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Abstract

The aim of the present paper is to study connectedness in bitopological
ordered spaces and in ideal bitopological ordered spaces.
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1 Introduction

In 1963 Kelly [14] was introduced a bitopological space (X, τ1, τ2) as a richer
structure than topological space. A study of bitopological space is a general-
ization of the study of general topological space as every bitopological space
(X, τ1, τ2). can be regarded as a topological space (X, τ). if τ1 = τ2 = τ .
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In 1971 Singal and Singal [23] were studied the bitopological ordered space
(X, τ1, τ2, R). which is a generalization of the study of general topological space,
bitopological space and topological ordered space. Every bitopological ordered
space (X, τ1, τ2, R) can be regarded as a bitopological space (X, τ1, τ2) ifR is the
equality relation ”∆” and every bitopological space (X, τ1, τ2) can be regarded
as a topological space (X, τ) if τ1 = τ2 = τ . Also, every bitopological ordered
space (X, τ1, τ2, R) can be regarded as a topological ordered space (X, τ,R) if
τ1 = τ2 = τ .

The concept of ideals in topological spaces has been introduced and stud-
ied by Kuratowski [15] and Vaidyanathaswamy [25]. An ideal is a nonempty
collection of subsets closed under heredity and finite additivity. The study of
ideal bitopological spaces was initiated by Jafari and Rajesh [9].

The notion of connectedness in bitopological spaces has been studied by
Pervin [20], Reily [21] and Swart [24]. In 2014 S. A. El-Sheikh and M. Hosny [5],
Mandira Kar and Thakur [16] have been studied the notion of connectedness
in ideal bitopological spaces.

Many authors [1, 4, 12, 13, 22, 23] have already been studied the bitopo-
logical ordered spaces, but the studying of the notion of connectedness in
bitopological ordered spaces has not been considered.

The purpose of this paper is to introduce and study the notion of connect-
edness in bitopological ordered spaces. We study the notions of pairwise con-
nected ordered spaces, pairwise separated ordered sets and pairwise connected
ordered sets in bitopological ordered spaces. Moreover, comparisons between
the current study and the previous one [20, 21] are presented. Furthermore, we
introduce the notion of ideal bitopological ordered space (X, τ1, τ2, R, I) which
is a generalization of the study of bitopological ordered spaces (X, τ1, τ2, R)
and bitopological space (X, τ1, τ2). Every ideal bitopological ordered space
(X, τ1, τ2, R, I) can be regarded as a bitopological ordered space (X, τ1, τ2, R)
if I = {φ} and can be regarded as bitopological space (X, τ1, τ2) if I = {φ}, R
is the equality relation ”∆”. In addition, the notion of pairwise ∗-connected or-
dered spaces, pairwise ∗-separated ordered sets, pairwise ∗-connected ordered
sets, pairwise ∗s-connected ordered sets in ideal bitopological ordered spaces
has introduced. Some examples are given to illustrate the concepts. Further-
more, the relationship between these types of connectedness and the previous
one [16, 20, 21] has obtained. Its therefore shown that the current work are
more generally.
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2 Preliminaries

In this section, we collect the relevant definitions and results from bitopo-
logical ordered spaces.

Definition 2.1. [19] Let (X,R) be a poset. A set A ⊆ X is said to be

1. Decreasing if for every a ∈ A and x ∈ X such that xRa, then x ∈ A.

2. Increasing if for every a ∈ A and x ∈ X such that aRx, then x ∈ A.

Theorem 2.1. [7] Let (X,R) be a poset. Let A be an increasing and B be a
decreasing subsets of X. Then X \ A = A

′
is a decreasing and X \ B is an

increasing subset of X.

Definition 2.2. [19] Let (X,R) be a poset, x ∈ X and A ⊆ X. We define:

1. D(A) = {x ∈ X : xRa for some a ∈ A}.

2. I(A) = {x ∈ X : aRx for some a ∈ A}.

3. C(A) = D(A) ∩ I(A).

Definition 2.3. [19]Let (X,R) and (Y,R∗) be two posets. Then, a mapping
f : (X,R)→ (Y,R∗) is called an increasing (a decreasing) if ∀x1, x2 ∈ X such
that x1Rx2 ⇒ f(x1)R

∗f(x2)(f(x2)R
∗f(x1)).

Theorem 2.2. [1] Let f : (X,R)→ (Y,R∗) be a mapping. Then, the following
statements are equivalent:

1. f an increasing mapping.

