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Abstract

In this paper, we generalize the dualistic structures on warped product man-
ifolds to the dualistic structures on doubly warped product. We extend some
results related to the dualistic structure on doubly warped product studied in
[8]. We also demonstrate that a dualistic structure on a doubly warped product
manifold (M, X Ml,gf1 f2) induces dualistic structures on the manifolds M, and
M, and conversely, in this case doubly warped product manifold (M, x M, 9y, f2)
is a statistical manifold if and only if (M, g,) and (M,,g,) are.

Keywords: Conjugate, doubly warped products, dual connection, product
manifold.

1 Introduction

The warped product provides a way to construct new pseudo-riemannian man-
ifolds from the given ones, see [13],[12] and [11]. This construction has useful
applications in general relativity, in the study of cosmological models and black
holes. It generalizes the direct product in the class of pseudo-Riemannian man-
ifolds and it is defined as follows:

Definition 1.1 Let (M, g1) and (Ma, g2) be two pseudo-Riemannian man-
ifolds and let fi : My —> R* be a positive smooth function on M, the warped
product of (My,g1) and (Ms, g2) is the product manifold My x My equipped
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with the metric tensor gy, := mig1 + (f1 o m)*75g2, where w1 and T are the
projections of My x My onto My and My respectively.

The manifold M is called the base of (M; x My, gf,) and M, is called the fiber.
The function f; is called the warping function.

The doubly warped product construction in the class of pseudo-Riemannian
manifolds generalized the warped product and the direct product. It is ob-
tained by homothetically distorting the geometry of each base M, x {q} and
each fiber {p} x M, to get a new ”doubly warped” metric tensor on the product
manifold and defined as follows:

For i € {1,2}, let M; be a pseudo-Riemannian manifold equipped with metric
gi, and f, : M; — R* be a positive smooth function on M;. The well-know
notion of doubly warped product manifold M, x gy Mo 18 defined as the prod-
uct manifold M = M, x M, equipped with pseudo-Riemannian metric which
is denoted by g, . , given by

9ps, = (f20 m)’mrg, + (f1om)*myg, .

In the cases fi =1 or fo =1 we obtain a warped product or a direct product.

Dualistic structures are closely related to statistical mathematics. They

consist of pairs of affine connections on statistical manifolds, compatible with
a pseudo-Riemannian metric [1]. Their importance in statistical physics was
underlined by many authors; see [3],[4],[5] etc.
Let M be a pseudo-Riemannian manifold equipped with a pseudo-Riemannian
metric g and let V, V* be the affine connections on M. We say that a pair of
affine connections V and V* are compatible (or conjugate ) with respect to g
if

XY, 2)=9(VxY,Z)+g(Y,V\Z) foral X,Y,Z € T(TM), (1)

where I'(T'M) is the set of all tangent vector fields on M. Then the triplet
(9, V,V*) is called the dualistic structure on M.

We note that the notion of ”conjugate connection ” has been attributed to
A.P. Norden in affine differential geometry literature (Simon, 2000) and was
independently introduced by (Nagaoka and Amari, 1982) in information ge-
ometry, where it was called ” dual connection” (Lauritzen, 1987). The triplet
(M,V,g) is called a statistical manifold if it admits another torsion-free con-
nection V* satisfying the equation (1). We call V and V* dual of each other
with respect to g.

In the notions of terms on statistical manifolds, for a torsion-free affine
connection V and a pseudo-Riemannian metric g on a manifold M, the triple
(M,V,g) is called a statistical manifold if Vg is symmetric. If the curvature
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tensor R of V vanishes, (M, V, g) is said to be flat.

This paper extends the study of dualistic structures on warped product
and double warped product manifolds in the papers [7] and [8].

