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Abstract 

 
     In this paper, we study Menger Probabilistic Normed (PN) spaces in a detailed 
way; we introduce the notation of a finite product of Menger Probabilistic 
Normed spaces, show that a finite product of complete Menger probabilistic 
normed spaces is itself complete and every Cauchy sequence in a Menger 
probabilistic normed space is norm totally bounded under certain conditions. We 
also introduce the notion of L-Menger PN spaces and show that in a L-Menger 
PN space (X,��, *), the distribution map �� determines and is determined by a 
single distribution function on ℝ. 
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1      Introduction 
 
It is well known that the theory of probabilistic normed spaces is a new frontier 
branch between probabilistic theory and functional analysis and has an important 
background which contains the common metric space as a special case. One can 
study the completeness theorems in probabilistic normed spaces. This study has 
important applications, for example on the fixed point theory etc. 
Now, we begin with the following definitions 
 
Definition 1.1. [2] A function �: ℝ → ℝ� is called a distribution function if it is 
non-decreasing, left continuous, ��	
∈ℝ ��� = 0  ��� ���
∈ℝ ��� = 1. 
The set of distribution functions � such that ��0 = 0 is denoted by ��. 

Also denote b �, the Heaviside distribution function ��� = �1  �	 � > 00  �	 � ≤ 0� 
 
Definition 1.2. [2] Let � be a non-empty set and let �: ��� → ��. For any �, ! ∈ �. We denote the image of the pair ��, ! by �#,$ which is a distribution 
function so that �#,$�� ∈ [0,1], for every real �. Suppose � satisfies: 
 
a) �#,$�� = 1 for all � > 0 if and only if � = ! 
b) �#,$�� = �$,#��  
c) If �#,$��' = 1 and �$,(��) = 1 then �#,(��' + �) = 1 where �, !, + ∈ �. 
 
Then ��, � is called a Probabilistic metric space (PM space). 
 
Definition 1.3. [2]  A triangular norm ∗ ∶  [0,1] � [0,1]  → [0,1] is a function 
satisfying the following conditions 
 
(i) � ∗ 1 =  �      ∀ � ∈ [0,1] 
(ii)  � ∗ / = / ∗ �    ∀ �, / ∈  [0,1] 
(iii)  0 ∗ � ≥  � ∗ /  ∀ �, /, 0, � ∈  [0,1]  2��ℎ 0 ≥ � ��� � ≥ / 
(iv) (� ∗ / ∗ 0 = � ∗ �/ ∗ 0   ∀ �, /, 0 ∈ [0,1] 

 
A triangular norm is also denoted by t-norm. 
 
Definition 1.4. [2] A Menger Probabilistic metric space (Menger PM space) is 
a triplet ��, �,∗ where ��, � is a Probabilistic metric space, ∗ is a t-norm 
satisfying the condition 
 �#,(��' + �) ≥ �#,$��' ∗ �$,(��) for all �', �) ≥ 0 ��� �, !, + ∈ �. 
 



 
Products of Menger Probabilistic…              17 
 

 

 

We observe that a Menger PM space is a probabilistic metric space. 
 
Definition 1.5. [2] A triplet ��, �,∗ is called a Menger Probabilistic normed 
space (Menger PN space) if � is a real vector space, �: � → ��(for � ∈ �, the 
distridution function ��� is denoted by �
 and  �
�� is the value of  �
 at � ∈ ℝ 
and ∗ is a t-norm,  satisfying the following conditions: 
 
(i) �
�0 = 0 
(ii)  �
�� = ��� 	4+ 565+7 � > 0 �		 � = 0 

(iii)  �8
�� = �
 9 :
|8|<  ∀ = ∈ ℝ, = ≠ 0 

(iv) �
�?��' + �) ≥ �
��' ∗ �?��)  ∀  �, 7 ∈ � ��� �', �) ∈ ℝ�  
 
Remark 1.6. [1] Let ��, �,∗ be a Menger PN space and � be a real vector space. 
Then ��, ��,∗ is a Menger PM space where ��
,?�� = �
@?��. ��, ��,∗ is called 
the induced Menger PM space of the Menger PN space ��, �,∗. 
Schweizer, Sklar and Thorp [3] proved that if ��, �,∗ is a Menger PM space with ���AB:B'�� ∗ � = 1, then ��, �,∗ is a Hausdorff topological space in the 
topology C induced by the family of (D, E neighbourhoods {F#�D, E: � ∈ �, D >
0, E > 0} where F#�D, E = {� ∈ �: �I,#�D > 1 − E}.     
 
