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Abstract

In this paper we establish some fixed point thesreior Generalized
Contraction mappings in complete fuzzy 2-metriccepahich are the extension
of some known result of many authors.
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1 Introduction

In 1965, the concept of fuzzy set was introducetibity by Zadeh [11] since then

many authors have expansively developed the thewryfuzzy sets and

applications. Especially Deng [1], Ereeqg [2], kal@and seikkala [6], kramosil and
Michalek [7] have introduced the concept of fuzzgtnt spaces in different ways.
Recently, many authors such as Fang[3], Grabieddbrge and Veeramani [4],
Mishra Sharma and Singh [8] established somedfpoint theorems in fuzzy
metric spaces. In 2007 Singh and Jain [10] hasmngihe concept of fuzzy 2-
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metric spaces. In the present paper we estalbiste sesults on common fixed
points for generalized contraction mappings on yu2Zzmetric spaces.

2 Préiminaries

We quote some definitions and statements of a fesorems which will be
needed in the sequel.

Definition 2.1: A fuzzy set A in X is function with domain X andesin [0, 1].
Definition2.2: A binary operation * : [0.1] % [0,1] x [0,1]— [0,1] is called a t-
norm of {[0,1],*} is an abelian topological monoidith unit 1 such that & b,*

ci< &* b, * cowhenever & &, bhi<b, ,ci<c for all &, &, by, by ,¢1, & €0,1].
Definition2.3: The 3-triple (X,M,* ) is said to be fuzzy 2- metric space if X is an
arbitrary set, * is a continuous t-norm and M isfazzy set in Xx [0 ,)
satisfying the following conditions:

Forallx,y,zeXands ,t>0

[FM-1] M(x,y,z,0)=0,

[FM-2] M(x,y,z,t)=1forallt>0 and when at leastd of the three points are
equal,

[FM-3] M(x,)y,z,t)=M(y ,x,z,t)=M(z ,x,y,t) symmetry about three variabls,

[FM-4] M(x,y up)* M(x,u,zd* Mu,y,z)=<M(x,y,zi+t+ts), vV
X,y,z,ueXandi,t,t3>0

[FM-5] M(x,y,z.):[0%)— [0,1] is left continuous ,
[FM-6] lim ,__ M{xy,zt) =1

The function valué/ (x ,y ,z ,t) may be interpreted as the probabitligt the area
of triangle is less than t.

Definition2.4: Let (X ,M,*) be a fuzzy 2-metric space.

1. A sequence {¥ in fuzzy 2-metric space X is said to be convergera
point x € X if
lim,__ M{xy zt) =1forallacXandt>0

2. A sequence {kin fuzzy 2-metric space X is called Cauchy segeé
lim M (X+p X0,a,t)=1forallaeXandt>0,p>0

3. A fuzzy 2-metric space in which every Cauchy semuenconvergent is

said to complete
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Lemma 2.5: [8] let {y} be a sequence in a fuzzy 2- metric space (X*) Mith t
*t >t for all t €[0,1] and the condition ( FM-6). If there existsnamber g&
(0,1) such that M@#2 ,Yn+1 ,W ,gt)> M(Yn+1 Y0 W ,t) forallt>0and n=1,2........
then {y} is a Cauchy sequence in X.

Lemma2.6: [8] If forall x,y € X, t> 0 and for some a numberf0,1)

M(x,y, w,gt>M(x,y,w,t)thenx =y.
3 Main Result

Theorem 3.1: Let T be a self mapping from a complete fuzzy mspace X into
itself such that

M*(Tx, Ty, w,t)
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Forall x,y,we X,wheret=f+t,a+b=1and0<k<1 ThenT has a
unique fixed point.
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Proof: Let xo € X be any arbitrary fixed element. We construcequence {} in
Xas Xp1=Txpforn=0, 1, 2...

Putting X = X,.1, Y =X and t= at, = bt in (1) we have

M= x vy oW, t)
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Dividing by M2 (x,,_,, x,., w,= ] on both side and putting= :I—'l we get

-

= 1 + r, which implies™ —r — 1 = 0
Suppose r < 1, then

o =1 =1< 0/ since r = 0) which is contradictiontor =r—=12= 0
thusr =1
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Therefore

Mixpan e wt! Fr a9 g Car o .
r T = 1 hence .'I|-‘.I|__:l,_,.:l._,+l,1-1.,rf| =

- 0y -t

M| x|

M [ei'?,_i.:t'?,.tt‘.f] forallnand forallt =0
Ly

By lemma (2.5) {x} is a Cauchy sequence in X. Since X is a complerzy
metric space, {§—-x in X.

Now we prove X is a fixed point of T.
Now consider,

M, Toyw, t) = Hm _ M*(Tx ,Tx,w,t)
= lm,, __ [M- [:l':_,_.:l'.'l-i'.li_ |+ M ['l. Tx,w,~) M [:1'?,_.1'?1+l.mt'..i_ ]
=1+ M(x,Tx,w,5)

e

Thus

M-{x,Taw,t) = 1 . Hence M{x, Teow,t) = 1 for all t = 0. therefore Tx =

.
Uniqueness. Suppose there existeyX such that Ty =y
Now consider,

M, yv,w, t) = M (Tx, Ty,w,t)
>M2 (11 u—] + M [11;1—] M (*‘H_]
= M2 (x,y.ws) + 1

= M* [:;'._*.'.w.i]

hence M{x,v,w,t) = M{x,v,w,—)

e

Hence by lemma (2.6) x = y this completes the froo

Remark: Putting = 0 and 1 = at in theorem (3.1) we get the following theorem
as corollary.

