1, σ2) we shall denote
the fuzzy continuous (respectively, open) mapping from (X, τj) into (Y, σj), j ∈
{1, 2} by j-fuzzy continuous (respectively, open) mapping (where a mapping
f is called j-fuzzy continuous (respectively, open), if τj(f

−1(µ)) ≥ σj(µ) for
each µ ∈ IY (respectively, σj(f(λ)) ≥ r for each τj(λ) ≥ r)).

Definition 5.1. Let (X, τ1, τ2) and (Y, σ1, σ2) be smooth bts’s. A mapping

f : (X, τ1, τ2) −→ (Y, σ1, σ2) is called:

(1) (i, j)-θ-generalized fuzzy continuous ( (i, j)-θ-GF -continuous, for short)

if f−1(µ) is an r-(τi, τj)-θ-gfc set in X for each µ ∈ IY , σj(1̄− µ) ≥ r.

(2) (i, j)-θ-generalized fuzzy irresolute ( (i, j)-θ-GF -irresolute, for short) if

f−1(µ) is an r-(τi, τj)-θ-gfc set in X for each r-(σi, σj)-θ-gfc set µ ∈ IY .
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(3) (i, j)-strongly-θ-fuzzy continuous ((i, j)-S-θ-fuzzy continuous, for short)

if for each xt ∈ Pt(X) and for each µ ∈ Qσi(f(xt), r), there exists λ ∈
Qτi(xt, r) such that f(Cτj(λ, r)) ≤ µ.

Theorem 5.1. If f : (X, τ1, τ2) −→ (Y, σ1, σ2) is (j, i)-S-θ-fuzzy continuous,

then f is (i, j)-θ-GF -continuous.

Proof. Let λ ∈ IY such that σj(1̄ − λ) ≥ r. Let f−1(λ) ≤ µ such that

τi(µ) ≥ s for 0 < s ≤ r. To prove f−1(λ) is an r-(τi, τj)-θ-gfc set in X,

we need to prove T
τj
τi (f−1(λ), s) ≤ µ. Suppose there exists xt ∈ Pt(X) such

that xt /∈ µ, this mean xt q 1̄ − µ. In fact that f−1(λ) ≤ µ which implies,

1̄−µ ≤ 1̄−f−1(λ). Therefore, xt q 1̄−f−1(λ), consequently, f(xt) q 1̄−λ such

that 1̄ − λ is an r-σj-open fuzzy set in Y. This yields, 1̄ − λ ∈ Qσj(f(xt), r).

From f is (j, i)-S-θ-fuzzy continuous, there exists η ∈ Qτj(xt, r) such that

f(Cτi(η, r)) ≤ 1̄ − λ. By take the inverse image of the last inequality we get,

Cτi(η, r) ≤ 1̄ − f−1(λ) which implies, f−1(λ) ≤ 1̄ − Cτi(η, r) = Iτi(1̄ − η, r)

such that 1̄ − η is an r-τj-closed fuzzy set in X, and from Theorem 2.2(1), if

xt ∈ 1̄ − η this implies, 1̄ − η(x) ≥ t implies to, η(x) + t ≤ 1, consequently,

xt q̄ η which is a contradiction. Thus, xt /∈ T
τj
τi (f−1(λ), r). Since s ≤ r then

from Proposition 3.1(3), xt /∈ T
τj
τi (f−1(λ), s). Therefore, T

τj
τi (f−1(λ), s) ≤ µ.

Hence, f is (i, j)-θ-GF -continuous.

The converse of Theorem 5.1 is not true as seen in the following example.

Example 5.1. Let X = {a, b} and Y = {p, q}. Define λ1, λ2 ∈ IX and

µ1, µ2 ∈ IY as follows:

λ1 = a 1
2
∨ b 1

3
, λ2 = a 1

3
∨ b 1

2
, µ1 = p 1

2
∨ q 1

4
, µ2 = p 1

4
∨ q 1

2
.

We define smooth topologies τ1, τ2 : IX −→ I and σ1, σ2 : IY −→ I as follows:

τ1(λ) =


1 if λ = 0̄, 1̄,

1
2

if λ = λ1,

0 otherwise;

τ2(λ) =


1 if λ = 0̄, 1̄,

1
3

if λ = λ2,

0 otherwise;

σ1(µ) =


1 if µ = 0̄, 1̄,

1
2

if µ = µ1,

0 otherwise;

and σ2(µ) =


1 if µ = 0̄, 1̄,

1
3

if µ = µ2,

0 otherwise.
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Consider the mapping f : (X, τ1, τ2) −→ (Y, σ1, σ2) defined by f(a) = q, f(b) =

p. Then f is (1, 2)-θ-GF -continuous but not (2, 1)-S-θ-fuzzy continuous.

