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Abstract 

     In this paper we establish some fixed point theorems for Generalized 
Contraction mappings in complete fuzzy 2-metric space which are the extension 
of some known result of many authors.  

     Keywords: Fuzzy 2-Metric Spaces, Sequence, Fixed Point. 
 

1      Introduction 
 
In 1965, the concept of fuzzy set was introduced initially by Zadeh [11] since then 
many authors have expansively developed the theory of fuzzy sets and 
applications. Especially Deng [1], Ereeg [2], kaleva and seikkala [6], kramosil and 
Michalek [7] have introduced the concept of fuzzy metric spaces in different ways. 
Recently, many authors such as Fang[3], Grabiec [5], George and Veeramani [4], 
Mishra Sharma and Singh [8]  established  some  fixed point theorems in fuzzy 
metric spaces. In 2007 Singh and  Jain [10] has given the concept of fuzzy 2-
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metric  spaces. In the present paper we establish some results on common fixed 
points for generalized contraction mappings on fuzzy 2-metric spaces.  
 

2      Preliminaries 
 
We quote some definitions and statements of a few theorems which will be 
needed in the sequel. 
 
Definition 2.1: A fuzzy set A in X is function with domain X and values in [0, 1]. 
 
Definition2.2: A binary operation * : [0.1] × [0,1] × [0,1]→ [0,1] is called a t-
norm of {[0,1],*} is an abelian topological monoid with unit 1 such that a1* b1* 
c1≤ a2* b2 * c2 whenever a1≤ a2, b1≤ b2 ,c1≤ c2 for all a1, a2, b1, b2 ,c1, c2 ∈[0,1]. 
 
Definition2.3: The 3-triple (X, M,* ) is said to be fuzzy 2- metric space if X is an 
arbitrary set, * is a continuous t-norm and M is a fuzzy set in X3 × [0 ,∞) 
satisfying the following conditions: 
For all x ,y ,z ∈ X and s ,t > 0 
 
[FM-1]    M (x ,y ,z ,0) = 0, 
 
[FM-2]  M (x ,y ,z ,t) = 1 for all t > 0 and when at least two of the three points are 
equal, 
 
[FM-3]   M(x ,y ,z ,t) = M (y ,x ,z ,t) = M (z ,x ,y ,t) symmetry about three variabls, 
 
[FM-4]  M (x ,y ,u ,t1) *  M (x ,u ,z ,t2) *  M (u ,y ,z ,t3) ≤ M (x ,y ,z ,t1 + t2 + t3), ∀ 
x ,y ,z ,u ∈ X and t1 ,t2 ,t3 > 0 
 
[FM-5]  M (x ,y ,z.) : [0,∞) → [0,1] is left continuous , 
 
[FM-6]    
   
The function value M (x ,y ,z ,t) may be interpreted as the probability that the area 
of triangle is less than t. 
 
Definition2.4: Let (X , M ,*) be a fuzzy 2-metric space. 
 
1. A sequence {xn} in fuzzy 2-metric space X is said to be convergent to a 

point x ∈ X if  
 for all a∈ X and t > 0 

2. A sequence {xn} in fuzzy 2-metric space X is called Cauchy sequence if  
 M (xn+p  ,xn ,a ,t)=1 for all a ∈ X and t > 0, p > 0 

3. A fuzzy 2-metric space in which every Cauchy sequence is convergent is 
said to complete 
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Lemma 2.5: [8] let {yn} be a sequence in a fuzzy 2- metric space (X , M ,*)  with t 
* t ≥ t for all t ∈ [0,1] and the condition ( FM-6). If there exists a number q ∈ 
(0,1) such that M(yn+2 ,yn+1 ,w ,qt) ≥ M(yn+1 ,yn ,w ,t) for all t > 0 and n = 1,2…….. 
then {yn} is a Cauchy sequence in X. 
 
Lemma 2.6: [8] If for all x , y ∈ X , t > 0 and for some a number q ∈ (0,1) 
 
M(x , y, w ,qt) ≥ M(x , y, w ,t) then x = y. 

 

3      Main Result 
 
Theorem 3.1: Let T be a self mapping from a complete fuzzy metric space X into 
itself such that  
 

 
 
For all x , y ,w ∈ X , where t = t1+ t2 , a + b = 1 and 0 < k < 1. Then T has a 
unique fixed point. 
 
Proof: Let x0 ∈ X be any arbitrary fixed element. We construct a sequence {xn} in 
X as x n+1 = Txn for n = 0, 1, 2… 
 
Putting x = x n-1, y = xn and t1 = at , t2 = bt in (1) we have  
 

 
 

Dividing by  on both side and putting  we get  

 
 , which implies   

 
Suppose r < 1, then  
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Therefore 
  

 
By lemma (2.5) {xn} is a Cauchy sequence in X. Since X is a complete fuzzy 
metric space, {xn} →x in X. 
 
