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Abstract
In this paper, we study Smarandachdl curves in terms of biharmonic
curves in the special three-dimension@ak Ricci symmetric para-Sasakian
manifoldP . We define a special case of such curves anditc8linarandache
TN curves in the special three-dimensiorat Ricci symmetric para-Sasakian
manifoldP. We construct parametric equations of SmarandadNecurves in
terms of biharmonic curve in the special three-disienal ¢ — Ricci symmetric

para-Sasakian manifol@.
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1 Introduction

The main interest in harmonic maps, Eells and Sam@dso envisaged some
generalizations and defined biharmonic mags(M,g) - (N,h) between
Riemannian manifolds as critical points of the lergy functional

1
E, (¢) = E-[M|T(¢)'2Vg :
wherer(¢) = tracelldg is the tension field of that vanishes on harmonic maps.

The Euler- Lagrange equation correspondindg=fas given by the vanishing of
the bitension field

7,(#)= -9 (1(¢)) = -A1(p) - tracR" (dg, 7(¢))d, (1.1)

where J? is the Jacobi operator af . The equationrz(f):o is called the
biharmonic equation. Sincd’ is linear, any harmonic map is biharmonic.
Therefore, we are interested in proper biharmonapsn that is non-harmonic
biharmonic maps.

Although E, has been on the mathematical scene since the'éariywhen some
of its analytical aspects have been discussedyemdarity of its critical points is
nowadays a welldeveloped field, a systematic stadythe geometry of
biharmonic maps has started only recently.

In this paper, we study Smarandacdié curves in terms of biharmonic curves in
the special three-dimensional— Ricci symmetric para-Sasakian manifé¥d We
define a special case of such curves and call @r8ndachelN curves in the
special three-dimensionagl— Ricci symmetric para-Sasakian manifdd. We
construct parametric equations of Smarandadid curves in terms of
biharmonic curve in thespecial three-dimensional— Ricci symmetric para-

Sasakian manifoldp.

2 Special Three-Dimensionaj-Ricci Symmetric Para-
Sasakian Manifold p

An n-dimensional differentiable manifoll is said to admit an almost para-
contact Riemannian structu(qp,f,q,g), whereg¢ is a(1,1) tensor field¢ is a
vector field,n is a 1-form andy is a Riemannian metric oM such that

@ =0,n(¢) =1,9(X,&)=n(X), 2.1)
@ (X)=X-n(X)¢, (2.2)
g(@X. @)= a(X,Y)-n(X (), (2.3)

for any vector fieldsX )Y on M [3].
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Definition 2.1. A para-Sasakian manifolt¥ is said to be locally -symmetric if
7((CwR)X.Y)zZ) =0,

for all vector fieldsX,Y,Z,W orthogonal toé [3].

Definition 2.2 A para-Sasakian manifol is said to beg -symmetric if
7 ((OuR)(X.Y)Z) =0,

for all vector fieldsX,Y,Z, Won M.

Definition 2.3 A para-Sasakian manifol¥ is said to beg-Ricci symmetric if
the Ricci operator satisfies
7((0,Q)v)) =

for all vector fieldsX andY on M and S(X,Y) = g(QX,Y) .

If X,Y are orthogonal toé, then the manifold is said to be localpy-Ricci

symmetric.
We consider the three-dimensional manifold

P:{(xl,xz,x )DR3 (x X2 x) (000)}

where (%!, x2,x*) are the standard coordinates R . We choose the vector fields

x 0 A0 0 0
et % o=l 0 -9 ]e=-2 2.4
9= 5% 7° (ax2 OXSJ ST T 2.4)

are linearly independent at each pointf Let g be the Riemannian metric
defined by

g(e; &)= gle, &) = gles,

g(elleZ)z (ezles) ( )

Let 7 be the 1-form defined by
n(Z) = g(Z,e;)foranyZ  x(P).

) =1 (2.5)

Let be the (1,1) tensor field defined by
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pe)=e, ¢e,)=e,¢e;)=0. (2.6)

Then using the linearity of ang we have

n(e,) =1, 2.7)
#(2)=Z-n(2)e, (2.8)
g(ez. o) = 9(Z.W)-n(Z)nW), (2.9)

for any Z,W 0O x(P) . Thus fore, = ¢, ((0,5./7, g) defines an almost para-contact

metric structure orP..
Let O be the Levi-Civita connection with respectgo Then, we have

[e.e,]=0,[g.6]=¢,[6& .e]=¢€,.
The Riemannian connectidan of the metricg is given by
29(0,Y,2)=Xg(Y,Z)+YdZ,X)-Zg(X,Y)

~g(X,[Y,z]) - g(v.[x.Z])+ o(z.[X.Y])

which is known as Koszul's formula.

Taking e, = ¢ and using the Koszul's formula, we obtain
Delel =-g,, Dale2 =0, Dele3 =e
Oe& =0, 0.8 =6, 6 =¢, (2.10)
Dese1 =0, Dese2 =0, De353 =0.

Moreover we put
R« =R(e.e)e, Ry =R( €. &.8),

where the indices, i, | land| take the value4,2 and 3.