2. If B ⊆ Y is an increasing (a decreasing), then f−1(B) is an increasing
(a decreasing) subset of X.

Definition 2.4. [6] Let X be a non-empty set. A class τ of subsets of X is
called a topology on X iff τ satisfies the following axioms.

1. X,φ ∈ τ .

2. An arbitrary union of the members of τ is in τ .

3. The intersection of any two sets in τ is in τ .

The members of τ are then called τ -open sets, or simply open sets. The pair
(X, τ) is called a topological space. A subset A of a topological space (X, τ) is
called a closed set if its complement A

′
is an open set.
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Definition 2.5. [10] A non-empty collection I of subsets of a set X is called
an ideal on X, if it satisfies the following conditions

1. A ∈ I and B ∈ I ⇒ A ∪B ∈ I,

2. A ∈ I and B ⊆ A⇒ B ∈ I.

Definition 2.6. [10] Let (X, τ) be a topological space and I be an ideal on X.
Then

A∗(I, τ) (orA∗) := {x ∈ X : Ox ∩ A 6∈ I ∀Ox}

is called the local function of A with respect to I and τ , where Ox is an open
set containing x.

Theorem 2.3. [10] Let (X, τ) be a topological space and I be an ideal on X.
Then, the operator cl∗ : P (X)→ P (X) defined by:

cl∗(A) = A ∪ A∗ (1)

satisfies Kuratwski’s axioms and induces a topology τ ∗(I) on X given by:

τ ∗(I) = {A ⊆ X : cl∗(A′) = A′}. (2)

Proposition 2.1. [10] Let (X, τ) be a topological space and I be an ideal on
X. Then, τ ⊆ τ ∗(I), i.e., τ ∗(I) is finer than τ .

Lemma 2.1. [11] Let (X, τ, I) be an ideal topological space and B ⊆ A ⊆ X.
Then, B∗(τA, IA) = B∗(τ, I) ∩ A.

Lemma 2.2. [8] Let (X, τ, I) be an ideal topological space and B ⊆ A ⊆ X.
Then, cl∗A(B) = cl∗(B) ∩ A.

If (X, τ, I) is an ideal topological space and A is a subset of X, then
(A, τA, IA), where τA is the relative topology on A and IA = {A ∩ J : J ∈ I}
is an ideal topological subspace [3].

Lemma 2.3. [3] Let (X, τ, I) be an ideal topological space, A ⊆ Y ⊆ X
and Y ∈ τ . Then, A is ∗-open in Y is equivalent to A is ∗-open in X, i.e
(τY )∗ = (τ ∗)Y .

Definition 2.7. [14] A bitopological space (bts, for short) is a triple (X, τ1, τ2),
where τ1, τ2 are arbitrary topologies for a set X.

Definition 2.8. [9] An ideal bitopological space has the form (X, τ1, τ2, I),
where (X, τ1, τ2) is a bts and I is an ideal on X.
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Definition 2.9. [17, 22] A function f : (X1, τ1, τ2)→ (X2, η1, η2) is called

1. p.continuous (respectively p.open, p.closed) if f : (X1, τi)→ (X2, ηi), i =
1, 2 are continuous (respectively open, closed ).

2. p.homeomorphism if f : (X1, τi)→ (X2, ηi), i = 1, 2 are homeomorphism.

Definition 2.10. [20, 21] Let (X, τ1, τ2) be a bts-space, A,B ⊂ X. Then A

and B are said to be P -separated sets if A
i∩B = φ,A∩Bj

= φ, i, j = 1, 2, i 6= j.

Definition 2.11. [20, 21] A bts-space (X, τ1, τ2) is said to be P -connected
space if X can not be expressed as a union of two non-empty disjoint τi-open
set A and τj-open set B. If X can be so expressed we shall write X = A|B and
we call this a separation or disconnection.

We call (X, τ1, τ2) is P -disconnected space if it is not P -connected.

Definition 2.12. [16] An ideal bitopological space (X, τ1, τ2, I) is called P -∗-
connected if X cannot be written as a union of a non-empty disjoint τi-open
set and τ ∗j -open set , i, j = 1, 2, i 6= j.

Definition 2.13. [16] Let (X, τ1, τ2, I) be an ideal bitopological space, A,B ⊂
X. Then, A and B are said to be P -∗-separated sets if τ ∗i cl(A) ∩ B = φ,A ∩
τjcl(B) = φ.

