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Abstract 

     In this paper, we study Smarandache TN  curves in terms of biharmonic 
curves in the special three-dimensional −φ Ricci symmetric para-Sasakian 
manifold P . We define a special case of such curves and call it Smarandache 
TN  curves in the special three-dimensional −φ Ricci symmetric para-Sasakian 
manifold P . We construct parametric equations of Smarandache TN  curves in 
terms of biharmonic curve in the special three-dimensional −φ Ricci symmetric 
para-Sasakian manifold .P  
 
     Keywords: Biharmonic curve, curvature, para-Sasakian manifold, 
Smarandache TN  curves, torsion.      
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1      Introduction 

The main interest in harmonic maps, Eells and Sampson also envisaged some 
generalizations and defined biharmonic maps ( ) ( )hNgM ,,: →ϕ  between 
Riemannian manifolds as critical points of the bienergy functional 
 

 ( ) ( ) ,
2

1
=

2

2 gM
vE ϕτϕ ∫  

where ( )ϕτ  =  trace ϕd∇  is the tension field of J  that vanishes on harmonic maps. 

The Euler- Lagrange equation corresponding to 2E  is given by the vanishing of 
the bitension field 
 

 ( ) ( )( ) ( ) ( )( ) ,,trace==2 ϕϕτϕϕτϕτϕτ ϕ ddRN−∆−−J                 (1.1) 
 

where ϕJ  is the Jacobi operator of ϕ  . The equation ( ) 0=2 fτ  is called the 

biharmonic equation. Since ϕJ  is linear, any harmonic map is biharmonic. 
Therefore, we are interested in proper biharmonic maps, that is non-harmonic 
biharmonic maps. 
Although 2E  has been on the mathematical scene since the early '60 (when some 
of its analytical aspects have been discussed) and regularity of its critical points is 
nowadays a welldeveloped field, a systematic study of the geometry of 
biharmonic maps has started only recently. 
In this paper, we study Smarandache TN  curves in terms of biharmonic curves in 
the special three-dimensional −φ Ricci symmetric para-Sasakian manifold P . We 
define a special case of such curves and call it Smarandache TN  curves in the 
special three-dimensional −φ Ricci symmetric para-Sasakian manifold P . We 
construct parametric equations of Smarandache TN  curves in terms of 
biharmonic curve in the special three-dimensional −φ Ricci symmetric para-
Sasakian manifold .P  
 

2      Special Three-Dimensional −φ Ricci Symmetric Para-
Sasakian Manifold  P  
 
An n-dimensional differentiable manifold M  is said to admit an almost para-
contact Riemannian structure ( )g,,, ηξφ , where φ  is a (1,1)  tensor field, ξ  is a 
vector field, η  is a 1-form and g  is a Riemannian metric on M  such that 
 

 ( ) ( ) ( ),=,1,=0,= XXg ηξξηφξ                          (2.1) 

 ( ) ( ) ,=2 ξηφ XXX −                                    (2.2) 

 ( ) ( ) ( ) ( ),,=, YXYXgYXg ηηφφ −                            (2.3) 
 

for any vector fields ,X  Y  on M  [3]. 
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Definition 2.1. A para-Sasakian manifold M  is said to be locally φ -symmetric if 
 

 ( )( )( ) 0,=,2 ZYXRW∇φ  

 
for all vector fields WZYX ,,,  orthogonal to ξ  [3]. 

 
Definition 2.2 A para-Sasakian manifold M  is said to be φ -symmetric if 
 

 ( )( )( ) 0,=,2 ZYXRW∇φ  

 
for all vector fields WZYX ,,,  on .M  
 
Definition 2.3 A para-Sasakian manifold M  is said to be φ -Ricci symmetric if 
the Ricci operator satisfies 

 ( )( )( ) 0,=2 YQX∇φ  
 

for all vector fields X  and Y  on M  and ),(=),( YQXgYXS . 
 
