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Abstract
In this paper we define generalized differential operators from some well-
known operators on the class A(p) of analytic functions in the unit disk A =
{z € C : |z| < 1}. New class containing these operators is investigated. Also
univalence of integral operator is considered.
Keywords: Univalent, Starlike, Convexr, Hadamard Product, Multiplier
Transformations.

1 Introduction

Let A(p) be the class of analytic functions f of the form

f(z) =2+ i apr k2’ (p€ N :=1{1,2,3,..}), (1)

k=1

defined in the unit disc A = {z € C : |z| < 1} and the satisfying the normal-
ization condition f(0) = f'(0) —1 = 0. Put A(1) = A. A function f € Ais
said to be starlike of order =, if it satisfies the inequality

Re {Z}C;S)} >y, z €A,
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for some 0 < 7 < 1 and it is defined by S*(y). Also, the class of con-
vex functions of order ~, denote by IC(y) consists of function f € A if and
only if zf'(z) € S*(y). For any two functions f and g such that f(z) =
24 0 a2 and g(2) = 2P 4 2, by 2, the Hadamard product or
Convolution of f and g denoted by

[e.9]

(f * g)(z) = 2P + Z ap+kbp+k2’p+k.
k=1
Following [5], we recall the linear operator Z(f(z)) := Iﬁ:goé(aj ¢)f(z) as fol-
lows:

p+1—u) (P+1—=A+v)(a+p)h

TP (a,c)f(z) = 2P +
e ( PR RN S X

ap+kzp+k7

(2)
where a,p,v,€ R, ¢ € R\ Zy; = {...,—2,-1,0}, « > —p, 0 < X\ < 1,
pw—v—p<1and z € A. It should be remarked that the linear operator
Z30*(a,c) f(z) is a generalization of many other linear operators considered
carlier (see [5]).

Definition 1.1 Assume that f; and g; be in A(p) where 1 < j < r. For
-1<06<1,0de€ R, pj >0,p; € Candr € N, the generalized integral
operator J,(f)(z) = @(fl,.. fr)( ) A(p) = A(p), is defined as

9= [ [ )¢ ()" [ (T () # g0 ()] dw

(3)
where n € Ny := NU{0}, z € A.

Remark 1.2 i) Fora =c=n=1,0 =X =pu=0,a =p+1 and
9i(2) = = pr was introduced and studied
by Breaz et al. [2].
i) If we take § =a=c=n=1,A=p=0,a=p+1 and g;(z) = ;= for all
1 < j <7 in equation (3), it reduced to an integral operator F,, . (see [7]).
iii) Puttingd = —1, a=c=n=1, A=pu=0,a=p+1 and g;(2) = g(z) for
all 1 < j <, in equation (3), we obtain an integral operator 1,(f1, ..., fr)(2)
defined by Dileep and Latha (see [4]).

.....

Definition 1.3 A function f € A(p) be in the class SK(0,0,7), if it satis-
fies the following inequality:

o (. ATUF(E) # g2
fie { (5 TR * g

where =5 <0 < 5, 0<y<1,6d€ Ny, -1 <6< 1, ge Alp) and Z(f(z))
given by (2).

>}>’YCOSH z €A, (4)
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Remark 1.4 i) For0 = =AX=pu=n=0,a=c=1,a =2 and
9(z) = 1=, the class SK(0,0,7) reduced to the class of starlike functions of
order .

ii) Taking0 =A=p=0,0=a=c=n=1,a=2 and g(z) = 7=, the class
SK(0,0,7) reduced to the class of convex functions of order ~y.

in) If we take 0 = § = A =pu=n=0,p=a=c=1,a =2 and
g(2) = 2+ 32,[1 + (K — 1)¢]"2%, ¢ > 0, the class SK(8,0,7) reduced to the
class 8"(C, ) introduced by S. Bulut [3].

iv) Putting =6 =A=pu=n=0,a=c=1,a=2 and f,g € A, we get the
class Sy(7y) introduced by Dileep and Latha [4].

To prove our main results we shall need the following lemmas.

Lemma 1.5 (/1)) If f € A, satisfies the inequality

(1 1. |2> 2f"(2)

f'(z)
for all z € A, then f is univalent in A.

<1,

Lemma 1.6 ([6]) If f is reqular in |z| < 1 and

f"(z)
f'(2)

where M s the root of equation
8y/r(z —2)3—3(4—x)* =12, M ~3,05..,
then f is univalent in A.

In this paper, using Lemma 1.5 and Lemma 1.6, we show that J,(f)(z) is
univalent. We, also show that J,(f)(z) € SK(9,6,7).