Definition 2.14. [16] A subset A of an ideal bitopological space (X, τ1, τ2, I)
is called P -∗s-connected if A is not the union of two P -∗-separated sets in
(X, τ1, τ2, I).

Definition 2.15. [23] A bitopological ordered space (bto-space, for short) has
the form (X, τ1, τ2, R), where (X,R) is a poset and (X, τ1, τ2) is a bts.

3 P -Connectedness in Bitopological Ordered

Spaces

The aim of this section is to study the notions of pairwise connected ordered
bitopological spaces, pairwise separated ordered sets and pairwise connected
ordered sets in bitopological ordered spaces. In addition, comparisons between
the current work and the previous one [20, 21] are introduced.

Definition 3.1. Let (X, τ1, τ2, R) be a bto-space, A,B ⊂ X. Then, A and
B are said to be Pairwise separated ordered sets (P -separated ordered sets) if

A
i ∩B = φ,A∩Bj

= φ such that A is a decreasing set and B is an increasing
set.
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Example 3.1. Let (R, τul, τU, R) be a bto-space in which R is the real numbers
and R is the usual order relation on R, τul is the upper limit topology and τU
is the usual topology. Let A,B ⊆ R such that A = (−∞, 0) is a decreasing
set, B = [1,∞) is an increasing set. It is clear that A and B are P -separated

ordered sets as A
ul

= A
U

= (−∞, 0], B
ul

= (1,∞), B
U

= [1,∞), and so A
ul∩B,

B
U ∩ A,AU ∩B and B

ul ∩ A are empty. On the other hand, let (R, τU, τ∞, R)
be a bto-space, where τ∞ is the co-finite topology and let A,B ⊆ R such that
A = (−∞, 1) is a decreasing set and B = (2,∞) is an increasing set. It is

clear that A and B are not P -separated ordered set as A
U

= (−∞, 1], B
∞

= R
and so A ∩B∞ = (−∞, 1), A

U ∩B = φ.

Remark 3.1. Every P -separated ordered sets are a P -separated sets.

The following example shows the converse of Remark 3.1 is not necessarily
true.

Example 3.2. Let (R, τll, τul, R) be a bto-pace and τll is the lower limit topology
and τul is the upper limit topology. Let A,B ⊆ R such that A = (1, 2), B =

(3, 5). It is clear that A and B are P -separated sets as A
ll

= [1, 2), A
ul

=

(1, 2], B
ll

= [3, 5), B
ul

= (3, 5] and so A
ll∩B, B

ul∩A and A
ul∩B, B

ll∩A are
empty, but A and B are not P -separated ordered sets as A is not decreasing
set and B is not increasing.

Definition 3.2. A bto-space (X, τ1, τ2, R) is said to be P -connected ordered
space if X can not be expressed as a union of two non-empty disjoint τi-open
set A and τj-open set B where A is a decreasing and B is an increasing sets.

We call (X, τ1, τ2, R) is P -disconnected ordered space if it is not P -connected
ordered space.

Remark 3.2. Each P -connected spaces is P -connected ordered space.

The following example shows that (X, τ1, τ2, R) is P -connected ordered
space, but not P -connected space.

Example 3.3. Let (X, τ1, τ2, R) be a bto-space, where X = R, τ1 = {R, φ,Q}, τ2 =
{R, φ,Q∗},R is the set of real numbers, Q is the set of rational number and
Q∗ is the set of irrational numbers. Then, X is not P -connected space, but it
is P -connected ordered space.
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Dvalishvili [2] defined boundary on a bts (X, τ1, τ2) for A ⊆ X, as, bij(A) =

A
i∩A′j, bji(A) = A

j ∩A′ i, i, j = 1, 2, i 6= j and he proved that bij(A) = φ⇔ A
is τi-closed and τj-open set, bji(A) = φ⇔ A is τj-closed and τi-open set.

Theorem 3.1. Let (X, τ1, τ2, R) be a bto-space. Then, the following are equivalent:-

1. X is P -connected ordered space.

2. X can not be expressed as a union of two non-empty disjoint sets A and
B such that A is a decreasing τi-open and B is an increasing τj-open .

3. X can not be expressed as a union of two non-empty disjoint sets A and
B such that A is an increasing τi-closed and B is a decreasing τj-closed.

4. There is no proper subset of X which is a decreasing, τi-open and τj-
closed.

5. There is no proper subset of X which is an increasing, τi-closed and
τj-open.

6. Every non-empty proper, decreasing (increasing) subset of X has bji(A) 6=
φ (bij(A) 6= φ) .

Proof.
(1⇒ 2) By Definition 3.2.