The paper is organized as follows. In section 2, we collect the basic material
about Levi-Civita connection, the notion of conjugate, horizontal and vertical
lifts. In section 3, we define the co-metric g fit of g fit the metric of the doubly
warped products by using the musical isomorphisms, we calculate the gradient
of the lift of f, (resp. f,), it has been shown that its gradient is horizontal (resp.
vertical) and m; related to gradient of f, on M, (resp. o related to gradient
of f, on M, ), we show that dualistic structures on manifolds (M, g,) and
(M,, g,) induce the dualistic structure on the doubly warped product manifold
(M, x M,, g . f2> and conversely. Moreover (M|, g,) and (M,, g,) are statistical
manifolds if and only if (M, x M,, g " fg) is a statistical manifold.

2 Preliminaries

2.1 Statistical Manifolds

We recall some standard facts about Levi-Civita connections and the dual
statistical manifold. Many fundamental definitions and results about dualistic
structure can be found in Amari’s monograph ([1],2]).

Let (M, g) be a pseudo-Riemannian manifold. The metric g defines the
musical isomorphisms

t,: T(T*M) — I(TM)
o = fg(a)

such that g(#,(c),Y) = a(Y), and its inverse b,. We can thus define the
co-metric g of the metric g by :

(e, B) = g(ty(@), 8(8))- (2)

A fundamental theorem of pseudo-Riemannian geometry states that given a
pseudo-Riemannian metric g on the tangent bundle 7'M, there is a unique
connection (among the class of torsion-free connection) that ”preserves” the
metric; as long as the following condition is satisfied:

X(g(Y,2)) = g(VxY,Z) + g(Y,VxZ) for X,Y,Z € T(TM)  (3)

Such a connection, denoted as @, is known as the Levi-Civita connection. Its
component forms, called Christoffel symbols, are determined by the compo-
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nents of pseudo-metric tensor as (” Christoffel symbols of the second Kink”)

oxi  Oxt ox!

r 1 Aga  Ogjii  Ogij
[k — Z 5 g 4+ 29 7
!

and (7 Christoffel symbols of the first Kink”)

1(89%: 5gjk _ agij)

T = : i .
N T R " A,

The Levi-Civita connection is compatible with the pseudo metric, in the sense
that it treats tangent vectors of the shortest curves on a manifold as being
parallel.

It turns out that one can define a kind of ”Compatibility” relation more
generally than expressed by the (3), by introducing the notion of ” Conjugate”
(denoted by *) between two affine connections.

Let (M, g) be a pseudo-Riemannian manifold and let V, V* be affine con-
nections on M. A connection V* is said to be ”conjugate” to V with respect
to g if

X(g(Y,2)) = g(VxY, Z) + g(Y,VZ) for X,Y,Z € T(TM).  (4)

Clearly,
(VH)* = V.

Otherwise, @, which satisfies the (3), is special in the sense that it is self-
conjugate

(V)" = V.
Because pseudo-metric tensor g provides a one-to-one mapping between vectors
in the tangent space and co-vectors in the cotangent space, the equation (1) can
also be seen as characterizing how co-vector fields are to be parallel-transported
in order to preserve their dual pairing < -,- > with vector fields.
Writing out the equation (1) explicitly,

81’2 = sz,j + ijﬂ, (5)
where
Va@j = Z F;.;l.al
[
so that

FZJ'L V{*) ak’ Zgllr



20 D. Djebbouri et al.

In the following, a manifold M with a pseudo-metric g and a pair of conjugate
connections V, V* with respect to ¢ is called a ” pseudo-Riemannian manifold
with dualistic structure ” and denoted by (M, g, V, V*).

Obviously, V and V* (or equivalently, I' and I'*) satisfy the relation

1 )
V= §<V +V*)  (or equivalently, I’ = 5(1“ +T%).

Thus an affine connection V on (M, g) is metric if and only if V* =V ( that
it is self-conjugate).

For a torsion-free affine connection V and a pseudo-Riemannian metric g on
a manifold M, the triplet (M,V,g) is called a statistical manifold if Vg is
symmetric. If the curvature tensor R of V vanishes, (M, V,g) is said to be
flat.