2 Main Results

Theorem 2.1 Let fj,g; € A(p), p; € C, 1 < j <7, 0] <1 and X5_; |p;| <
1. If

2[Z(f(2)) * g;(2)] Y
[Z(f;(2)) = g;(2)]™ <1, zeA, (5)

then J,(f)(2) given by (3) is univalent.

o+
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Proof. From (3) we obtain

1

(TN = [E(fi=) xa(=2)™]

which implies that

Z T2+ ge(@) ], (6)

In(T,(£)()) = pr [0z + W(Z(fi(2)) * g2 ()] + -

+p, [01n 2 + In(Z(f,(2)) * g,(2)™)] .

Taking the derivative for the above equality and by multiplying with z we have

2(J4(f)(2))" [6 N 2(Z(f1(2)) = 91(2))(“1)] T

T,(Hz)y T (Z(fi(2)) * g (2))®
2(Z(f(2)) * gr(2)) Y
o [M (Z(f:(2)) * gr(2))™ ] (7)

On multiplying the modulus of equation (7) by (1 -z ]2), we obtain
"

NG| = (L=12P)Uprl+-+]p D)

< 1L

From Lemma 1.5, we get that J,(f)(z) is univalent.
Takinga =c=n=1,d=A=p=0,a=p+1 and g;(z) = ;= for all
1 <5 <r, we have:

Corollary 2.2 Assume that p; € C and >75_, |p;| <1 where 1 < j <r. If
21(2)

Re {f;(Z)} <1, then F,, . ,.(2) is defined in [2] is univalent.

Corollary 2.3 Puttingd =a=c=n=1, A=pu=0,a=p+1 and
gj(z) =% forall1 < j <r, If Re {ij (Z)} <0, then Fy, 5. (2) is defined in

T Ije)
[7] is univalent, where | py | +---+ | p, [< 1 and z € A.

Corollary 2.4 If

9D,
Re{ (579 ) } =2 e

then I,(f1,...fr)(2) is defined in [{] is univalent, where 335_; |p;] < 1 and
I<j<r.
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Theorem 2.5 Assume that 327_, [p;| <1 and f;, g; € A(p). If

[Z(f5(2)) * g ()] "+
[Z(f;(2)) * g;(2)]™

then J,(f)(z) given by (3) is univalent where p; € C, 1 < j <r and |§] < 1.

<M-—-1/p, |z|=p<1,M =3,05..., (8)

Proof. From equation (6) we have

GG 5 TR )]
G NHeEy P l ] i

2 @) * ()

5 @) * gr<z>><”+l>]
e [ T @) * g (2))®

which applying the inequality (8) implies that

| (J4(f)(2))"
(Jo(f)(2))

Using Lemma 1.6, the last inequality implies that the integral operator J,(f)(z)
is univalent.

< M.

Corollary 2.6 Let 327, [pj| <1 and f; € A(p) where 1 < j <r. If

£(2)
)| =

o (2) is defined in [2] is univalent.

M—-1/p ze€ A M =~3,05..., (9)

.....

Remark 2.7 The least upper bound which obtained by Breaz et al. (see [2])

for 1 (z)

f’( )
2.6 we obtained the upper bound M — 1/p, therefore the M — 1/p is best. In
particular if p — 17 the M — 1/p — 2,05... .

is M wuntil the operator F,, ., (z) be univalent. But in Corollary

.....

Theorem 2.8 Let f; € SK(0,60,7), 1 <j <7, p1,...p, be real number with
the properties, p; > 0 and 0 < 377 1 pjv; + 0 < 1, then the integral operator
Jg(f)(2) € SK(6,0,7), where v = 3%_, pjy; + 6 and —5 <0 < 3.

Proof. Using equation (7), we obtain

AT, ()(=)" _zv‘: 54 AT(£(2) * g;(2)) "V T (10)

OO =t (Z(f,(2)) = 9;(2))®
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The above relation is equivalent to

2T(NE)" 5~ Z(I(fj(z))*gj(z))("ﬂ)]
GNEY 5" o e | e

By multiplying the above relation by e, we get

reler (o+ 2007 )}

o+

(Z(f3(2)) * gj(2))

> Y pjyjcosf+6cosh = (ij’yj + 5) cosf.
j=1 j=1

_ gije { (5 | AT+ gj<z>><n+l>>} ©+ 5Re {69}

Sines by hypothesis 0 < 327_, p;y; + 0 < 1, we obtain Jy(f)(2)) € SK(4,0,7),
where v =371 pjy; +0 and —F <6 < 7.
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