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Abstract

In this paper , we have studied a certain subclaksunivalent functions
defined by linear operata#)’s.. by using differential subordination property.We
obtain some geometric properties, like , coefficierquality , neighborhoods of
the class K¢,n,a4,4,6,m, A, B), convolution properties and integral mean
inequalities for the fractional integral for thidass.
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1 I ntroduction

Let S denote the class of functions of the form:-

f@=2+) ana", (1)
n=2

which are analytic in the open unit disk U€{z: |z| < 1}. Also, denoted by K
the subclass of S consisting of functions of trent-

[ee)

f@=2-) aplal", @)

n=2

which are univalent and normalized in U.

For f € S,and of the form (1)and g(z) € Sgivenby g(z) = z + Z b, z",

n=2

We define the Hadamard product (or convolution)

[oe)

(Fe@ =2+ ) aybyz" ©)

n=2

For positive real values ofy,....,as and By, ...,Bm (B; #0,—1,....,j =
1,2,...m),

The generalized hypergeometric functign(z) is defined by
sFm(2) = sFm (a1, ..., a5; B1, o) Bns 2)

N @ (@p)n 2"

= — 4
. B B 7 ®
n=0
(6<m+1,6,meN,=NU{0};z€l),
where(a),, is the Pochhammer symbol defined by
1, n=20
(a)":{a(a+1)(a+2) .(a+n—-1), neN. ®)

The notationsFy, is quite useful for representing many well-knowndtions such
as the exponential, the Binomial, the Bessel arglieare polynomial.
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Hlay, ay, a5 ....,a5; B1, B2, B3 -, fm]: K= K

be a linear operator defined by

Hlay, ..., as; B1, s Bl f(2) =2 SFm(o(foll a2, s As; B1, B2y v Pmi 2) * f(2)
= 2= ) (e Gmlaylz", (6)
where, "
(a1)n-1 - (A5)n-1 1

W@ 0im) = e e Bt (A= DI @

For notational simplicity, we use shorter notation

HS[ay] for Hlay,...,as; B ) Bml.

In the sequel .1t follows from (6) that

Hy[11f(2) = f(2), H5[2]f (2) = zf' ().

The linear operatoH?[a,] is called Dziok-Srivastava operator (see [5])
introduced by Dziok and Srivastava which was subsetly extended Dziok and
Raina [4] by using the generalized hypergeometriection, recently Srivastava
et. al. [13] defined the linear operaﬁj’ ! as follows:-

Orsnf (@) = £(2)
o1 f (@) = (1 - DHAL)f () + 2 (Bl ) f @)
= Opmf (2) (8)
Orsnf @ = 075 (0157 @), 9
and in general,

0751 f(2) = 655, (815 f(2),(0< A< 1,6 <m+1;6,m € Ny
=NU{0} ;z€l). (10)

If the function f(z) is given by (2), then we seerh (6),(7),(8) and (10) that

0L f () = 2= ) (e 1; 5;m)layle”, (11)

where
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_ 14
(al)n—l (a6)n—1 [1 + A(n 1)]> , (12)

Y o 3o S —
yn (@ 4;0,m) ((ﬁl)n_l...(ﬁm)n_l - D!

(n € N\{1},y €ENy,.

Unless otherwise stated .We note that whenlandA = 0, the linear operator
Hi{fg’fﬁn would reduce to the familier Dziok-Srivastava &neoperator given
by(see[5]), includes (as its special cases) varaiber linear operators introduced

and studied by Carlson and Shaffer [3], Owa [9] Radcheweyh [10].

For two analytic functiond,g €K , we say thaff is subordinate tg written
f(z)< g(z) if there exists a schwarz function w(z), wh{bly definition) is analytic
in U with w(0)=0 and |w(z)|<1 for allezUsuch that(z)= g(w(z)),ze U.

Furthermore, if the functiog(z) is univalent in U, then we have the following
equivalence (see [8]):

f(z) < 9(2) « 1(0)= g(0) andf(U) < g (V).