Theorem 5.2. If f : (X, τ1, τ2) −→ (Y, σ1, σ2) is (i, j)-θ-GF -continuous, then

f is (i, j)-GF -continuous.

Proof. Let µ ∈ IY such that µ is an r-σj-closed fuzzy set. Then, from f is

(i, j)-θ-GF -continuous, f−1(µ) is an r-(τi, τj)-θ-gfc set in X. By Proposition

3.5, every r-(τi, τj)-θ-gfc set is an r-(τi, τj)-gfc set. Hence, f is (i, j)-GF -

continuous.

The next example show the converse of above theorem is not true in general.

Example 5.2. Let X = {a, b, c} and Y = {p, q}. Define λ1, λ2 ∈ IX and

µ1, µ2 ∈ IY as follows:

λ1 = a0.5 ∨ b0.2 ∨ c0.9, λ2 = a0.5 ∨ b0.8 ∨ c0.2, µ1 = p0.7 ∨ q0.4, µ2 = p0.9 ∨ q0.2.

We define smooth topologies τ1, τ2 : IX −→ I and σ1, σ2 : IY −→ I as follows:

τ1(λ) =


1 if λ = 0̄, 1̄,

1
2

if λ = λ1,

0 otherwise;

τ2(λ) =


1 if λ = 0̄, 1̄,

1
2

if λ = λ2,

0 otherwise;

σ1(µ) =


1 if µ = 0̄, 1̄,

1
2

if µ = µ1,

0 otherwise;

and σ2(µ) =


1 if µ = 0̄, 1̄,

1
2

if µ = µ2,

0 otherwise.

Consider the mapping f : (X, τ1, τ2) −→ (Y, σ1, σ2) defined by f(a) = p,

f(b) = p and f(c) = q. Then f is (1, 2)-GF -continuous but not (1, 2)-θ-GF -

continuous.

Now in order to discus the relation between (i, j)-S-θ-fuzzy continuous and
j-fuzzy continuous mappings, we need to redefine the definition of j-fuzzy
continuous mapping by using fuzzy points and the concept of Q-nbd in the
following theorem.

Theorem 5.3. A mapping f : (X, τ1, τ2) −→ (Y, σ1, σ2) is j-fuzzy continuous

iff for each xt ∈ Pt(X) and for each µ ∈ σj(f(xt), r), there exists η ∈ Qτj(xt, r)

such that f(η) ≤ µ.
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Proof. Suppose f is j-fuzzy continuous. Let xt ∈ Pt(X) and µ ∈ σj(f(xt), r).

Since f is j-fuzzy continuous then, τj(f
−1(µ)) ≥ σj(µ). That implies, f−1(µ) ∈

Qτj(xt, r) i.e., xt q f
−1(µ). Now let η = f−1(µ). To obtain the required results,

we must prove f(η) ≤ µ i.e., f(η) q̄ 1̄− µ.

Suppose f(η) q 1̄ − µ, implies f(f−1(µ)) q 1̄ − µ. Consequently, f(f−1(µ)) ≤
µ q 1̄− µ which is a contradiction. Hence, f(η) ≤ µ.

Conversely, let µ ∈ IY such that µ is r-σj-open fuzzy set. Then, from our

assumption we have, for each xt ∈ Pt(X) such that µ ∈ Qσj(f(xt), r), then

there exists η ∈ Qτj(xt, r) such that f(η) ≤ µ. By take the inverse image of

the last inequality, we get η ≤ f−1(µ) that implies f−1(µ) ∈ Qτj(xt, r). Thus,

τj(f
−1(µ)) ≥ r. Hence, f is j-fuzzy continuous.

Theorem 5.4. If f : (X, τ1, τ2) −→ (Y, σ1, σ2) is (j, i)-S-θ-fuzzy continuous,

then f is j-fuzzy continuous.

