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Abstract

This paper presents the reducibility of some composite polynomials and ex-
plicitly determines the factorization over finite fields.
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1. Introduction

Let Fq be a Galois field with q = ps elements of characteristic p, and F∗q is
multiplicative group of Fq. The problem of irreducibility of polynomials and
determining the reducibility of a given polynomial stems both from mathe-
matical theory and applications. At mathematical aspects determining the
reducibility of a polynomial often appears in number theory, combinatorics
and algebraic geometries. The study of irreducible polynomials is an old but
currently still active subject. One of the methods for constructing irreducible
polynomials is composition method. Probably the most powerful result in this
area is the following theorem by S. Cohen that states as follows.

Theorem 1. (Cohen [1]) Let f(x), g(x) ∈ Fq[x], and let P (x) ∈ Fq[x] is an

irreducible polynomial of degree n. Then F (x) = g(x)nP (f(x)
g(x)

) is irreducible
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over Fq if and only if f(x)−αg(x) is irreducible over Fqn for some root α ∈ Fqn
of P (x).

The trace function of Fqn over Fq is

Trqn|q(α) =
n∑
i=0

αq
i

, α ∈ Fqn

It is clear that the trace function is a linear functional from Fqn to Fq. Also
for a polynomial f(x) over Fq of degree n its reciprocal polynomial is f ∗(x) =
xnf( 1

x
). Let f ∈ Fq[x] be an irreducible polynomial of degree n, then the least

positive integer e for which f(x) divides xe − 1 is called the order of f and
denoted by ord(f). From [4] we have ord(f) divides qn− 1. If ord(f) = qn− 1
then we call f(x) is a primitive polynomial over Fq. Also ord(f) is equal to the
order of any root of f in the multiplicative group F∗q, namely ord(f) = ord(α)
for any root α ∈ Fqn of f(x).
Recently, M. Kyuregyan and G. Kyuregyan [3] presented the following theorem
for constructing irreducible polynomials which in our considering we apply this
theorem and is a powerful tool in constructing in the present paper.

Theorem 2. (M.K.Kyuregyan and G.M.Kyureguan) A monic polynomial f(x) ∈
Fq[x] of degree n = dk is irreducible over Fq if and only if there is a monic irre-

ducible polynomial h(x) =
∑k

i=0 hix
i over Fqd of degree k such that Fq(h0, ..., hk) =

Fqd and f(x) =
∏d−1

v=0 h
(v)(x) on Fqd [x] , where

h(v)(x) =
k∑
i=0

hq
v

i x
i

(Note that notation h(0)(x) = h(x) is used)
Indeed by using this theorem, they provide a short proof for the Cohen’s
Theorem. This time, we mention some propositions that we will need in the
next section. The following propositions are well known and can be found in
[2].
Proposition 1. For xq − x − b with b ∈ F∗q , the following factorization over
Fq is complete.

xq − x− b =

q
p∏
j=1

(xp − bp−1x− bpβj)

where βj are the distinct elements of Fq with Trq|p(βj) = 1.
Proposition 2. For a, b ∈ Fq with a 6= 0, 1 , the following factorization is
complete.

xq − ax− b = (x− b

1− a
)

q−1
t∏

j=1

((x− b

1− a
)t − βj)
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where t = ord(a) and the βj are all q−1
t

distinct roots of x
q−1
t − a.

Through this paper we always assume that P (x) is monic. For this matter
define

H(a, d) =

{
an for d = 0,
dnP (a

d
) for d 6= 0.

In the present paper we consider the factorization of some composition polyno-
mials when assumptions on the Cohen’s Theorem fail to hold and in particular,
we obtain explicit family of irreducible polynomials of degree n(qn − 1) over
Fq from a given primitive polynomial of degree n over Fq.