Corollary 3.2: Let T be a mapping from a complete fuzzy 2-mepéces X in to
itself such thats(Tx.Ty,w, 1) = M (x, y,w,~ ) forall x, y, we X, t=>0and 0 <
k < 1. Then T has a unique fixed point.
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Remark: Putting §t = 0 and £ = bt in theorem (3.1) we get the following theorem
as corollary.

Corollary 3.3: Let T be a mapping from a complete fuzzy 2-mepace X in to
itself such thast*(Tx, Ty, w,t) = M (x, Tx,w, =) M (v, Ty, w, =) for all x , y, w
eX,t=>0and 0<k<1. Then T has a unique fixed point.

Theorem 3.4: Let T be a mapping from a complete fuzzy metricespg@in to
itself such that

"zl" : W P E) :1='--': s ':_ll‘_..- - - 1:_:l‘ 1 1V 1V 1:_:l‘_
M-{Tx,Tyv,w,t) =M [:L._..u., |+ M [.-'I..T:l..'l-t.;‘_bz]..llf [_..T‘_..u.;‘_b/]

Lo iy
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M (_1.'.1":['.*»1‘.,:—35] M ['I.T"Hn_ill

Forall x,y, we X, wheret={+t,+tz,a+b+2c=1and 0<k<1,then T has
a unique fixed point.

Proof: Let xp € X be any arbitrary fixed element. We construcequence {x} in
Xas xp+1=Txaforn=0, 1, 2...

Putting X = X,.1, Y = X%, and { = at, = bt and $= 2ct in (2) we have

M{x, a0, pow, )

. t t t
= M- (:l.'...-fl.'..,_l.-'l-t'...l_) + M (:l.-..._l .:l'...-'l-t'..l_)."l'f (:nx..:t'uﬂ -W-T)
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Forallt>0

ey - o , , My x,  awrd
Dividing by M- [:"::—1- X H'.t] on both sides and putting r = %

- - L |
| n—p % |

We get,.": =1+ 2r which implies ¥ —2r—1 =40
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Suppose

v < 1,thenr? —2r — 1 < 0 since v > 0) ,which is contradiction to ™ —

2r—1=10

Thusr = 1.Hence Mix x4, w,t) =

Iy

M [ei'?,_i.:t'?,.tt‘.f] forallnand for allt =0

By Lemma 2.5 {¥} is a Cauchy sequence in X. Since X is a Compferzy
metric space, {§— x in X.

Now we prove that x is a fixed point for T. Now swater
M, Toyw, t) =lm___ M (x_,,,Tx,w,t)

=lim___ M*(Tx ,Tx,w,t]

= lim M° [:l':_,..:l'.'l-t'.li_l‘] = M [1 T:l'.'l-i'.%-‘] M [..'I.':,..:l.':_,._i_l. u:]

n—oo " e

e

M (x0T w, 2] M %00, w, o)
=1+ 2M( :l-.:!":l-.w.z—_;.
=1+2M{x,Tx,w,t)

Hence M x, Tx,w,t) = 1 for all t = 0.which implies M{x,Tx,w,t) = 1
Thux Tx = X
Unigueness. Suppose there existeyX such that Ty =y

Now consider,

M2, vywi t) = M2 (T, Ty, w, t)
=M [:n'._*.'. w— |+ M [:n'.:n'.w.,i_] M{v,y,wo) +

81 (0,0, %) My, w,5)

e

Henceri{x, v,w,t) = M{x, v, w.%)
Hence by lemma (2.6) x =y .This completes the proo

Remark: Puttingt = 0, § = 0 and { = at in theorem (3.4) we get the following
theorem as corollary.
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Corollary 3.5: Let T be a mapping from a complete fuzzy metricep& in to
itself such that

M{Tx,Tv,w, t) = M{x,v, w.,i_;u forallx,y,we X,t>0and0<k<1.thusT
has a unique fixed point.

Remark: Putting {t =0, t = 0 and £ = bt theorem (3.4) we get the following
theorem as corollary.

Collollary 3.6: Let T be a mapping from a complete fuzzy metricep& in to
itself such that

:’tf:I; Tx, Tv,w,t) = M{x,Tx, 'y".'.Ii_;l."tfll_‘.'.T_‘.'. 'v*.'..i_;l for all x, Yy, WE X,t>0and 0
<k <1.thus T has a unique fixed point.

Remark: Putting 1 =0, t =0 and 4 = 2ct in theorem (3.4) we get the following
theorem as corollary.

Collollary 3.7: Let T be a mapping from a complete fuzzy metricep in to
itself such that

M (Tx, Ty, w,t) = M (x, Ty,w,=) M(y,Tx,w,=) forall x,y, we X, t>0 and
0<k<1.Thus T has a unique fixed point.
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