Definition 1.7. [2] Let ��, �,∗ be a Menger PM space with ���AB:B'�� ∗ � = 1 
 

(i) A sequence {�K} in � is  C-convergent to � ∈ ���K
C→ � if for any given D > 0 and E > 0, there exists a positive integer L = L�D, E such that �IM,I�D > 1 − E whenever � ≥ L. 

(ii)  A sequence {�K} in � is a  C-Cauchy sequence if for any D > 0 and E > 0, 
there exists a positive integer L = L�D, E such that �IM,IO�D > 1 − E 
whenever  P, � ≥ L. 

(iii)  A Menger PM space ��, �,∗ is said to be C-complete if each C-Cauchy 
sequence in � is C-convergent to some point in �.  

 
Example 1.8. (i) Let �Q, ‖ ‖S be a normed real vector space. Define � T : Q →�� by 

  ��
�� = U
:

:�‖
‖V   �	 � > 0
0  �	 � ≤ 0 �   

Then �Q, � T ,∗ is a Menger PN space where ∗ is any t-norm. 
(ii) For � ∈ Q, define ��
�� = ��� − ‖�‖ ∀ � ∈ ℝ.  
Then �Q, � T ,∗ is also a Menger PN space.  
 
Lemma 1.9 ([1], Lemma 2.6). If �ℝ, �,∗ is a Menger PN space then |�| ≤ |7| ⇒�
�� ≤ �?��  for all �, 7 ∈ ℝ ��� � ≥ 0.  
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Definition 1.10. [1] Let �ℝ, �,∗ be a Menger PN space and �Q, ‖ ‖ be a 
normed real vector space. We define the mapping ��: Q → �� by  ��
�� = �‖
‖��. 
(We observe that ��
�� = ��?��  �	 ‖�‖ = ‖7‖) 
Then the following proposition says that �Q, � T ,∗ is a Menger PN space. 
 
Proposition 1.11 ([1], Proposition 2.8). Let �ℝ, �,∗ be a Menger PN space then �Q, ��,∗ is also a Menger PN space. 
The following theorem also is proved in [1]. 
 
Theorem 1.12 ([1], Theorem 3.1). Let ��, �,∗ be a Menger PM space with a 
continuous t- norm ∗. Suppose {�K} is a Cauchy sequence which has a convergent 
subsequence. Then {�K} is convergent.  
The following theorem also is proved in [1], but it is not well formed 
 
Theorem 1.13 ([1], Theorem 3.2). Let �Q, ��,∗ be a complete Menger PN space, 
where Q is a real vector space and  ��: ℝ → �� is defined by ��
�� = �‖
‖��.  
Then �ℝ, �,∗ is complete. 
In this theorem, � is not well defined. In fact when � ≠ 7 and ‖�‖ = ‖7‖, ��
�� 
may be different from ��?�� as seen in the following Example.  
 
Example 1.14: Let  X = ℝ × ℝ, 	4+ ��7 � = �=', =) ∈ X, ‖�‖ = |='| + |=)|. 
Define �
�� = :

:�|8Z|�)|8[|   ∀ � ∈ X  and ∗ =  P��. 

Then �X, �,∗ is a Menger PN space. 
Let 5' =  �1, 0 and 5) =  �0, 1  so that  ‖5'‖ = 1 = ‖5)‖ 
But �‖\Z‖�� ≠ �‖\[‖��  

since �‖\Z‖�� = �\Z�� = :
:�'  2ℎ5+5 ��  �‖\[‖�� = :

:�)  
The following theorem says that a Menger PN space �Q, ��,∗ may induce a 
number of probabilistic distribution maps � on ℝ. This theorem can be easily 
established. 
 