Now we prove x is a fixed point of T. 
 
Now consider, 
 

  

   

    

Thus 
  

 
Uniqueness: Suppose there exist y ∈ X such that Ty = y 
 
Now consider, 
 

  

≥   

   

  

  

 
Hence by lemma (2.6) x =  y this completes the proof. 
 
Remark: Putting t2 = 0 and t1 = at in theorem (3.1) we get the following theorem 
as corollary. 
 
Corollary 3.2: Let T be a mapping from a complete fuzzy 2-metric space X in to 

itself such that  for all x , y, w ∈ X , t ≥ 0 and 0 < 

k < 1. Then T has a unique fixed point. 
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Remark: Putting t1 = 0 and t2 = bt in theorem (3.1) we get the following theorem 
as corollary. 
 
Corollary 3.3: Let T be a mapping from a complete fuzzy 2-metric space X in to 

itself such that  for all x , y, w 

∈ X , t ≥ 0 and 0 < k < 1. Then T has a unique fixed point. 
 
Theorem 3.4: Let T be a mapping from a complete fuzzy metric space X in to 
itself such that  
 

   
For all x, y, w ∈ X, where t = t1+ t2+ t3 , a + b + 2c = 1 and 0 < k < 1, then T has 
a unique fixed point. 
 
Proof: Let x0 ∈ X be any arbitrary fixed element. We construct a sequence {xn} in 
X as x n+1 = Txn for n = 0, 1, 2… 
 
Putting x = x n-1, y = xn and t1 = at , t2 = bt and t3 = 2ct in (2) we have 
  

 

     

   
For all t > 0  
 

Dividing by   

 
We get,    
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Suppose 

 
Thus   
 

 

 
By Lemma 2.5 {xn} is a Cauchy sequence in X. Since X is a Complete fuzzy 
metric space, {xn}  x in X. 
 
Now we prove that x is a fixed point for T. Now consider 
 

  
 

 
                

                           

 

  

 
  

 
  

 
    

 
Thux Tx = x 
 
Uniqueness: Suppose there exist y ∈ X such that Ty = y 
 
Now consider, 
 

  

  
Hence   

Hence by lemma (2.6) x = y .This completes the proof. 
 
Remark: Putting t2 = 0, t3 = 0 and t1 = at in theorem (3.4) we get the following 
theorem as corollary. 
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Corollary 3.5: Let T be a mapping from a complete fuzzy metric spaces X in to 
itself such that  

 for all x , y , w ∈ X , t ≥ 0 and 0 < k < 1 . thus T 

has a unique fixed point. 
 
Remark: Putting  t1 = 0 , t3 = 0 and t2 = bt theorem (3.4) we get the following 
theorem as corollary. 
 
Collollary 3.6: Let T be a mapping from a complete fuzzy metric spaces X in to 
itself such that  

 for all x , y , w ∈ X , t ≥ 0 and 0 

< k < 1 . thus T has a unique fixed point. 
 
Remark: Putting  t1 = 0 , t2 = 0 and t3 = 2ct in theorem (3.4) we get the following 
theorem as corollary. 
 
Collollary 3.7: Let T be a mapping from a complete fuzzy metric spaces X in to 
itself such that  

 for all x , y , w ∈ X , t ≥ 0 and 

0 < k < 1 . Thus T has a unique fixed point. 
 

References 
 
[1] Z.K. Deng, Fuzzy pseudo – metric space, J. Math. Anal. Appl, 86(1982), 

74-95. 
[2] M.A. Ereeg, Metric space in fuzzy set theory, J. Math. Appl., 69(1979), 

205-230. 
[3] J.X. Fang, On fixed point theorems in fuzzy metric spaces, Fuzzy Set and 

Systems, 46(1992), 107-113. 
[4] A. George and P. Veeramani, On some results in fuzzy metric spaces, 

Fuzzy Sets and Systems, 64(1994), 395-399. 
[5] M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems, 

27(1988), 385-389. 
[6] O. Kaleva and S. Seikkala, On fuzzy metric spaces, Fuzzy Sets and System, 

12(1984), 215-229. 
[7] I. Kramosil and J. Michalek, Fuzzy metric and statistical metric spaces, 

Kubernetika, 11(1975), 336-344. 
[8] S.N. Mishra, N. Sharma and S.L. Singh, Common fixed points of maps on 

fuzzy metric spaces, Internet J. Math & Math. Sci, 17(1994), 253-258. 
[9] B. Schweizer and A. Sklar, Statistical metric space, Pacific Journal Math., 

10(1960), 313-334. 
[10] B. Singh and S. Jain, Generalized theorem on fuzzy metric spaces, 

Southeast Asian Bulletin of Mathematics, 31(2007), 1-16. 
[11] L.A. Zadeh, Fuzzy sets, Infor. and Control, 8(1965), 338-353.  