(2 ⇒ 3) Let (2) holds and X = A ∪ B such that A and B are non-empty
disjoint, A is an increasing τi-closed set and B is a decreasing τj-closed set.
Then, A = B

′
and X = A ∪ A′

, where A
′

is a decreasing τi-open set and
A = B

′
is an increasing τj-open set. So, we have a contradiction.

(3⇒ 4) Let (3) holds and let there is a proper subset A of X such that A
is a decreasing τi-open and τj-closed set. Then, A

′
is an increasing τi-closed

and τj-open set and therefore, X = A
′ ∪A, where A

′
is an increasing τi-closed

set and A is a decreasing τj-closed set. So, we have a contradiction with (3).

(4 ⇒ 5) Let (4) holds and let there is a proper subset A of X such that
A is an increasing τi-closed and τj-open set. Then, there is a proper subset
A

′
of X such that A

′
is a decreasing τi-open and τj-closed set. So, we have a

contradiction.

(5 ⇒ 6) Let (5) holds and let there exists a non-empty proper subset A
of X, decreasing such that bji(A) = φ. Then, A is τj-closed and τi-open set.
Hence, there exists a non-empty proper increasing set A

′
which is τi-closed and
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τj-open. So, we have a contradiction.
In the case of increasing. If we have a non-empty proper subset A of X, in-
creasing such that bij(A) = φ. Then, A is a non-empty proper increasing subset
of X such that A is τi-closed and τj-open set. So, we have a contradiction.

(6⇒ 1) Let (6) holds and let X = A∪B such that A is a decreasing τi-open
set and B is an increasing τj-open set, A 6= φ,B 6= φ,A ∩ B = φ. Then, we
have A = B

′
, A is a decreasing τj-closed and τi-open. Then, bji(A) = φ. So,

we have a contradiction. On the other hand, if B = A
′
, B is an increasing

τi-closed and τj-open. Then, bij(A) = φ. So, we have a contradiction. Hence,
the result.

Let Y ⊆ X and R be a relation on X. Then, RY := R ∩ (Y × Y ) is a
relation on Y and is called the relation induced by R on Y . If a relation has
any properties of reflexivity, transitivity, symmetry and anti-symmetry, then
the properties are inherited by induced relations [18].

Definition 3.3. Let (X, τ1, τ2, R) be a bto-space. Then, A ⊂ X is a P -
disconnected ordered set if (A, τ1|A, τ2|A, RA) is P -disconnected ordered i.e.,
there exist a decreasing τi|A-open set A ∩ G,G is a decreasing τi-open set and
an increasing τj|A-open set A ∩ H,H is an increasing τj-open set such that
A ∩G and A ∩H are disjoint non-empty sets whose union is A. In this case,
G ∪H is called a P -disconnection ordered of A. A set is P -connected ordered
set if it is not P -disconnected ordered set.
Observe that
A = (A ∩G) ∪ (A ∩H)⇔ A ⊆ G ∪H and
φ = (A ∩G) ∩ (A ∩H)⇔ H ∩G ⊆ A

′
.

Therefore G ∪ H is called a P -disconnection ordered set of A ⇔ A ∩ G 6=
φ,A ∩H 6= φ,A ⊆ G ∪H,H ∩G ⊆ A

′

Example 3.4. Let (R, τul, τU, R) be a bto-space and A ⊆ R such that A =
[0, 1). Then, A is P -disconnected ordered set, since (A, τul|A, τU|A, RA) is P -
disconnected ordered, G ∪ H is a P -disconnection ordered of A, such that
G = (−∞, 0] and H = (0,∞), H is τU-open set and G is τul-open are non-
empty set and A ∩ G = {0} is a decreasing τul|A-open set and A ∩H = (0, 1)
is an increasing τU|A-open set are disjoint non-empty sets whose union is A.

Remark 3.3. Each P -connected set is P -connected ordered set.

The following example shows that G ∪H is P -disconnection of A, but not
P -disconnected ordered of A.

Example 3.5. Let (R, τul, τU, R) be a bto space and A ⊆ R such that A =
(0, 2). Then, A is P -disconnected set. For, let G = (1, 3] and H = (0, 1).



Connectedness in (Ideal) Bitopological ... 45

It is clear that G is τul-open set and H is τU-open set which are non-empty
set and A ∩ G = (1, 2) is a τul|A-open set and A ∩ H = (0, 1) is a τU|A-open
set which are disjoint non-empty sets whose union is A. Hence, G ∪ H is a
P -disconnection set of A, but not P -disconnected ordered set as A ∩ G is not
decreasing set and A ∩H is not increasing set.