Theorem 1.15.  Let �Q, �,T ∗ be a Menger PN space. For any � ∈ X, � ≠ 0, 

define �'�� = �� ]
‖]‖��  and  �̂ �� = �' 9 :

|^|<   	4+ � ≠ 0. 
Then �ℝ, �,∗ is a Menger PN space. If �Q, �,T ∗ is complete, then so is �ℝ, �,∗. 
The following theorem is a kind of converse to Theorem 1.15. This theorem says 
that every distribution function induces a probability distribution map on a 
normed linear space under     any  t-norm ∗. 
 
Theorem 1.16. Let X be a normed linear space, ∗ be a t-norm and � be a 
distribution function such that ��� < 1 for at least one � > 0. For � ∈ X, define ��
: Q → �� by 

  ��
�� = U�� :
‖
‖  �	 � ≠ 0

��� �	 � = 0 �   
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Then �X,  �T ,∗ is a Menger PN space. 
 
Proof. The result can be easily established. 
 
Definition 1.17. A Menger PN space �X, �,∗ is said to be a L- Menger PN space 
if ‖�‖ = ‖7‖ ⇒ �
 = �? 
We observe that �X, � T ,∗ of Theorem 1.16 is a L-Menger PN space.  
It may be noted that the Menger PN space �X, �,∗ of Example 1.14 is not a L-
Menger PN space. 
The following theorem shows that a L-Menger PN space determines and is 
determined by a distribution function � with 0 < ��� < 1 for at least one � > 0. 
 
Theorem 1.18. Let �ℝ, �,∗ be a Menger PN space and X be a vector space. 

Define  ��: X → �� by ��
�� = �'� :
‖
‖. Then �X, ��,∗ is a L-Menger PN space. 

Conversely if �X, � T ,∗ is a L-Menger space, then �ℝ, �,∗ is a Menger PN space 
where �'�� = ��
�� for any � ( and hence every �) with ‖�‖ = 1 and 0 <�'�� < 1 for at least one � > 0. 
The following theorem also may be taken as a modification of Theorem 1.13. 
 
Theorem 1.19. Let �X, ��,∗ be a L-Menger PN space. Define �: ℝ → �� by �8�� = ��8
�� for any � ∈ Q with ‖�‖ = 1. Then �ℝ, �,∗ is a Menger PN space. 
 
Proof. The proof of this theorem can be easily established. 
 
Definition 1.20. Let {�ℝ, �̀ ,∗: � = 1,2,   . . , b} be Menger PN spaces. 
 Write 5` = �0,0, … ,1,0, … ,0 where 1 is in the ith place. Then {5', 5), … , 5d} is a 
basis to the real vector space ℝd. Define  ��: ℝd → �� is defined by  ��
�� = �'
Z�� ∗ �)
[�� ∗ … .∗ �d
e��  where  � = �'5' + �)5) + ⋯ + �d5d.  
Then it can be easily verified that �ℝd, ��,∗ is a Menger PN space.  �ℝd, ��,∗ is called the product Menger PN space of {�ℝ, �̀ ,∗: � = 1,2,   . . , b}. �̀  is called the ith component of ��. 
The following theorem can be easily established. 
 
Theorem 1.21.  Let �ℝd, ��,∗ be a Menger PN space. Suppose  ��
�� = �
Z\Z�� ∗ �
[\[�� ∗ … .∗ �
e\e�� whenever � = ��', �), … , �d. 
Then �ℝd, ��,∗ is the product Menger PN space of {�ℝ, �̀ ,∗: � = 1,2,   . . , b}. 
The following theorem is proved in [1]. 
 