If YX ,  are orthogonal to ξ , then the manifold is said to be locally φ -Ricci 
symmetric. 
We consider the three-dimensional manifold  
 

 ( ) ( ) ( ){ },0,0,0,,:,, 3213321 ≠∈ xxxxxx R=P  
 

where ( )321 ,, xxx  are the standard coordinates in 3R . We choose the vector fields 
 

 
1332
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∂
∂

eee                  (2.4) 

 
are linearly independent at each point of P . Let g  be the Riemannian metric 
defined by 

 ( ) ( ) ( ) 1,=,=,=, 332211 eeeeee ggg                                           (2.5) 

 ( ) ( ) ( ) 0.=,=,=, 313221 eeeeee ggg  

 
Let η  be the 1-form defined by  

 ).(any for ),(=)( 3 Pχη ∈ZZgZ e  

 
Let be the (1,1) tensor field defined by    
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 0.=)(,=)(,=)( 31221 eeeee φφφ                         (2.6) 

 
Then using the linearity of and g  we have 
 

 1,=)( 3eη                                           (2.7) 

 ,)(=)( 3
2 eZZZ ηφ −                                    (2.8) 

 ( ) ( ) ),()(,=, WZWZgWZg ηηφφ −                             (2.9) 

for any )(, Pχ∈WZ . Thus for ,=3 ξe  ( )g,,, ηξφ  defines an almost para-contact 

metric structure on P . 
Let ∇  be the Levi-Civita connection with respect to g . Then, we have 

 
 .=][,=][0,=][ 23213121 ee,eee,ee,e  

 
The Riemannian connection ∇  of the metric g  is given by 
 

 ( ) ( ) ( ) ( )YXZgXZYgZYXgZYg X ,,,=,2 −+∇  
  

[ ]( ) [ ]( ) [ ]( ),,,,,,, YXZgZXYgZYXg +−−  
 
which is known as Koszul's formula. 
Taking ξ=3e  and using the Koszul's formula, we obtain 

 1,3121311
=0,== eee,ee eee ∇∇−∇  

 2,3232212
=,=0,= eeeee eee ∇−∇∇                                   (2.10) 

 0.=0=0= 332313
e,e,e eee ∇∇∇  

 
Moreover we put 

 ),(=,),(= lkjiijklkjiijk RRRR e,e,e,eeee  

 
where the indices kji ,,  and l  take the values 1,2 and 3. 
 

 ,=,=,= 22331,1331,122 eee −−− RRR  

and 
 1.=== 232313131212 RRR                          (2.11) 

 
 

3      Biharmonic Curves in the Special Three-Dimensional 
−φ Ricci Symmetric Para-Sasakian Manifold  P  

 
Biharmonic equation for the curve γ  reduces to 
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 ( ) 0,=,3 TTTT TT ∇−∇ R                                    (3.1) 
 

that is, γ  is called a biharmonic curve if it is a solution of the equation (3.1). 
Let us consider biharmonicity of curves in the special three-dimensional −φ Ricci 

symmetric para-Sasakian manifold P . Let { }BN,T,  be the Frenet frame field 
along γ . Then, the Frenet frame satisfies the following Frenet--Serret equations: 
 

 ,= NTT κ∇  

 ,= BTNT τκ +−∇                                                                       (3.2) 

 ,= NBT τ−∇  
 

where κ  is the curvature of γ  and τ  its torsion and 
 

 ( ) ( ) ( ) 1,=1,=1,= BB,NN,TT, ggg  

 ( ) ( ) ( ) 0.=== BN,BT,NT, ggg  
 
With respect to the orthonormal basis },{ 321 e,e,e  we can write 

 ,= 332211 eeeT TTT ++  

 ,= 332211 eeeN NNN ++                                                           (3.3) 

 .== 332211 eeeNTB BBB ++×  

 
Theorem 3.1 P→I:γ  is a biharmonic curve if and only if 
 

 0,constant= ≠κ  

 1,=22 τκ +                                                                                (3.4) 
 .constant=τ  

 
Proof. Using (3.1) and Frenet formulas (3.2), we have (3.4). 
 
Theorem 3.2 All of biharmonic curves in the special three-dimensional −φ Ricci 
symmetric para-Sasakian manifold P  are helices. 
 

4 Smarandache TN  Curve in the  Special Three-
Dimensional −φ Ricci Symmetric Para-Sasakian Manifold 
P  
 
Definition 4.1 Let P→I:γ  be a unit speed regular curve in the special three-
dimensional −φ Ricci symmetric para-Sasakian manifold P  , whose position 
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vector is composed by Frenet frame vectors on another regular curve, is called a 
Smarandache curve. 
 