For a statistical manifold (M, V, g), the conjugate connection V" with respect
to g is torsion-free and V' g symmetric. Then the triplet (M, V', g) is called
the dual statistical manifold of (M, V, g) and (V, V", g) the dualistic structure
on M. The curvature tensor of V vanishes if and only if that of V" does and
in such a case, (V,V',g) is called the dually flat structure [2].

It can be shown that for a pair of conjugate connections V, V*, their curvature
tensors R, R* satisty

JR(X,YV)Z W)+ g(Z, R*(X,Y)W) =0. (6)

If the curvature tensor R of V vanishes, V is said to be flat.
So, V is flat if and only if V* is flat. In this case, (M, g, V,V*) is said to be
dually flat.

2.2 Horizontal and Vertical Lifts

Throughout this paper M; and M, will be respectively m; and ms dimensional
manifolds, M; x Mj the product manifold with the natural product coordinate
system and

7T1:M1XM2—>M1 s 7T23M1><M2—>M2

the usual projection maps. We recall briefly how the calculus on the product
manifold M; x M, derives from that of M; and M, separately. For details see
[13].

Let o1 in C*(M;). The horizontal lift of ¢, to My x My is " = @1 o 7.
One can define the horizontal lifts of tangent vectors as follows. Let p € M,
and X, € T,M,. For any q € M, the horizontal lift of X, to T{; 4 (M; x M>)
is the unique tangent vector X &7(1) in T(pq)(My x {q}) such that

d(pvQ)ﬂ-l (X(}fn,q)) - XP7
d(pvq)7T2(Xh ) =0.

(p,q)
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We can also define the horizontal lifts of vector fields as follows. Let X; €
['(T'M,). The horizontal lift of X; to I'(T(M; x M,)) is the vector field X' €
[(T(My x Ms)) whose value at each (p, q) is the horizontal lift of the tangent
vector (X1)p to Tipq)(My x Ma). For (p,q) € My x My, we will denote the set
of the horizontal lifts to T(M)(Ml x My) of all the tangent vectors of M; at p

by C’ém o (M1). We will denote the set of the horizontal lifts of all vector fields

on M1 by ,Ch(Ml)

The vertical lift ¢4 of a function gy € C*°(Ms) to My x M, and the vertical
lift X§ of a vector field Xy € T'(T'Ms) to I'(T'(M; x My)) are defined in the same
way using the projection m. Note that the spaces £"(M;) of the horizontal
lifts and LY (My) of the vertical lifts are vector subspaces of I'(T'(M; x Ms)) but
neither is invariant under multiplication by arbitrary functions ¢ € C*°(M; X
Mg).

We define the horizontal lift of a covariant tensor w; on M to be its pullback
wh to My x My by the means of the projection map 7y, i.e. wh := 7} (w;). In
particular, for a 1-form «; on M; and a vector field X on M; x M,, we have

(a1)(X) = as(dmi(X)).
Explicitly, if u is a tangent vector to M; x M; at (p, q), then

(ail)(p,q) (u) = (1)p(dipgmi(u))-

Similarly, we define the vertical lift of a covariant tensor ws on Ms to be its
pullback wj to M; x Ms by the means of the projection map 7.

Observe that if {52, ..., 5% } is the local basis of the vector fields (resp.

) Oz™1
{dz',... dx™} is the local basis of 1-forms ) relative to a chart (U, ®) of M,
and {aiylv ce ay%} is the local basis of the vector fields (resp. {dy',...,dy™}
the local basis of the 1-forms) relative to a chart (V, ¥) of My, then {(;2)", ...,
(52:)", (8%1)”, ce (8%2)”} is the local basis of the vector fields (resp. {(dz1)",
oo (dr ) (dyr)Y, . (dym, )P} s the local basis of the 1-forms) relative to
the chart (U x V,® x W) of My x M.