Proof. Let xt ∈ Pt(X) and µ ∈ σj(f(xt), r). Since f is (j, i)-S-θ-fuzzy con-

tinuous then, there exists λ ∈ Qτj(xt, r) such that f(Cτi(λ, r)) ≤ µ. Since

λ ≤ Cτi(λ, r) then, f(λ) ≤ f(Cτi(λ, r)) ≤ µ. In view of Theorem 5.3, f is

j-fuzzy continuous.

The converse of Theorem 5.4 is not true as the following example show.

Example 5.3. Let X = {a, b} and Y = {p, q}. Define λ1, λ2 ∈ IX and

µ1, µ2 ∈ IY as follows:

λ1 = a 3
4
∨ b 1

2
, λ2 = a 1

2
∨ b 1

4
, µ1 = p 1

4
∨ q 1

2
, µ2 = p 1

2
∨ q 1

4
.

We define smooth topologies τ1, τ2 : IX −→ I and σ1, σ2 : IY −→ I as follows:

τ1(λ) =


1 if λ = 0̄, 1̄,

1
2

if λ = λ1,

0 otherwise;

τ2(λ) =


1 if λ = 0̄, 1̄,

1
3

if λ = λ2,

0 otherwise;

σ1(µ) =


1 if µ = 0̄, 1̄,

1
3

if µ = µ1,

0 otherwise;

and σ2(µ) =


1 if µ = 0̄, 1̄,

1
4

if µ = µ2,

0 otherwise.

Consider the mapping f : (X, τ1, τ2) −→ (Y, σ1, σ2) defined by f(a) = p, f(b) =

q. Then f is 2-fuzzy continuous but not (2, 1)-S-θ-fuzzy continuous.
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Theorem 5.5. [22] If f : (X, τ1, τ2) −→ (Y, σ1, σ2) is j-fuzzy continuous, then

f is (i, j)-GF -continuous.

Thus we have the following implication and none of them is reversible.

(i, j)-θ-GF -continuous =⇒ (i, j)-GF -continuous

⇑ ⇑

(j, i)-S-θ-fuzzy continuous =⇒ j-fuzzy continuous

Theorem 5.6. Let f : (X, τ1, τ2) −→ (Y, σ1, σ2) and g : (Y, σ1, σ2) −→
(Z, δ1, δ2). Then:

(1) If g is j-fuzzy continuous and f is (i, j)-θ-GF -continuous then g ◦ f is

(i, j)-θ-GF -continuous.

(2) If g is (i, j)-θ-GF -irresolute and f is (i, j)-θ-GF -irresolute then g ◦ f is

(i, j)-θ-GF -irresolute.

(3) If g is (i, j)-θ-GF -continuous and f is (i, j)-θ-GF -irresolute then g ◦ f
is (i, j)-θ-GF -continuous.

Proof. We prove (1) and the proof of (2) and (3) are similar to (1). Let ν

be an r-δj-closed fuzzy set of Z. Since g is j-fuzzy continuous, then g−1(ν) is

r-σj-closed fuzzy set of Y. Moreover, f is (i, j)-θ-GF -continuous, then, (g ◦
f)−1(ν) = f−1(g−1(ν)) is an r-(τi, τj)-θ-gfc set of X. Hence, g ◦ f is (i, j)-θ-

GF -continuous.

Theorem 5.7. Let f : (X, τ1, τ2) −→ (Y, σ1, σ2) is bijective, i-fuzzy open and

(i, j)-θ-GF -continuous, then f is (i, j)-θ-GF -irresolute.

Proof. Let ν be an r-(σi, σj)-θ-gfc set of Y and let f−1(ν) ≤ µ where τi(µ) ≥
s for 0 < s ≤ r. Clearly ν ≤ f(µ). Since σi(f(µ)) ≥ s and ν is an r-

(σi, σj)-θ-gfc set in Y . Then, T
σj
σi (ν, s) ≤ f(µ) and thus, f−1(T

σj
σi (ν, s)) ≤ µ.

Since T
σj
σi (ν, s) is an s-σj-closed fuzzy set in Y and f is (i, j)-θ-GF -continuous.

Then, f−1(T
σj
σi (ν, s)) is s-(τi, τj)-θ-gfc set in X. Thus, from Definition 3.1(1),

T
τj
τi (f−1(T

σj
σi (ν, s)), s) ≤ µ this yields T

τj
τi (f−1(ν), s) ≤ µ. Therefore, f−1(ν) is

an r-(τi, τj)-θ-gfc set. Hence, f is (i, j)-θ-GF -irresolute.
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