Definition (1): For any function €K and® > 0, the@® — neighborhood f is
defined as,

o0}

Noo(H) = {g(2) = 2= ) Ibalz" €K; ) nllan| = bl S0} (13)
n=2

n=2

In particular, for the functioe(z)=z, we see that,

Nao(©) = {g(2) = 2= )" Ibu 12" €K; ) nl byl < 0} (14)

The concept of neighborhoods was first introducgdGmodman [6] and then
generalized by Ruscheweyh [11] , and studied byesanthors, like Atshan [1]
and Atshan and Kulkarni [2].

Definition (2): For fixed parameters A and B, with<1B < A < 1, we say that
fe K is in class Ky, n, a1, 4,6, m, A, B),if it satisfies the following subordination
condition:

z(6] 5 f (2))" _1taz
67 £(2)) 1+ Bz

1+ (15)
A,6m

In view of the definition of subordination, (15)aguivalent to the following
condition:
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2(0) 5o f(2))"
(6] 5 f (@)
2035 f(2)"
(6] 50 f (@)

<1, (zel).

+ (B —A4)

For convenience, we write
K(V; n' al; Ar 5; m, 1 - 2#: _1) = K(V; n' alr /1; 5; m, IJ.),

whereK(y,n, a;, 4,6, m, u) denotes the class of functions in K satisfying the
inequality:

2(0) s f(2))"

Re -
(652 f (@)

>u, 0<u<1;zel).

2  Neighborhoodsfor the ClassK(y,n, a4,4,6, m, A, B)

The following theorem gives a necessary and sefficcondition for a functiom
to be in the class W(n, a;, 1,8, m, A, B).

Theorem (1): A function fe K belong to the class K(n, a;, 4,6, m, A, B) if and
only if

> n(n =Dy (i 28m) ((1 = Byl (@i 8;m) + (4 = B)) lay|
n=2
<(A-B), (16)
for ynmeN,, 6 <m+1,1>20and-1<B<A<1.

Proof: Letf € K(y,n,a1,4,8,m, A, B). Then

2(0]sm f(2))" 1+ 4z
Ao ~ < , z€U. (17)
(HA”(S;nf(z)) 1+ Bz
Therefore, there exists an analytic function w stinett
20 5m f(2)"
w(z) = A0m (18)

Bz(6] 57 f(2))" + (B — A)(0; 52 f(2)"
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Hence,
z(0) s f(2))"

Bz(0) 5w f(2))" + (B — A)(6 5. f (2))’

lw(z)| =

B —¥*  nn—1) ¥ (ag; 1; 85;m)|a,|z"
(B—A)z—Y2,n2y" (az; A;8;m) (B v (ay; A;8;m) + (B — A)) la,,|zm
<1

Thus,

Yo ,nn—1) y M (ag; A; 8;m)|ay| 2"

<1
|(A —B)z+ X3 ,n%y) (a;;48;m)(By, (ay; 4 6;m) + (B — A))|a,|z"

Therefore,

Re{ T2 n(n— 1)yl (@ 4 8;m)laylz" }
(A=B)z+ Y7 _,n? y,’l/ (ay; 4;6; m)(B yg(al;l; 6;m)+ (B —A))la,|z"
<1 (19)

Taking |z|=r, for sufficiently small r with O<r<lsince w(z) is analytic for
|z|=1.Then , the inequality (19) yields

[oe)

Z nn—1) y,’{m (ag; 4;8; m)|a,|r™

n=2
<(A-B)r+ z n?yY (as;2;6;m) (B y(ag; 4;8;m) — (A — B)) la,|r™.
n=2
Equivalently,

o)

Z n(2n—1) y,’l/ (a;4;6;,m)((1—B) yg(al;l; &;m) + (A — B))|a,|r™
n=2

<(A-B)r
and (16) follows upon letting —1.