Proposition 3.1. If A and B are P -separated ordered sets, then A ∪ B is
P -disconnected ordered set.

Proof.
Since A and B are non-empty P -separated ordered sets, then A

i ∩B = φ,A∩
B

j
= φ, such that A is a decreasing and B is an increasing set. Let G = (B

j
)
′

be a τj-open set, H = (A
i
)
′

be a τi-open set, (A ∪B) ∩G = A is a decreasing
and (A ∪ B) ∩ H = B is an increasing set which are disjoint non-empty sets
whose union is A ∪B(A|B), and so A ∪B is a P -disconnected ordered set.

Proposition 3.2. Let G∪H be a P -disconnection ordered of X and let B be
a P -connected ordered subset of X. Then, either B ⊆ G or B ⊆ H.

Proof.
Since G∪H is a P -disconnection ordered of X. Then, X = G∪H and G∩H =
φ. But B ⊆ X, hence B ⊆ G ∪ H, G ∩ H ⊆ B

′
. If B ∩ H and B ∩ G

are non-empty, then G ∪ H forms a P -disconnected ordered of B which is a
contradiction. Hence, B ∩ H = φ or B ∩ G = φ. It follows that B ⊆ G or
B ⊆ H.

Proposition 3.3. Let A be a P -connected ordered set in X and B ⊆ X such
that A ⊆ B ⊆ C(A), then B is a P -connected ordered set.

Proof.
Suppose B is a P -disconnected ordered set and suppose G ∪ H be a P -
disconnection of B. By Proposition 3.2, A ⊆ G or A ⊆ H. Let A ⊆ G. Because
B ∩H is a non-empty set, there exists a point z such that z ∈ B ∩H ⊆ B ⊆
C(A). Hence, z ∈ H, z ∈ C(A), then there exists x, y ∈ A such that x ≤ z ≤ y,
but H is an increasing set, z ∈ H, z ≤ y it follows that y ∈ H. Hence, y ∈ H∩A
in contradiction with A ⊆ G. Consequently, B is a P -connected ordered set.

Theorem 3.2. Let f : (X, τ1, τ2, R) → (Y, η1, η2, R
∗) be a P -continuous, sur-

jective and increasing. If A is a P -connectedness ordered subset of X, then its
image f(A) is a P -connectedness ordered subset of Y.

Proof.
Let f : (X, τ1, τ2, R) → (Y, η1, η2, R

∗) be a P -continuous, surjective and in-
creasing function. Let B be a decreasing ηi|f(A)-open and ηj|f(A)-closed subset
of f(A). Then, f−1(B) is a decreasing τi|A-open and τj|A-closed subset of A.
Since A is P -connected ordered set, then f−1(B) is either φ or A. Hence,
B = f(f−1(B)) is either φ or f(A).
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Corollary 3.1. P -connectedness ordered is invariant under a P -continuous,
surjective and increasing function.

Theorem 3.3. Let (X, τ1, τ2, R) be a bto-space, A ⊆ X, (A, τ1|A, τ2|A, RA) be a
relative bto-space on A, G be a decreasing set, H be a increasing set. Then, A is
P -connected ordered set on (X, τ1, τ2, R)⇔ (A, τ1|A, τ2|A, RA) is a P -connected
ordered space.

Proof.
” ⇐ ” Suppose A is a P -disconnected ordered on (X, τ1, τ2, R) and suppose
G ∪ H is a P -disconnected ordered of A. Then, there exists a decreasing τi-
open set G and an increasing τj-open set H. Accordingly, A∩G is a decreasing
τi|A-open set and A ∩ H is an increasing τj|A-open set. Hence, G ∪ H form
a P -disconnection ordered on (A, τ1|A, τ2|A, RA), hence (A, τ1|A, τ2|A, RA) is a
P -disconnected ordered space.

”⇒ ” Conversely, suppose (A, τ1|A, τ2|A, RA) is a P -disconnected ordered and
suppose G∗∪H∗ is a P -disconnection of A. Then, there exists a decreasing τi|A-
open set G∗ = A∩G,G is a decreasing τi-open set and an increasing τj|A-open
set H∗ = A∩H,H is an increasing τj-open set. But A∩G∗ = A∩A∩G = A∩G
and A ∩H∗ = A ∩ A ∩H = A ∩H.
Hence, G ∪ H is a P -disconnection ordered on (X, τ1, τ2, R) and so A is a
P -disconnection ordered on (X, τ1, τ2, R).