The following lemma will be useful later for our computations.
Lemma 2.1 [10]

1. Let p; € C®(M;), X;,Y; € T(TM,;), a; € T(T*M;), i = 1,2, let p =
O+ oy, X =X+ XY and o, B € D(T*(My x Ms)). Then

i/ For all (i,I) € {(1,h), (2,v)} we have

X/ (p) = Xiles)', XY =[X.,Yi]" and of(X)=a;i(X;)".
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i/ If for all (i,1) € {(1,h),(2,v)} we have a(X]) = B(X]), then a =
.

2. Let Wi and n; be T‘—forms on Mi; 7 = ]_’27 and set w = W{Z +CU§ and
n= 77? +n5. Then we have

dw = (dw)" + (dws)”  and  wAn = (w1 An)" + (wy Ana)°.

Remark 2.2 Let X be a vector field on My x My, such that dm(X) =
©(X1om) and dry(X) = ¢(Xo0my). Then X = X + ¢ X2,

3 About Doubly Warped Products

3.1 The Doubly Warped Product

let ¥» : M — N be a smooth map between smooth manifolds and g be a metric
on k-vector bundle (F, Pr) over N. The metric ¢¥ : T(¢y"'F) x T'(¢p"'F) —
C* (M) on the pull-back (¢ ~'F, Py-1x) over M is defined by

3" (U.V)(p) = 9o (Up, V), YUV ET(WTF),p€ M.

Given a linear connection V¥ on k-vector bundle (F, Pr) over N, the pull-back
connection V is the unique linear connection on the pull-back (¢ ~'F, Py-1p)
over M such that, for each W € I'(F), X € I'(T'M)

P

Vx(Wo) = Vﬁl\qu(X)W (7)

Further, let U € v 'F, pe M and X € I'(TM). Then

(VxU)() = (VY yx, T) (D)), (8)

where U € ['(F) with U o 1) = U.
Now, let m;, i=1,2, be the usual projection of M; x M, onto M;, given a linear
connection V on vector bundle T'(T'M;), the pull-back connection V is the

unique linear connection on the pull-back M; x My — m; *(T'M;), such that,
for each Y; € T'(T'M;), X € T'(T M, x M)

%XY; om; = édﬂi(X)E- 9)

Further, let U € T'(m; Y(TM,)), (p,q) € My x My and X € T(T(M; x My)).
Then

(VxU)(p.a) = (Vag, ymi(x .0 U)Ti(D: ), (10)
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Definition 3.1 Let (M,,g ) and (M,,g,) be pseudo-Riemannian manifolds
and let fy : M, — R* and fy : M, — R* be a positive smooth functions. The
Doubly warped product is the product manifold M, x M, furnished with the
metric tensor g, . defined by

Iy = (f3)’mig + ()75 g0 (11)
Explicitly, if X,Y € I'(T'My x M), then

91,5, (X0 Y) = ()07 (dmi(X), dm(Y)) + (f1) 295 (dma(X), dma(Y')).

By analogy with [6] we will denote this structure by M, xf ¢, M,. The
function f, : M; — Rt — {0} (i € {1,2}) is called the warping function.
If (M,,g,) and (M,,g,) are both Riemannian manifolds, then M, Xy, M,
is also a Riemannian manifold. We call M, Xy ¢, M, as a Lorentzian doubly
warped product if (M,,g,) is Riemannian and either (M,,g, ) is Lorentzian
or else (M,,g ) is a one-dimensional manifold with a negative definite metric
—dt?.

Proposition 3.2 With the notation above, let X;,Y; € T'(TM,), i = 1,2.
Then the equation (11) is equivalent to

gf1f2 <X{l’ Yh)
gf1f2 <Xh Y )
gf1f2 <X§’ YU)

Proof: By definition of the doubly warped metric,

95 XY D, q) = f3(0)g, (X1, Y1) (p)  and g, , (X],Y))(p,q) = 0.

( ) gl(Xl,Yl)h;
95,5, (X5, Y = 0; (12)
(fi ) 92(X2, Y2)".