Conversely, for |z|=r, O<r<1, we have<r. That is,

[oe)

Z n(2n — 1) y) (ay;4;8; m)((1 — B) v, (ay; 4; 8;m) + (A — B))|a,|r™

n=2
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o)

< Z n(2n — 1)y (ay; 48 m)((1 — B) v (ay; 4; 8;m) + (4 — B))|ay|r™

n=2
<(A-B)r.

From (16), we have

[ee)

Z nn -1y (ag; 4 8;m)la,|z"

n=2

[ee)

< Z n(n—1) 7 (ag; A; 8;m)|ay|r™

n=2

[oe)

<(A-B)r+ Z n? y)(ay; 4;8;m)(B y, (ai; 4;8;m) + (B — A))|a,|r™

n=2

<|(A-B)z+ Z n? v} (ay; 4;8;m)(B y, (ag; 4;8;m) + (B — A))|a,|z"|.

n=2

This proves that
z(0)57 0 f(2)" 1+ Az

@ oy | 1+bz t
and hencée K(y,n,a,,4,6,m, A, B).
Theorem (2): If
0= A-5 . (20)

(i) g Y [ - gy @) i
3<(ﬁf>f...(ﬁm>1(1”)> |- B =g a s r + -5

then Kf,n,a;,4,8, m, A, B) cNp g(e).

Proof: It follows from (16), that iff € K(y,n, a;, 4,8, m, A, B), then

[ee)

3] (i 4 5m)(1 = B) Y] (@i 8m) + (A= B)) D mlay| < A—B.

n=2
Hence

(a1)1 - (as)1
(B)1 - (Bma

(a)q - (@s)1

3 B1 B

n
(1+/1))Vl(1—B)< (1+A)> + (A-B)
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[o e}

xZnIanI <A-B, (21)

n=2
which implies that

[oe]

A—B
nlay| <
n= M _ (C( ) ---(0!5) n _
S 77y v v PSRl [(1 B (g a+n) + @ B>]
=P @2)

Using (14), we get the result.

Definition (3): The functiory defined by (z)=z — }:5—, |b,|z" is said to be a
member of the class.t¢, n, a;, 4, 6, m, A, B) if there exist a function
fe K({y,n, ay,4,6,m, A, B) such that

9(2)
f(2)

Theorem (3): If fe K(y,n,a,,4,8,m,A,B) and

—1|S1—c, (zeU0<c<1). (23)

Pl 30 y, (a1;4;6;m)(1 — B) y) (ay; 4; 8;m) + (A — B)) (24)
6y2 (ay; 4, 6;,m)((1 —B)yzy(al,l 5m)+(A—-B)—(A-B) '’

thenN, ¢ (f)c Kc(y, n, a1, 4,6, m, A, B).

Proof: Let g € Ny, ¢(f). Then we have from (13) that

[ee)

> nllal = bl < 0,

n=2

which implies the coefficient inequality

Z lanl = Lol < 2.

Also, sincef € K(y,n, a,,4, 8, m, A, B) , we have from (16)

A—-B
Zlanl < Y n Y ’
o 6y, (a,4,6,m)(1—B)y,(as;4;6;m) + (A—B))
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where
Y -7 8 — M
yZ (al,l, 5' m) - E(ﬁ3)1 (,[ém)ﬁ (1 + A))Y}
n sl _ A1), -, A5 )1
ki Om) = G Gy T
so that
@_4 _[Zralan] = 1baD)z"| iz llanl = byl
f(Z) B Z = ?lozzlanlzn 1- :lozzlanl

<0 3y) (ay; 4,8;m)((1— B) y,) (ag; 4;6;m) + (A — B))
T 6yy(a;46;m)((1—B) y,) (a1;4;8;m) + (A—B)) — (A—B)

=]1-c.

Thus by Definition (3)g € Kc(y,n, a1, 4,6, m, A, B) for c given by (24).
This completes the proof.