Theorem 3.4. Let A be a τi-open-and-τj-closed subset of X, and S be a P -
connected ordered subset of X. Then, either S ⊂ A or S ⊂ A

′
.

Proof.
Since A is a τi-open-and-τj-closed, then A ∩ S is a τi|S-open and τj|S-closed
on a relative bto-space on S. But S is P -connected ordered set, then either
A ∩ S = S or φ. Then, either S ⊂ A or S ⊂ A

′
.

4 P -∗-Connectedness in Ideal Bitopological Or-

dered Spaces

In this section, ideal bitopological ordered spaces are presented by using the
concept of ideal. It is a generalization of the study of bitopological space,
bitopological ordered space. Moreover, the notion of pairwise ∗-connected
ordered spaces, pairwise ∗-separated ordered sets, pairwise ∗-connected ordered
sets, pairwise ∗s-connected ordered sets in ideal bitopological ordered spaces
has introduced. Furthermore, the relationship between the current notion of
connectedness in this section, the notion of connectedness in Section 3 and the
previous one in [16] is obtained.
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Definition 4.1. An ideal bitopological ordered space has the form (X, τ1, τ2, R, I),
where (X,R) is a poset and (X, τ1, τ2) is a bts and I is an ideal on X.

Definition 4.2. An ideal bitopological ordered space (X, τ1, τ2, R, I) is called
P -∗-connected ordered if X cannot be written as a union of two non-empty dis-
joint decreasing τi-open set and a non-empty increasing τ ∗j -open set i, j = 1, 2, i 6= j.

Example 4.1. The system (X, τ1, τ2, R, I) is an ideal bitopological ordered
space in which X = {1, 2, 3, 4}, τ1 = {X,φ, {1}, {4}, {1, 4}}, τ2 = {X,φ, {1}, {1, 2}},
R = ∆ ∪ {(2, 1), (2, 4)} and I = {φ, {1}}.

Remark 4.1. Every P -∗-connected is P -∗-connected ordered.

Example 4.1 shows that the converse of Remark 4.1 is not true, i.e., (X, τ1, τ2, R, I)
is P -∗-connected ordered, but not P -∗-connected (as ∃ a non-empty disjoint τ1-
open set A = {1} and ∃ τ ∗2 -open set B = {2, 3, 4} such that X = A∪B. Also,
∃ a non-empty disjoint τ2-open set A = {1} and ∃ τ ∗1 -open set B = {2, 3, 4}
such that X = A ∪B.

Remark 4.2. Every P -∗-connected ordered is P -connected ordered.

The following example shows that the converse of Remark 4.2 is not true.

Example 4.2. In Example 4.1, let R is the usual order relation on X. Then,
as (X, τ1, τ2, R, I) is P -connected ordered space, but not P -∗-connected ordered
as (∃ two non-empty disjoint decreasing τ1-open set A = {1} and increasing
τ ∗2 -open set B = {2, 3, 4} such that X = A∪B. Also, ∃ two non-empty disjoint
decreasing τ2-open set A = {1} and increasing τ ∗1 -open set B = {2, 3, 4} such
that X = A ∪B.

Definition 4.3. A subset A of an ideal bitopological ordered space (X, τ1, τ2, R, I)
is called P -∗-connected ordered if (A, τ1A, τ2A, RA, IA) is P -∗-connected or-
dered.

Definition 4.4. Let (X, τ1, τ2, R, I) be an ideal bitopological ordered space,
A,B ⊂ X. Then, A and B are said to be P -∗-separated ordered sets if τ ∗i cl(A)∩
B = φ,A∩ τjcl(B) = φ such that A is a decreasing and B is an increasing set.

Remark 4.3. Every P -separated ordered sets are P -∗-separated ordered sets.

Example 4.2 shows that the converse of Remark 4.3 is not true, as A =
{1}, B = {2, 3, 4} are P -∗-separated ordered sets, but not P -separated ordered
sets as (τ1cl(A) ∩B = {2, 3} 6= φ.

Remark 4.4. Every P -∗-separated ordered sets are P -∗-separated sets.
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Example 4.1 shows that the converse of Remark 4.4 is not true, as A =
{1}, B = {2, 3, 4} are P -∗-separated sets, but not P -∗-separated ordered sets
since, τ ∗i cl(A) ∩ B = φ,A ∩ τjcl(B) = φ, but A is not decreasing set and B is
not increasing set.

