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Abstract
In this paper, we discuss Riemannian extension of Minkowski metric in
Rindler coordinates and its geodesics.
Keywords: Riemannian curvature, Riemann extension, Flat metric, geodesic
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1 Introduction

Patterson and Walker[7] have defined Riemann extensions and showed how a
Riemannian structure can be given to the 2n dimensional tangent bundle of an
n— dimensional manifold with given non-Riemannian structure. This shows
Riemann extension provides a solution of the general problem of embedding
a manifold M carrying a given structure in a manifold M’ carrying another
structure, the embedding being carried out in such a way that the structure
on M’ induces in a natural way the given structure on M. The Riemann ex-
tension of Riemannian or non-Riemannian spaces can be constructed with the
help of the Christoffel coefficients F;k of corresponding Riemann space or with
connection coefficients H;k in the case of the space of affine connection[5].
The theory of Riemann extensions has been extensively studied by Afifi[I] and
Dryumal2],[3], [4] [5].
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2 Preliminaries

Let (M, g) be a Riemannian manifold and let g;; be components of the metric
tensor g.
The system of geodesic equations are

d?z% _, datdad
s — =0 1
ds? T ds ds ’ (1)

where Ffj are the Christoffel symbols constructed from g given by
k 1 km
[ =59 (Gmij + Gmiji — Gigim)- (2)

The geodesic deviation equations or the Jacobi equations are given by

D?pi o dakda™
—— + R, 1 =0 3
ds? Kim s ds ’ (3)
where R}, is Riemann curvature tensor of the manifold and
Dnt  dnt . jd:vk
= 4T —. 4
ds ds Tl ds )

Using and simplifying the equation reduces to

d*n’ dx™dnt T, da® dat
— +2I — L= pi = 0. 5
ds? T 2im ds ds * Bzi ds ds | (5)
The Riemann extension[7] of the metric g is given by
ds® = =20} (a")da'da? + 2dipda”, (6)

where 1, are the coordinates of additional space. The geodesic equations of
@ consists of two parts,

d?zb  , dxtdad
R — 7
ds? Ty ds ds (7)
and 524 o g
k , dx? dx’
=0 8
ds? kit ds ds v ’ (8)
where 52 A
Py, day, I dz’
= 0 by 9
ds? ds k¥ ds 9)
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The system of equations @ is the system of geodesic equations for geodesics
of basic space with local coordinates z* and it does not contain the coordinates

V-

The system of equations (8]) is a n x n linear matrix system of second order in

the form 2 "
e + A(s)% + B(s)y =0, (10)

where A(s) and B(s) are matrices.

3 Minkowski Metric in Rindler Coordinates

In relativistic physics, the Rindler coordinate chart is an important and useful
coordinate chart representing part of flat spacetime, also called the Minkowski
vacuum. The Rindler coordinate system or frame describes a uniformly acceler-
ating frame of reference in Minkowski space. In special relativity, a uniformly
accelerating particle undergoes hyperbolic motion. For each such particle a
Rindler frame can be chosen in which it is at rest.

The Rindler chart is named after Wolfgang Rindler who popularised its
use, although it was already well known in 1935[6].

In Rindler chart the Minkowski line element is given by

ds* = da® + dy* + dz* — a*x2dt?, (11)

where x, y and z are space coordinates, t is time coordinate and ’a’ is a constant
called proper acceleration. The non vanishing Christoffel symbols of the metric

are

The spatial metric of any four dimensional metric

ds® = gagdxadxﬁ + 2¢oadx’dz® + goodxdz® (13)
has the form
I = yopda®da’, (14)
where Goag
0aY0
o = g + 282 15
goo

is a three dimensional tensor determining the properties of the space.
In the case of the Minkowski metric in Rindler coordinates,

—dl* = d2® + dy® + d2°, (16)

which is a flat metric.
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3.1 Geodesic Deviation Equations

The connection coefficients are clearly very simple. Using the Christoffel sym-
bols in equation and simplifying we get a system of Jacobi equations.