3  Convolution Properties

Theorem (4): Let the functions; =1,2) defined by

fi(@2) =z— Z lan,j 12", (j = 1,2), (25)
n=2
be in the class K{n,a;,4,6,m, A,B).Then fi*f, € K(y,n,a1,4,6,m,A,0),
where

- An(2n — 1) y} (aq; 4, 8;m)((1 — B) y, (ag; A;8;m) + (A — B))? — (A — B)2(A + vy, (ay; 4; 6;m))
= n@2n-1)yY(ay; 48;m)((1 — B) yy (ay; 4 6:m) + (A= B))2 — (A—B)2(1 + y, (ay; A; 8;m))

Proof: We must find the largest such that

|an,1||an,2| < 1.

i n(2n — 1) y) (ay; 4 6;m)(1 = 0) yyl (ay; 4 85m) + (A= 0))
A—o
n=2

Sincef; € K(y,n a1,4,8,m, A B)(j = 1,2),then

in(Zn—1)y,]{(a1;/1;5;m)((1—B)y,?(al;)l;5;m)+(A—B))| I<1,(j=12). (26)
anlj = ) ]: =

A—-B

n=2

By Cauchy —Schwarz inequality, we get
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[ee]

2n—1 ,]{ s A8 1-B ,717 i A8 +(A—B
zn( n—1)y,(a m)((A_B)y (y m) + ( ) /|an,1||an,2|S1- @7)

n=2

We want only to show that

n(2n —1) y,’l'(ocl;A; 6;m)((1—o0) y,?(al;l; 6;m)+ (A—o0))

|an,1||an,2| <

A—o0o
n(2n—1) y) (ay; 4, 6;m)((1 — B) y, (ay; 4, 6;m) + (A — B))
A-B |an,1||an,2|-

This equivalently to
(A—0)((1 = B) y, (a;; A;6;m) + (A= B))
|an,1||an,2| < 7 .. S, )
(A - B)((1 - 0) Yn (a’l’)ﬂ 6' m) + (A - G))

From (27), we have

A—B
- .
\/ |analanz] < n2n —1) y¥ (a; 4;6;m)((1 — B) y, (ay; 4 8;m) + (A — B))

n

Thus, it is sufficient to show that

A—B
n(2n — 1) 7 (e 4 6;m) (1= B) y ay; 4;6;m) + (A—B))

(A—0)((1-B)y](ay;1;6;m) + (A—B))
(A—-B)((1-0)y (a;;4;6m) + (A —0))

which implies to

- An(2n — 1) y} (ag; 4, 6;m)((1 — B) v, (ag; A;6;m) + (A — B))? — (A— B)?(A + v, (ag; A; 6;m))
7= n2n— 1)y} (a;;4;,8;m)(1 — B) y, (a; 4,6;m) + (A—B))2 — (A — B)2(1 + y, (ag; 4, 8;m))

This completes the proof.

Theorem (5): Let the functions;f(j=1, 2) defined by (25) be in the class
K(y,n, a4, 4,8, m, A, B).Then the function h defined by

R = 2= ) (lana | + la, )" (28)
n=2

belong to the class(y,n, a;, 4,8, m, A, €), where
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n2n—1) yY(ay; 4 6 m)((1 — B) yi (a3 4;8;m) + (A — B))? — 2y (ay; 4; 6, m)(A — B)? — 2(A — B)?
€= An(2n—1) y) (ay; 4, 8;m)((1 — B) ¥, (ay; 4;8;m) + (A — B))% + 2A(A — B)? + 2y, (ay; 4; 6;m)(A — B)?

