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Abstract

In this paper we introduce the concept of A-quaisital operators acting
on semi Hilbertian spacell with inner produc<[,>A. The object of this paper is

to study conditions off which imply A-quasi normality. I6and T are A-quasi
normal operators, we shall obtain conditions unddrich their sum and product
are A-quasi normal.

Keywords. A-adjoint, A-Normal, Semi inner product, and Moore-Penrose
inverse and quasinormal.

1 Introduction

Throughout this paper H denotes a complex Hilbert space with inner product <>
and thenorm| . ||. L(H) stands the Banach algebra of all bounded linear operators
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on H.l =1, being the identity operator and if VLJH is a closed subspace, R, is
the orthogonal projection onto V.

L(H)" isthe cone of positive operators,
ie L(H)" ={ADL(H):(Axx)=0,0xOH}.

Any positive operator A L(H)"defines a positive semi-definite sesquilinear
form
(a) tHXH = C(xy), =(AXY).

By | .|, we denote the semi norm induced by(...),i.e.| x|, =(x x>§ Note that
|¥|, =0 if and only if XCOON(A). Then| .|, isanormon H if and only if A isan
injective operator, and the semi - normed space (L(H),||.|| A)is complete if and
only if R(A) is closed. Moreover (.,.),induces a semi norm on the subspace
{T O L(H)‘ Oc>0,[TX|, < ¢x|,.OxOH } For this subspace of operators it holds

s [
M= S T <
<ORA) |,

Moreover ]|, =sup { [(Tx,y), | x, yOH and|x|, <1,|y], <1}.

For X, YOH , we say that xand y are A-orthogonal if (x, y),, =0.
The following theorem due to Douglas will be used (for its proof refer [5].)

Theorem 1.1 LetT,SOIL(H) . The following conditions are equivalent.

()  ROSOURT).
(i)  There exists a positive numbersuch thaBS'<sATT".
(i)  There existéV1L(H) such thaT W=S.

From now onA denotes a positive operator bin(i.e AOL(H)").

Definition 1.2 Let TLJL(H), an operatoWJL(H) is called anA-adjoint of T
if (Tu,v), =(u,Wv), for everyu,vOOH , or equivalently AW=T"A, T is called
A- selfadjoint ifAT=T" Aand T is called A-positive if AT is positive.

By Douglas Theorem, an operator T [1L(H) admits an A-adjoint if and only if
R(TDA)D R(A) and if wisan A-adjoint of T and AZ=0for someZ [JL(H) then
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W +7Z isadsoan A-adjoint of T. Hence neither the existence nor the unigueness
of an A-adjoint operator is guaranteed. In fact an operator T JL(H) may admit
none, one or many A -adjoints.

From now on, L,(H) denotesthe set of all T LIL(H) which admit an A-adjoint,

e L,(H)={TOL(H): RT"A) O R(A)}

L,(H)isasubagebraof L(H)which isneither closed nor densein L(H).
On the other hand the set of all A-bounded operatorsinL(H) (i.e. with respect
the semi norm || .| ,is

1 1 1 1
L,(H)= {T OL(H):T"R(A2) O R(AZ)} = {T OL(H): R(A2T A2) O R(A)}
A2

Notethat L,(H)OL ,(H) , which showsthat if Tadmitsan A-adjoint thenitis

A-bounded. ’

If TOL(H) withR(T"A)OR(A) , thenT, admits an A-adjoint operator,
Moreover there exists a distinguished A-adjoint operator of T, namely, the
reduced solution of the equation AX=T"Aji.e. T = A'T"A, where A" is the
Moore-Penrose inverse of T. The A-adjoint operator T verifies

AT*=TUA,R(T*) O R(A) and N(T*)=N(T“A).

In the next we give some important properties of T* without proof (refer [3], [4]
and [5]).

Theorem 1.3 LetTOL,(H) . Then

(1) If AT =TA then T*=PT" .
(2) T"Tand TT* are A-self adjoint andA -positive.

@It = [, = 7] =[r7|

@) |9, :HT#”A for everySOL(H) which is anA-adjoint of T
(5) If SOL,(H)thenSTOL,(H) , (ST)" =T*S*and|Tg|, =|ST]..
) T*OL,(H).(T*) = PTPand((T#)#)" =T*,

Definition 1.4 An operatorT 0L, (H) is calledA-normal if T*T =TT* (for more
details refer [1]).
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2 A- Quasinormal Operators

Definition 2.1 An operator TL,(H)is called A-quasinormal if T commutes
with T*T i.eT(T*T)=(T*T)T.

T+T* T-T

and V = .We shall write

LetT=U +V OL,(H)where U =

B>=TT*and C*=T*T where Band C are non-negative definite. We give
necessary and sufficient conditions for an operatobeA -quasinormal [2] and

[6].

Theorem 2.2 T is A-quasinormal withN(A) is invariant subspace for if and
only if C commutes witlu and V.

Proof. SinceN(A)is invariant subspace for T we observe that PT=TPand
T*P=PT".
LetT be A-guasinormal then

TTT)=(TT)T
TT#T#=T*T*T"
T*PTPT! =T*T*PTP
PT*PTT* =T*PT*PT
T*TT* =T*T*T
HenceT*TT* =T*T.

Now it is easy to see thatC*U =UC?. Since C is non-negative definite, it
followsthatCU =UC. Similarly CV =VC.

Conversdly, let CU =UC and CV =VC. Then C*U =UC? and C*V =VC>.
Hence C*T =TC?. Therefore T*T 2 =TT*T.

In the following theorem we give conditions under which an operator T is A-
guasi normal.

Theorem 2.3 If Tis an operator such that @@commutes withu and V
(i) C*T =TB?. ThenTis A-quasinormal.

Proof. Since BU =UB and BV =VBwehave B °U =UB? and B?V =VB?
Then B?T +B*T*=TB? +T*B?
B’T - B*T*=TB*-T"B?
ThisgivesB*T =TB*=C”T. Hence Tis A-quasinormal.
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Theorem 2.4 Let The A-quasi normal,C*T =TB?andN(A) be an invariant
subspace foil . TherB commutes withy andV .

Proof. SinceC2T =TB? wehave T*T?=T2T*. Hence T*T=TT" .
Since TisA-quasi normal we have

TTT +TT# _T*T2+T¥T _TT*+T*TT* _T+T*
2 2 2 2

B%U = TT#=UB?2.

Hence BU =UB. Similarly BV =VB.

Theorem 2.5 Let Sand T be two A-quasinormal operators. Then their product
STis A-quasinormal if the following conditions are satsf (i) ST=TS
(i) ST =T*S.

Proof. (ST)(ST)"(ST)

= (SS'S)(TT*T)
= (S*S*)(T*T?)
- S#(sZT#)TZ
- S#(T#SZ)TZ
= (T*s")(ST?)
= (ST)*(ST?

Hence ST is A-quasinormal.

Theorem 2.6 Let SandT be two A-quasinormal operators such that
ST=TS=S*T=TS=0 . ThenS+Tis A-quasinormal.

Proof. (S+T)(S+T)*(s+T)

(S+T)(s* +T*)s+T)
=(S+T)(S"S+ST+T*S+T*T)
=(s+T)(s*S+T*T)
=SS'S+STT+TS +TTT
=S'S?+TT?
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=(S+T)(s+T)

HenceS+T is A-quas normal.
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