Corollary 4.1. For an ideal bitopological ordered space (X, τ1, τ2, R, I), we
have the following implications
P -separated ordered sets⇒ P -separated sets.

⇓ ⇓
P -∗-separated ordered sets⇒ P -∗-separated sets.

Theorem 4.1. Let (X, τ1, τ2, R, I) be an ideal bitopological ordered space. If
A,B are P -∗-separated ordered sets of X and A∪B ∈ τi( respectively τj), then
A is τj-open and B is τ ∗i -open, i, j = 1, 2, i 6= j.

Proof.
Since, A and B are are P -∗-separated ordered sets in X, then B = (A ∪B) ∩
(X \ τ ∗i cl(A)). Since A∪B ∈ τi and τ ∗i cl(A) is τ ∗i -closed in X,B is τ ∗i -open in
X. Similarly A = (A ∪B) ∩ (X \ τjcl(B)) and we obtain that A is τj-open in
X.

Theorem 4.2. Let (X, τ1, τ2, R, I) be an ideal bitopological ordered space and
A ⊆ B ⊆ Y ⊆ X. Then, A and B are P -∗-separated ordered sets in Y ⇔ A,B
are P -∗-separated ordered sets in X.

Proof. (⇐) Straightforward.
(⇒) Let A,B are P -∗-septated ordered in Y . Then, τ ∗j cl(A)∩B = (τ ∗j cl(A)∩
Y ) ∩ B = τ ∗j clY (A) ∩ B = φ. Similarly, A ∩ τicl(B) = A ∩ (Y ∩ τicl(B)) =
A ∩ τiclY (B) = φ.

Theorem 4.3. Let f : (X, τ1, τ2, R, I) → (Y, η1, η2, R
∗) be a P -continuous,

surjective and increasing. If X is a P -∗-connected ordered space, then (Y, η1, η2, R
∗)

is P -connected ordered space.

Proof. It is known that P -connectedness ordered space is preserved by
continuous, surjections and increasing (See Corollary 3.1). Also, every P -
∗-connected ordered space is P -connected ordered space (See Remark 4.2).
Hence, the proof has done.

Definition 4.5. A subset A of an ideal bitopological ordered space (X, τ1, τ2, R, I)
is called P -∗s-connected ordered if A is not the union of two P -∗-separated or-
dered sets in (X, τ1, τ2, R, I).

Remark 4.5. Every P -∗s-connected set is P -∗s-connected ordered set .
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Example 4.1 shows that the converse of Remark 4.5 is not true, as A =
{1, 3, 4} is P -∗s-connected ordered, but not P -∗s-connected as, ∃ B = {1}, C =
{3, 4} which are P -∗-separated sets and whose union is A.

Remark 4.6. Every P -∗-connected ordered set is P -∗s-connected ordered set.

Example 4.1 shows that the converse of Remark 4.6 is not true, as A =
{1, 3, 4} is P -∗s-connected ordered, but not P -∗-connected ordered set, since
(A, τ1|A, τ2|A, RA, IA) is not P -∗-connected ordered , for ∃ two non-empty dis-
joint decreasing τ1|A-open setG = {1}, ∃ an increasing τ ∗2|A-open setH = {3, 4}
such that A = G∪H. Also, ∃ two non-empty disjoint decreasing τ2|A-open set
G = {1}, ∃ an increasing τ ∗1|A-open set H = {3, 4} such that A = G ∪H.

Theorem 4.4. Let Y ∈ τ1 ∩ τ2 and (X, τ1, τ2, R, I) be an ideal bitopological
ordered space. Then, the following are equivalent:

• Y is P -∗s-connected ordered in (X, τ1, τ2, R, I).

• Y is P -∗-connected ordered in (X, τ1, τ2, R, I).

Proof.

(1)⇒ (2) Suppose that Y is not P -∗-connected ordered in (X, τ1, τ2, R, I). There
exist a non empty disjoint decreasing τi-open set A, in Y and increasing
τ ∗j -open set B in Y such that Y = A ∪B. Since Y ∈ τ1 ∩ τ2, by Lemma
2.3 A and B are τi-open and τ ∗j -open in X, respectively. Since A and B
are disjoint, then τ ∗j cl(A)∩B = φ = A∩ τicl(B). This implies that A,B
are P -∗-separated ordered sets in X. Thus, Y is not P -∗s-connected
ordered in (X, τ1, τ2, R, I).