Writing fI' for fy om and f¢ for fo o mp. Then it is easily seen that Equation
(12) hold.

A direct computation using Proposition 3.2 and the definition of the musical
isomorphism gives the following proposition.

Proposition 3.3 ([9]) Let (M,, g;)be a pseudo-Riemannian manifold and
let fi » M, = R, be a positive smooth function, i =1,2. The co-metric g,
of g, ;, 18 characterized by the following identities

§f1f2( }11 pr) = (fv)zgl(abﬁl)

gflfQ( 1, B3) = gf%fQ/(an’/Bl) =0; (13)

gflfQ( 2. 03) = ng(ag,ﬁg)”.
2.

for any «;, B; € T(T*M;), i = 1,2. Where g; is the co-metric of g;.
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Lemma 3.4 If f; € C®(M,), i =1,2. Then the gradient of the lifts fi of
fiand f3 of fa to M, Xy 5, M, wrt. g, . i

grad(f]) = (gradf)* grad(f3) = o (gradfs)’ (14

1
(f3)? (fl)
Proof: Let Z; € I'(T'M,), i = 1,2. Then, for any (i, 1), (3—i,J) € {(1,h), (2,v)},

we have
9511, (grad(fi1)7 Zzl) = (Zt(fz>)l = gi(gradfia Zl) (fJ )2gf1f2 ((gradfi)lv Zzl)’

and
gf1f2 (grad(fij)? Z?:f—z) =0.
Therefore, from Equation (12), we get

grad(f) = (gradf;)".

1
(f5-0)?

3.2 Dualistic Structure on Doubly Warped Products

Proposition 3.5 Let (g, ,,V,V*) be a dualistic structure on M, x M,.

Then there exists an affine connections V V* on M, such that (g, V v ) is
a dualistic structure on M,, 1 =1,2.

Proof: Taking the affine connections on M., i =1, 2.

(Vy,Y)) omi = dry(V i YY), ¥V X.,Y; € D(TM,)
(V&.Yi) o mi = dmi(Via V). ¥ (i 1) € {(1,h), (2,0)}

Therefore, we have for all X;,Y;, Z; € T'(TM,).
X (g, ZD) =9, (VY Z) + g, (Y], V;IZI) (15)

Since, dﬂ;ﬁZ{) =0, X/ (f],) =0and g5, ,(X, Z]) = (f{_.) g7 (dm;(X), Ziom;),
for any X € I'(T'M; x My), then the equation (15) is equivalent to
(L) (Xilai(Vi, Z)" = (52 19/(Vx.Yi, Zi) + 9:(Yi, VR, Zi) .

Where (7, 1), (3 —i,J) € {(1,h),(2,v)}. Hence, the pair of affine connections

V and V* are conjugate with respect to g;.

Proposition 3.6 Let (gi,Vl, V*) be a dualistic structure on M;, i = 1,2.
Then there exists a dualistic structure on M, x M, with respect to gy, y,.
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Proof: Let V and V* be the connections on M; x Ms given by

dr(VxY) = Nxdm(Y) + Y (In f)dm(X) + X (In fi_)dm(Y)
—(fi_0) 72 fl 9525 (dms—o(X), dmsi(Y)) ((gradf;) o mi), "

dm(V5Y) = Vidm(Y) + Y (In f7_,)dmi(X) + X (In f5_)dm; (V)
(L) 72 fl g3 (dms—i(X), dms—i(Y)) ((gradfi) o i),

for any X, Y € I'(T'M; x Ms).
Or, for any X;,Y; € I'(T'M;) we have

V¥ = (Vi Y — (% sz )(gmdf;»? )
VigY! Gy — (& ) (gradf3 )" (17)
ViV = Vi Vil = (Xl )Y5 + (Vaoa(in fo0)) XL,

where (¢,1),(3 —i,J) €
dualistic structure on M,

defined by

{(1,h),(2,v)}. Let us assume that (gi,Vi, Vz*) is a
, 1 =1,2. Let A be the tensor field of type (0,3)

AXY, Z2) = X (97, 2) = 9.0 (VXY, Z) = 91,1, (Y, VX Z),
for any XY, Z € ['(T My x My), if X;,Y;, Z; € I(T'M;), i = 1,2. Then we have
X (g, Z0) = X{((f50)29:( X0, i) ).