d2nt dt dn’ dt\ >
2 2.0 2 et 1 — 1
a2 s as T (ds) n =0 (17)
d2n2
d2773
-, (19)
dnt 2dtdpt 1 dvdt |
-_—— ——— 7 = 2
ds? + rds ds x2ds ds77 0, (20)
where
A2z dt\”
Tzt a’x <£> =0 (21)
and
d’t  2dxdt
42 . 22
ds?  xdsds (22)

Equations and are the geodesic equations obtained from . Simpli-
fying and substituting for t’ the system reduces to

d2771 2a2k;2d_7]4 a’kt .

ds? r ds U 0 (23)
ngj ~0 (24)
65523 =0 (25)
2,4 2 71 2
% aQi—i = 0. (27)
Solving we get

2 274 2..2\—V5,.v/5
+02(/(&k+ a’kt + c2a?) i) + cs,

Varkt 4 c2x?
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(29)
(30)

n = WS + az,
7]3 = ass+ ay,
1
4 2 -5
— I 2(ak” + Va2k* + c2x2
" / a?k? +02x2( (( 3y a2kt +c23:2( ( )

V5 £ 2(ak? + a2kt + 2a?)Y°
a2k + 2x2dz)k® + c4)))dx + cs,
and
vt = l[64(3 +d)? — a®kY,

c2

where aq, as, a3, a4, cy, Ca, 3, Cq, 5, d are arbitrary constants.

3.2 Riemann Extension

The metric in the extended space is given by
4
ds? = —2za’Pdt* — —Vdxdt + 2dxdP + 2dydQ + 2dzdU + 2dtdV.
x

The Christoffel symbols in the extended space are

2V 1 2V
Fi:? FZ4:CL211D Fisz—g F%:?
My =a*P Tiy=—— T =2Va* T =—a’.

The geodesic equations are given by

A2 dt\?
12 + a*x (%> =0
d*y

ds®

d*z

(34)

(35)
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d’t  2dxdt
a2 ) 39
ds? * xdsds (39)
PP AVdrdt ., (dt\® 2dtdV
— — ] ————= 4
ds? * 2?2 ds ds (ds) xds ds 0 (40)
d*Q
i A 41
72 =0 (41)
d*U
e (42
PV 2V de, oo drdt 2dzdV L, (dt\’
— 4+ —(— 20°P—— — ——— 4+ 2a°V | — 43
ds? +x2(ds) e dsds xds ds+ ¢ (ds) (43)
dt dP
—2a*r—— = 0. 44
¢ xds ds (44)
Solving the above equations, we obtain
Yy=a1S+ by, z=ass+ by, Q=ass+bs, U=ays—+ by,
c? (s +d) — ak? 1
t=—I d 2?2=—|[c d)? — a’k*).
5 0g<02(s+d)+ak2> and = 02[0 (s +d)* — a’k?
Transforming the remaining equations from s to z, we get
2p P
232 + a2k4)d— - a2k:4:132d— + a’k*zP
dx? dx (45)
= 2k*Va2kA + 2a2 <:170;—V — QV)
x
and
2
?(Pa? + a2k:4)d—v — (3a’k*x + 202x3)d—v + (4a®k* + 222%)V
dx? dx (46)
P
= 2a°k*zvV/ a2 + a2kt (xcjl— — P) .
x
Solving and we get,
b 2]{74 2,.2 b 24 22 b
Pla) = 1@’k + ?2?) + bav/a?k?t + 222 + bs (47)

X

and

(z) 2 (4, 4+ / 2ka?(k*by + bs) + 2a?(bia®k* + b3) + 2v/a2k* + 2x2byak?
V(z) =z
1 203/ a2kt 1 222
(48)

dx) ,
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where by, bs, b3, by are constants determined by the given initial conditions.
Thus we have obtained Riemann extension of Minkowski metric in Rindler
coordinates and have obtained solution of its geodesic equations.
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