Proof: We must find the largestsuch that

(ana|” + |anz|) < 1.

i n(2n — 1) y) (ay; A; 6;m) ((1 &)y (a; A 6m) + (A— e))
A—c¢€
n=2

Sincef; € K(y,n a1,4,8,m A, B) (j = 1,2), we get

i <n<2n — 1) y2 (@ 45 8m)((1 — B) y)l (ay; 45 8;m) + (A — B))>2 0]

A—-B
n=2
[« 2
n(2n — 1) y, (ay; 4;8;m)((1 = B) yy (a;4;8;m) + (A = B))
< (nz; - |an,1|> <1, (29)
and
%) 2
Z n2n — 1) y} (ay; 4; 6;m)((1 — B) y,; (ay; A; 8;m) + (A — B)) |a |2
A—B 2
n=2
[« 2
n2n — 1)y, (ay; 4; 6;m)((1 — B) y, (ay; 4;8;m) + (A — B))

< (nz; Y |an,2|> <1 (30)
Combining the inequalities (29) and (30), gives

s _ 4 L. 8. _ n I — z
Z%(ﬂ(Zn 1) yn(vtl,/l,&rn)((i1 _lz;) Y (@13 4;6;m) + (A B))> |an,1|2+|an,z|2 <1 31)
n=2
Buth € K(y,n,a4,4,8,m, A, e) if and only if

had _ Y.« 3-8 _ n LS. —

(n(Zn 1y, (ay; 4;6; m)((:1 _2) Vp (@1 4; 6;m) + (A —€)) (|an'1|2 N |an,2|2 y<1. 32)

n=2

The inequality (32) will be satisfied if
n(2n —1) y, (ay; A;,6;m)((1 = €) yy (ag; 4 8;m) + (A — €))
A—e€
— 14 Y _ n TN _ 2

S (n(Zn 1) Yn ((ll, A' 5' m)((l B) yn (a1: l: 5: m) + (A B)) ) (Tl — 2’3’ ) ) (33)

2(A - B)?
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so that,

n2n—1) ¥Y(ay; 4, 6m)((1 — B) yi (a;; A;8;m) + (A — B))? — 2yY(ay; 4,6, m)(A — B)? — 2(A — B)?
€= An(2n— 1) y¥ (ay;4,8;m)((1 — B) ¥, (ay;2; 8;m) + (A — B))? + 2A(A — B)2 + 2y} (ay; 4 6;m)(A — B)?

This completes the proof.

4  Integral Mean Inequalities for the Fractional
Integral

Definition (4) [12]: The fractional integral of order s (s>0) is definddr a
function f by:
f(@©)

s 1
D;*f(2) _r(s)fo (z—t)l‘sdt'

where the function f is an analytic in a simplyngected region of the complex z-
plane containing the origin , and multiplicity @& — t)s~! is removed by
requiring log(z-t) to be real, when (z-t)>0.

In 1925, Littlewood [7] proved the following subardtion theorem:-

Theorem (6) (Littlewood [7]): If f andg are analytic in U with f<g, then for
pu>0andz = re'® (0<r<1)

2T

2m
[(rrewas< [ igeas

0
Theorem (7): Letfe K(y,n,a;,4,6,m, A, B) and suppose that fs defined by

A-B

(@) =2- n(2n — 1) yy (a3; 4;8m)((1 — B) v, (@154 8;m) + (A — B))

z", (n = 2).(34)

Also, let

NgE

(= Drg |ay]
2

3
l

A-B)I'(n+DI'(s+17+3)
n2n—1) y) (a;; 4, 8m)(1 = B) yi(a; 4,8m) + (A—B)T(n+s+1+ D@2 —-1)’

AN

(35)

for0 <t <is >0, where(i — 7),4, denote the Pochhammer symbol defined
by(i—1t);p1=0(—-1D)({—-7+1)...0.