Now, let us define a special form of Definition 4.1. 
Definition 4.2 Let P→I:γ  be a unit speed regular curve in the special three-
dimensional −φ Ricci symmetric para-Sasakian manifold P  and }{ BN,T,  be its 
moving Frenet-Serret frame. Smarandache TN  curves are defined by 
 

 ( ).
2

1
=

22
NT +

+
Ω

τκ
                             (4.1) 

 
Theorem 4.3 Let P→I:γ  be a unit speed spacelike biharmonic curve and Ω  its 
Smarandache TN  curve on P . Then, the parametric equations of Ω  are 

 ( ) ),
2

sincos(
2

1
=

212
2
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1

κκκ
ϕϕ
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C

s
C

ssx ++−−
+

Ω  

  

 ( ) [ ] [ ]( )CsCsesx x +++
+

Ω kk cossinsin(
2

1
=

1

22

2 ϕ
τκ

 

 [ ] [ ]( ))cossincossinsin(
1 21

2
2

sin2

CsCse
CsCs

++++
++−

kkk ϕϕϕ
κ

ϕ

                      

(4.2) 

 [ ] [ ]( ),sinsincoscossin(
1 21

2
2

sin2

CsCse
CsCs

+++−+
++−

kkk ϕϕϕ
κ

ϕ

 

  

 ( ) [ ]Csesx x +Ω ksinsin=
13 ϕ  

 [ ] [ ]( ),sinsincoscossin
1 21

2
2

sin2

CsCse
CsCs

+++−−
++−

kkk ϕϕϕ
κ

ϕ

 

  

where ,C  ,1C  ,2C  ,1C  ,2C  3C  are constants of integration and 

.
sin

sin=
22

ϕ
ϕκ −

k  

 
Proof. Since γ  is biharmonic, γ  is a helix. So, without loss of generality, we take 

the axis of γ  is parallel to the vector 3e . Then, 

 
( ) ,cos== 33 ϕTg eT,  (4.3) 

where ϕ  is constant angle. 
The tangent vector can be written in the following form 
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.= 332211 eeeT TTT ++  (4.4) 

 
From (4.3), we have the following equation 
 

.cossinsincossin= 321 eeeT ϕµϕµϕ ++             (4.5) 

 
Since ,|=| κTT∇  we obtain 

,
sin

sin=
22

Cs+
−

ϕ
ϕκµ  (4.6) 

where R∈C . 
 
Thus (4.5) and (4.6), imply 
 

 [ ] [ ] ,cossinsincossin= 321 eeeT ϕϕϕ ++++ CsCs kk  

where .
sin

sin=
22

ϕ
ϕκ −

k  

Using (2.4) in above equation, we obtain 
 

 [ ] [ ]( ) [ ]).sinsin,cossinsin,cos(=
11

CseCsCse xx ++++− kkk ϕϕϕT  (4.7) 
 
Using (4.4), we have 
 

( ) ( ) ( )( ) .= 3
2

2
2

1323221311 eeeTT TTTTTTTTT ''' −−++++∇          (4.8) 

 
From (3.1) and (4.8), we get 

 
 [ ] [ ]( ) 1coscossinsin= eTT CsCs +++−∇ kkk ϕϕ  

 [ ] [ ]( ) 2sincoscossin eCsCs ++++ kk ϕϕ                                   (4.9) 

 ,sin 3
2 eϕ−  

where .
sin

sin=
22

ϕ
ϕκ −

k  

 
By the use of Frenet formulas (3.2), we get 
 

 TN T∇
κ
1

=  

 [ ] [ ]( ) 1cossincossinsin[
1

= eCsCs +++ kkk ϕϕϕ
κ

                 (4.10) 

 [ ] [ ]( ) 2sinsincoscossin eCsCs +++−+ kkk ϕϕϕ  
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 ].sin 3
2 eϕ−  

 
Substituting (2.4) in (4.10), we have 

 ,N 21
2

2

2
sin(

1
= CsCs ++− ϕ

κ
 

[ ] [ ]( )CsCse
CsCs

+++
++−

kkk cossincossinsin
21

2
2

sin2

ϕϕϕ
ϕ

            (4.11) 

 [ ] [ ]( ),sinsincoscossin
21

2
2

sin2

CsCse
CsCs

+++−+
++−

kkk ϕϕϕ
ϕ

 

 [ ] [ ]( )),sinsincoscossin
21

2
2

sin2

CsCse
CsCs

+++−−
++−

kkk ϕϕϕ
ϕ

 
 

where 21,CC  are constants of integration. 
 

Lemma 4.4 Let P→I:γ  be a unit speed spacelike biharmonic curve in the 
special three-dimensional −φ Ricci symmetric para-Sasakian manifold P . Then 

 ,cos= Λκ  
 ,sin= Λτ  

where Λ  is arbitrary angle. 
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