2. Reducibility of Composite Polynomials of

the Form (dxq
n − rx + h)nP ( ax

qn−bx+c
dxq

n−rx+h
)

Let P (x) is an irreducible polynomial of degree n over Fq, then it can be
represented in Fqn [x] as

P (x) =
n−1∏
u=0

(x− αqu),

where α ∈ Fqn is a root of P (x). Suppose axq
n − bx + c, dxq

n − rx + h be
relatively prime polynomials from Fq[x] with a or d bing non-zero. Set

F (x) = (dxq
n − rx+ h)nP (

axq
n − bx+ c

dxqn − rx+ h
) = H(a, d)

n−1∏
u=0

h(u)(x)

where

h(u)(x) = xq
n − (

b− αr
a− αd

)q
u

x− (
αh− c
a− αd

)q
u

= (xq
n − Ax−B)(u) ∈ Fqn [x], u = 0, ..., n− 1, (1)

and

A =
b− αr
a− αd

, B =
αh− c
a− αd

.

We will consider separately 2 cases for this problem.
2.1 Reducibility of composite polynomial of the form

(xq
n − x+ δ1)

nP (
xq

n − x+ δ0
xqn − x+ δ1

)
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In this subsection suppose in relation (1) A = 1 and as a typically, consider
reducibility

F (x) = (xq
n − x+ δ1)

nP (
xq

n − x+ δ0
xqn − x+ δ1

) = P (1)
n−1∏
u=0

h(u)(x), (2)

where δ0, δ1 ∈ Fq, δ0 6= δ1 and

h(u)(x) = xq
n − x−Bqu ∈ Fqn [x], B =

δ1α− δ0
1− α

.

Let γ be a root of h(x) = xq
n − x − B, so the conjugates of γ over Fqn are

γ, γq
n
, ..., γq

(p−1)n
. On the other hand λk = γ+kB, k = 0, 1, ..., p−1 are roots

of minimal polynomial γ. Hence

mγ(x) =

p−1∏
k=0

(x− (γ + kB)) = Bp

p−1∏
k=0

(
x− γ
B
− k)

= Bp((
x− γ
B

)p − (
x− γ
B

)) = xp −Bp−1x+ γBp−1 − γp ∈ Fqn [x].

So an irreducible factor of h(x) = xq
n − x−B ∈ Fqn [x] is of the form

xp −Bp−1x− β, β ∈ Fqn . (3)

Let θ be a root of (3) in some extension field of Fqn . Then we obtain

(
θ

Bp
)p

i − (
θ

B
)p

i−1

= (
β

Bp
)p

i−1

i = 1, ..., ns (q = ps). (4)

Summing (4) yields

θq
n − θ = BTrqn|p(

β

Bp
)

On the other side h(θ) = 0, or θq
n − θ = B. Therefore

Trqn|p(
β

Bp
) = 1

We know that there are qn

p
elements β in Fqn with trace 1.

So that we obtain, xp−Bp−1x−Bpβj where Trqn|p(βj) = 1 are factors of h(x).
It implies that

h(x) = xq
n − x−B =

qn

p∏
i=1

(xp −Bp−1x−Bpβi) =

qn

p∏
i=1

si(x).
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The same reasoning shows that for every u = 1, 2, ..., n− 1 we have

h(u)(x) = xq
n − x−Bqu =

qn

p∏
i=1

(xp −Bp−1x−Bpβi)
(u) =

qn

p∏
i=1

s
(u)
i (x). (5)

According to (2) and (5) we thus obtain

F (x) = P (1)
n−1∏
u=0

h(u)(x) = P (1)
n−1∏
u=0

qn

p∏
i=1

s
(u)
i (x)

= P (1)

qn

p∏
i=1

n−1∏
u=0

s
(u)
i (x) = P (1)

qn

p∏
i=1

ki(x),

where ki(x) is an irreducible polynomial of degree np over Fq. We formulate
this result as below theorem.

Theorem 3. Let P (x) =
∑n

i=0 cix
i be an irreducible polynomial of degree n

over Fq and δ0, δ1 ∈ Fq, δ0 6= δ1. Then

F (x) = (xq
n − x+ δ1)

nP (
xq

n − x+ δ0
xqn − x+ δ1

)

decompose as a product of qn

p
irreducible polynomials of degree np over Fq.