(2)⇒ (1) Suppose Y is not P -∗s-connected in (X, τ1, τ2, R, I). There exist two
P -∗-separated sets A,B in X such that Y = A ∪ B. By Theorem 4.1,A
and B are τi-open and τ ∗j -open in Y , respectively i, j = 1, 2, i 6= j. By
Lemma 2.3, A and B are τi-open and τ ∗j -open in X respectively. Since A
and B are P -∗-separated ordered sets in X, then A and B are nonempty
and disjoint. Thus, Y is not P -∗-connected ordered.

Theorem 4.5. Let (X, τ1, τ2, R, I) be an ideal bitopological ordered space. If
A is a P -∗s-connected ordered set of X and H,G are P -∗-separated ordered
sets of X with A ⊆ H ∪G, then either A ⊆ H or A ⊆ G.

Proof.
Let A ⊆ H ∪G. Since A = (A ∩H) ∪ (A ∩G), then (A ∩G) ∩ τ ∗i cl(A ∩H) ⊆
G ∩ τ ∗i cl(H) = φ. By similar reasoning, we have (A ∩ H) ∩ τjcl(A ∩ G) ⊆
H ∩ τjcl(G) = φ. Suppose that A ∩ H and A ∩ G are nonempty. Then, A is
not P -∗s-connected ordered. This is a contradiction. Thus, either A ∩H = φ
or A ∩G = φ. This implies that either A ⊆ H or A ⊆ G.
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Theorem 4.6. If A is a P -∗s-connected ordered set of an ideal bitopological
ordered space (X, τ1, τ2, R, I) and A ⊆ B ⊆ τ ∗i cl(A), then B is P -∗s-connected
ordered.

Proof.
Suppose B is not P -∗s-connected ordered. There exist P -∗-separated ordered
sets H and G of X such that B = H ∪ G. This implies that H and G are
nonempty and τ ∗i cl(H) ∩ G = H ∩ τjcl(G) = φ. By Theorem 4.5, we have
either A ⊆ H or A ⊆ G. Suppose that A ⊆ H. Then, τ ∗i cl(A) ⊆ τ ∗i cl(H) and
G∩τ ∗i cl(A) = φ. This implies that G ⊆ B ⊆ τ ∗i cl(A) and G = τ ∗i cl(A)∩G = φ.
Thus, G is an empty set which is a contradiction. Suppose that A ⊆ G. By
similar way, we have that H is empty, which is also a contradiction. Hence, B
is P -∗s-connected ordered.

Corollary 4.2. If A is a P -∗s-connected set in an ideal bitopological ordered
space (X, τ1, τ2, R, I), then τ ∗i cl(A) is P -∗s-connected ordered.

Theorem 4.7. If {Mi : i ∈ I} is a nonempty family of P -∗s-connected ordered
sets of an ideal bitopological ordered space (X, τ1, τ2, R, I) with ∩i∈IMi 6= ∅.
Then, ∪i∈IMi is Pairwise ∗s-connected ordered.

Proof. Suppose that ∪i∈IMi is not P -∗s-connected ordered. Then, we
have ∪i∈IMi = H ∪ G, where H and G are P -∗-separated ordered sets in X.
Since, ∩i∈IMi 6= φ we have a point x in ∩i∈IMi. Since x ∈ ∪i∈IMi, either
x ∈ H or x ∈ G. Suppose that x ∈ H. Since x ∈ Mi for each i ∈ I, then Mi

and H intersect for each i ∈ I. By Theorem 4.5, Mi ⊆ H or Mi ⊆ G. Since H
and G are disjoint, ∀i ∈ I Mi ⊆ H and hence ∪i∈IMi ⊆ H. This implies that
G is empty. This is a contradiction. Suppose that x ∈ G. By similar way, we
have that H is empty. This is a contradiction. Thus, ∪i∈IMi is P -∗s-connected
ordered.

On account of Remarks 3.2,3.3,4.1,4.2,4.5 and 4.6 we have the following
proposition which studies the relationship between the current definitions and
the previous definitions.

Proposition 4.1. For an ideal bitopological ordered space (X, τ1, τ2, R, I), we
have the following implications

1. P -∗-connected spaces⇒ P -∗-connected ordered spaces.
⇓ ⇓
P -connected spaces⇒ P -connected ordered spaces.

2. P -∗s-connected sets⇒ P -∗s-connected ordered sets⇐ P -∗-connected ordered set.
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