Since dms_;(X]) = 0, it follows that dms_;(X])(f3s) = X! (f),) = 0, and
hence

X{(9,,, Y Z])) = (L) (X (9:(Yi, Z2)))"
As (g;, Vi, Vl*) is dualistic structure, we have thus
Xi[(gflfQ (Y;‘Iv Zzl)) = (fél—i)z{gi(in}/;ﬂ Zi)I + gi(Y;'7 V;QZZ)I}

From Proposition 3.2 and Equations (17), then it’s easily seen that the follow-
ing equation holds
AX] Y Z]) =o0.

In the different lifts, we have
X{ (g, (V1 ZD) = 20:(Vi, Z:) (£ Xs—i(f3-0))”,

gflfQ(vX?)J_i}/;I7 Z{) = gflfQ((X:sfi(ln fsfi))‘]Y;I, ZZI) = (fgfiX?)fi(fiifi))Jgi(K; Zi)I,

and

9t 15 (V}J ZI YI) =Y 4, (VX:{%ZL Yf) = (f??fiX3—i(f3—i>)Jgi(}/iv Zl)I
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We add these equations and obtain
A(Xé]—ia Y;Ia Z{) =0

Hence the same applies for A(X], Y, Z] ) = A(X{ ., Y, Z]) = 0.
This proves that V* is conjugate to V with respect to g, . .

We recall that the connection V on M, x M, induced by Vl and V2 on M,
and M, respectively, is given by the equations (17).

Proposition 3.7 (Ml,Vl,gl) and (M2,V2,gg) are statistical manifolds if
and only if (M, x M,,g, ., V) is a statistical manifold.

Proof: Let us assume that (M, Vi, g.), (i =1,2) is a statistical manifold.
Firstly, we show that V is torsion-free. Indeed; by Equation (16), we have for
any X,Y € I'(TM; x M,)

dm(T(X,Y)) = Vydmi(Y) — Vydmy(X) — dmy([X,Y))
Since for i =1, 2, Vl is torsion-free, then
Vxdm (V) — Vydmy(X) = dmi([X, Y))

Therefore, from Remark 2.2, the connection V is torsion-free.
Secondly, we show that Vg, 4, is symmetric. In fact; for ¢ = 1,2,

(nglj'Q)(XiI7 }/z'I7 Zvij) = X?:I(gflfQ (Y;I7 Zz'I))_gflf'Q (inli/;I, Zz'l)_gflf2 ()/iI7 VXZIZzI>
by Equations (12), (17) and since (VigZ , @ = 1,2, is symmetric, we have

02 (Vo) (X, Yz, Z)!

DA (Ve) (Y, X, Z)"
V)Y XD, Z),

(Vg )XY, Z))

)
-
(
(

In the different lifts, we have
(v9f1f2)<XiIJY;I= Zéjfz) = (vgf1f2>(Xé] qu;I ZI) (vgf fa )(XI }/31 i Z’LI) =0,

Therefore, (Vyg, , ) is symmetric. Thus (M, x M,,g, ., V) is a statistical man-
ifold.

Conversely, if (M, x M,,g, , ,V) is statistical manifold, then (Vg, , ) is
symmetric and V is torsion-free, particularly, when X;,Y;, Z; € I'(T'M;), we
have

(Vy, )XY, Z]) = (Vyg, )Y, X[, Z]),
Vi=1,2,
T(X!,v]) =0.
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Then, by Equations (12) and (17), we obtained, for i = 1,2, Vigi, is symmetric
and VZ, is torsion-free. Therefore, (M;, Vl, g:), (i =1,2) is statistical manifold.
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