Let’s suppose f(x) ∈ Fq[x] be a primitive polynomial of degree n and set

P ∗1 (x) = f(x+ 1), P (x) = P1(x− 1).

So if α be some root of P (x) then α
α−1 is some root of f(x) and thus element

α
α−1 is a primitive element in Fqn . Now in special case define

F (x) = (xq
n − x+ δ1)

nP (
xq

n
+ δ0

xqn − x+ δ1
).

Therefore

F (x) = P (1)
n−1∏
u=0

h(u)(x),

where

h(u)(x) =

(
xq

n − (
α

α− 1
)x− αδ1 − δ0

1− α

)(u)

, u = 0, 1, ..., n− 1.
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In view of Proposition 2, we obtain

h(x) = xq
n − (

α

α− 1
)x− αδ1 − δ0

1− α
= (x− λ)s(x),

so that
λ = αδ1 − δ0 ∈ Fqn ,

and s(x) is an irreducible polynomial of degree qn− 1 over Fq. Then it can be
derived that

F (x) = P (1)
n−1∏
u=0

h(u)(x) = P (1)
n−1∏
u=0

(x− λqu)s(u)(x) = mλ(x)g(x),

where by Theorem 2, g(x) is an irreducible polynomial of degree n(qn−1) over
Fq and mλ(x) is minimal polynomial λ ∈ Fqn over Fq. It can be shown that

mλ(x) = P (
x+ δ0
δ1

).

This proves the validity of the below theorem.

Theorem 4. Let δ0, δ1 ∈ Fqn. Suppose f(x) be a primitive polynomial of
degree n over Fq. Set

P ∗1 (x) = f(1 + x), P (x) = P1(x− 1).

Then the polynomial

g(x) = (xq
n − x+ δ1)

nP (
xq

n
+ δ0

xqn − x+ δ1
)

(
P (
x+ δ0
δ1

)

)−1
,

is an irreducible polynomial of degree n(qn − 1) over Fq.

2.2 Reducibility of composite polynomials of the form

(xq
n − δ2x+ δ1)

nP (
xq

n − δ2x+ δ0
xqn − δ2x+ δ1

)

Now let’s suppose in relation (1) A 6= 1 and consider F (x) as follows:

F (x) = (xq
n − δ2x+ δ1)

nP (
xq

n − δ2x+ δ0
xqn − δ2x+ δ1

) = P (1)
n−1∏
u=0

h(u)(x),

where δ0, δ1, δ2 ∈ Fqn , δ0 6= δ1, δ2 6= 0, 1 and

h(u)(x) = xq
n − δ2x−Bqu ∈ Fqn [x], B =

δ1α− δ0
1− α

.
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Let t = ord(δ2), so in view of Proposition 2, we obtain

h(x) = xq
n − δ2x−

αδ1 − δ0
1− α

= (x− λ)

qn−1
t∏

j=1

wj(x),

where

λ =
αδ1 − δ0

(1− α)(1− δ2)
∈ Fqn .

Also one can show that

h(u)(x) = (x− λqu)

qn−1
t∏

j=1

w
(u)
j (x).

Therefore

F (x) = P (1)
n−1∏
u=0

h(u)(x) = P (1)mλ(x)

qn−1
t∏

j=1

sj(x),

where sj(x) is an irreducible polynomial of degree nt over Fq and mλ(x) is
minimal polynomial λ ∈ Fqn over Fq. It can be shown that

mλ(x) = P ∗1

(
(1− δ2)x+ δ1

δ1 − δ0

)
,

where P1(x) = P (1− x). It follows the below theorem.

Theorem 5. Let δ0, δ1, δ2 ∈ Fq, δ0 6= δ1, δ2 6= 0, 1. Suppose P (x) be an
irreducible polynomial of degree n over Fq. Then the polynomial

F (x) = (xq
n − δ2x+ δ1)

nP (
xq

n − δ2x+ δ0
xqn − δ2x+ δ1

),

decompose as a product of one irreducible polynomial of degree n and qn−1
t

irreducible polynomials of degree nt over Fq where t = ord(δ2).
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