If there exists an analytic functi@pdefined by
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n-1_n@n—1) yy(a;A48m)(1—B)y, (a;; 4,8m) +(A—=B)NI(n+s+1+1)
(a@)" = (A-B)I(n+1)
X ) (1= DenaHDlailz (36)
i=2
where B 7 and
H(i) = — 0~ 0 (s>0,i>2) 37
l_F(i+S+T+1)' 5= t=24) (37)
then,forz=re” and 0<r<1
2T 27
[ @ dos [ h@Ide > 00> 0). (38)
0 0

Proof: Let f(z) =z—Y,]a;|z". Fort > 0 and Definition (4), we get

[(2)z5++1 . TG+ DO + 7+ 2)
F@+T+@(_lﬂF@Hﬁ+s+T+D

D7 f(2) = |a;|z' 1)

S (1 SIS r)mH(mailzi-l),

T T(s+1+2) r(2)
where _
H() = (i i(sl + ?+ 1)’ (s>0,i22)
Since H is a decreasing functionipive have
0<H@{)<H(2)= M
I'(s+7t+3)

Similarly, from (34) and Definition (4), we get

r(z)zs+‘[+1

D57 fn(2) = TG+ct2)

(1-

(4 -B)(n+1DI(s +1+2)
n@2n— 1)y (@ 46m)((L—B) y (@ 6,m) + (A—B)[(n+s+t+1)

n—1)

Foru > 0,and z = re'? (0 < r < 1), we must show that
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o)

r 2 .
1= D = 0 H O et

21
dgosf [1—
0

21
)
A-B)I'(n+ DI (s+1+2)
n2n—1) y¥(a;4;6;m)((1 = B) y; (ay; 4, 6;m) + (A—B)NI(2)T(n+s+1+1)

z" 1 |*d .

By applying Littlewood’s subordination theoremwibuld suffice to show that

o I(s+1+2)
=2z

(i = D H() a2z <1-
A-BI'(n+DI'(s+1+2)
n(2n — 1) y) (ay 4 6;m)((1— B) v (ay; 4 6;m) + (A — BT (n+s+7+1)

n-1

By setting
oo1"(5+T+2) _ ) i1
1- ZZTQ = e HD) larlz

B A-BI'(n+DI(s+1+2) n—-1
T n@n—1)y! (a; k6m)((A— By (a;; 4 6;m) + (A— BYL)T(n + s+ + 1) (4()
we find that

n-1_ n2n—1) yp(a; 48m) (1= B) y (a;4,6;m) + (A= B)(n+s+7+1)

(4@) = (A-B)I(n+1)
X D (= Dol |z,
i=2

which readily yields w(0)=0.For such a functign we obtain

n(2n — 1)y (ay; 4;6;m) (1 = B) y) (ay; 2 6m) + (A= B) ) T(n+ 5 + 7+ 1)
A-B)I(n+1)

(q2)" " <

[0

X D (0= DerHD lail |21

i=2

n(2n — 1)y (ay; :8m) (1= B) y (a3 4,6m) + (A= B)) T(n + s +7+1)
= A-Br@m+D

X H@)Iz| ) (= Dens lai
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n2n—1) y¥ (ay; 4 6m) (1 — B) yy (a3 4,6;m) + (A—B)I(n+ s+ 1+ 1)
(A-B)JI'(s+7t+3)[(n+1)

= |z|

x T(2 —r)Z(i — D lag] < |2] < 1.
i=2

This completes the proof.
By takingt = 0, in the Theorem 7, we have the following corollary

Corollary (1): Let fe K(y,n,a4,4,8,m, A, B), and suppose thd, is defined by
(34). Also let

i e (A—B)C(n + 1)I(s + 3)
i = o ) T (i 456, m) (L= B) (@i 45 6;m) + (A= BT )T+ 5 + 1)

i=2

n> 2. If there exists an analytic functigrdefined by

n(2n — 1)y (ay;4;8;m) (1 = B) y(ay; ;6:m) + (A= B) ) T(n+ s + 1)

n-1
(a@)" = GA-Brn+1D)
X Y iH@)|a;|z"7t
2
where
HeD) = (i) 0i>2
O=rirs+n ($>0122)

Then forz = re?and 0 <r < 1

21

| "IDF @I do < [ rn@rde >0u>0.
0 0
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