R =€, Ryu="6,Rp="8,
and

R1212 = R1313 = R2323 :1' (211)

3  Biharmonic Curves in the Special Three-Dimesional
¢-Ricci Symmetric Para-Sasakian Manifold P

Biharmonic equation for the curve reduces to
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03T -R(T,0,T)T =0, (3.1)

that is, y is called a biharmonic curve if it is a solutidntloe equation (3.1).

Let us consider biharmonicity of curves in gecial three-dimensiongl- Ricci
symmetric para-Sasakian manifdid. Let {T,N,B} be the Frenet frame field
along y . Then, the Frenet frame satisfies the followingrfet--Serret equations:

O, T = &N,
O,N = —«T +1B, (3.2)
0,B = —N,

wherek is the curvature of andr its torsion and

With respect to the orthonormal ba$ig ,e, ,e, wWe can write
T=Te +Te,+Tge,,
N =N,e +N.,e, + N,e,, (3.3)
B=TxN=Bg +Bg, +Bg,.

Theorem 3.1y:1 - P is a biharmonic curve if and only if

K = constantz O,
K?+71% =1, (3.4)
7 = constar.

Proof. Using (3.1) and Frenet formulas (3.2), we have)(3.4

Theorem 3.2All of biharmonic curves in the special three-disienal ¢ — Ricci
symmetric para-Sasakian manifdRdare helices.

4  Smarandache TN Curve in the Special Three-
Dimensional ¢ - Ricci Symmetric Para-Sasakian Manifold

P

Definition 4.1 Let y:1 — P be a unit speed regular curve in the special three
dimensional¢ — Ricci symmetric para-Sasakian manifdRl , whose position
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vector is composed by Frenet frame vectors on @anatgular curve, is called a
Smarandache curve.

Now, let us define a special form of Definition 4.1
Definition 4.2 Let y:1 — P be a unit speed regular curve in the special three

dimensionalg — Ricci symmetric para-Sasakian manifédand{T, N,B} be its
moving Frenet-Serret fram8marandachd N curves are defined by

Q=;(T+N). (4.1)

N2k + 77

Theorem 4.3Let y:1 - P be a unit speed spacelike biharmonic curve énds
SmarandachdN curve onP. Then, the parametric equations Qf are
sin ¢ 2 CZ

X 1
XQ(S)_W( cosg - » +7)

x2(s) = 1 singe’ (sinfks+C]+codks+C])

N2k +T?

1 _sin ¢32+ C1s+C2
+(e 2 * (ksing sinfks + C] + cospsing codks + C]))
(4.2)
_sin ¢32+C15+C2
+;(e 2 (- ksin¢cos[ks+C]+cos¢sin¢sin[ks+C]),

%3 (s) = singe” sinfks+C]
1 2. 50c, . o
—;e 2 (- ksm¢cos{ks+C]+cos¢sm¢sm[ks+C]),

where C, C;, C, C, C, C, are constants of integration and

k="Yt———>" K _Sin2¢ .

sing

Proof. Since y is biharmonic,y is a helix. So, without loss of generality, wedak
the axis ofy is parallel to the vectoe,. Then,

o(T,e,)=T, =cosg, (4.3)
where ¢ is constant angle.
The tangent vector can be written in the followfogn
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T=Te +Te,+Te,. (4.4)
From (4.3), we have the following equation
T =sing cosye, +singsin e, + cosge,. (4.5)

Since|U,; T |=«, we obtain

2_ .2
VK sind g (4.6)
sing
whereCOR.

Thus (4.5) and (4.6), imply

T =sing cos[ks+ C]e1 +sin¢sin[ks+ C]e2 +Ccosge,,
VK® —sin’g
sing
Using (2.4) in above equation, we obtain

wherek =

T = (~cosg singe” (sinks + C|+ cogks + C]) singe” sinks +C)). (4.7)
Using (4.4), we have
0, T=( +TT)e + (T + T, )e, + (T - (12 -T2)e.. (4.8)
From (3.1) and (4.8), we get

0, T =sing(-k sin[ks+ C] +Cosp cos{ks+ C])el
+sing(k cogs + C] + cosgsinfks + C])e, (4.9)
—sin’ge;,

VK —sin’d

sing

wherek =

By the use of Frenet formulas (3.2), we get

1
N=—0,T
Pl

= %[(k singsinfks+ C| + cosgsing codks + C])e, (4.10)
+(~ksing codks + C|+cosgsingsinks+CJle,



On Smarandache TN Curves in Terms of... 57
-sin’@e,].

Substituting (2.4) in (4 10), we have
-—( S'n SIN'? 4 Cis+Co,

sm2 ¢32+C13+Cz (

e ksin¢sin[ks+ C]+ cosgsing cogks + C]) (4.11)
_sin¢ 2

=5+ C1$+C2 (

+e ksing cogks+C]|+cosgsingsinks+C]),

sm2 ¢52+ C1s+C2 (

-e ksing cogks+C]|+cosgsingsinfks+C])),

where C,,C: are constants of integration.

Lemma 4.4 Let y:1 -~ P be a unit speed spacelike biharmonic curve in the
special three-dimensionagl — Ricci symmetric para-Sasakian manifdtd Then

K =COsA,

T =sinA,
where A is arbitrary angle.
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