Theorem 1.22 ([1], Theorem 3.5). Let �ℝ, �,∗ be a Menger PN space where �
�• is continuous at zero and ∗ is a continuous t-norm. Then �ℝ, �,∗  is a 
complete Menger PN space. 
In the next section, we prove this theorem without the restriction that “�
�• is 
continuous at zero and ∗ is a continuous t-norm”. 
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2 Main Results 
 
In this section, we show that a Menger PN space �ℝ, F,∗  is complete (∗ is not 
assumed to be continuous), �ℝd, ��,∗ is complete for b = 1,2, …. if ∗ is 
continuous. 
Incidentally, we also show that a Cauchy sequence in �ℝ, �,∗ is bounded. 
 
Theorem 2.1. If �ℝ, �,∗  is a Menger PN space, then 
 
(i) Every Cauchy sequence in �ℝ, �,∗  is bounded and 
(ii)  �ℝ, �,∗  is complete. 
 
Proof. Suppose �ℝ, F,∗  is a Menger PN space 
 
(i) Let {�K} be a Cauchy sequence in �ℝ, F,∗.  
 
We show that {�K} is bounded in �ℝ, F,∗.  
Otherwise, there exists a sub sequence {�Ke} such that i�Kei → ∞   
Since {�K} is a Cauchy sequence in �ℝ, �,∗, for a given λ∈ �0,1 there exists N 
such that �
M@
O�1 > 1 − E  ∀  P, � ≥ L 

Hence �' j '
k
Me@
lkm > 1 − E   ∀  �d > L  ………  (1) 

 
Since �' is increasing, �'�0� exists. Write  �'�0� = =, then = ∈ [0,1].  = = 1 ⇒ �'�� = 1 ⇒ 1 = 0, a contradiction 
Hence = < 1 
Choose E ∈ �0,1 ��0ℎ �ℎ�� 1 − E > = 
From (1), letting b → ∞  = =  �'�0� ≥ 1 − E > =, a contradiction. 
Therefore = = 1, so that  �'�0� = 1, again a contradiction. 
Hence {�K} is a bounded sequence in ℝ. 
 
(ii)  Let {�K} be a Cauchy sequence in �ℝ, �,∗. Then by (i), {�K} is bounded. 
 
Hence there exists a subsequence {�Ke} of {�K} that converges to β (say). 

Then �
Me@β(t) = �'� :

Me@n → 1 as b → ∞. 

∴ �Ke → p in �ℝ, �,∗ 
Hence {�K} is convergent by Theorem 1.12. 
Therefore �ℝ, �,∗is complete. 
Now we state a Lemma, whose proof is a consequence of the continuity of ∗ at 1. 
  
Lemma 2.2. Suppose ∗: [0,1] × [0,1] → [0,1] is a continuous t-norm and b is a 
positive integer.  
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Then for a given E ∈ �0,1 there exists E′ ∈ �0,1 such that  
 �1 − Er ∗ �1 − Er ∗ … ∗ �1 − Er > 1 − E. 
 
 
                        k-times 
 
Making use of the above Lemma, in the following theorem, we establish that 
(ℝd , ��,∗ is complete if ∗ is continuous. 
This theorem may be taken as a modification to Theorem 1.13. 
 
Theorem 2.3. If �ℝ, �,∗ is a Menger PN space with continuous t-norm, then 
(ℝd , ��,∗ is complete where �� is defined by  ��
�� = �8Z�� ∗ �8[�� ∗ … .∗ �8e�� 
where � = �=', =), … , =d ∈ ℝs . 
 
Proof. By Definition 1.20, (ℝd, ��,∗ is a Menger PN space. 
Now we show that it is complete. 
Let {�K} be a Cauchy sequence in (ℝd , ��,∗. 
Then for a given D > 0 and E ∈ �0,1 there exists LA ∈ L such that for any P, � ≥ LA ��
M@
O�D > 1 − E 
Let �K = �='K, =)K, … . , =dK, � = 1,2, … 
 
Now 1 − E < ��
M@
O�D = �'8M@'8O�D ∗ ��8[M@8[O�D ∗ … .∗ ��8eM@8eO�D 
 ⇒ �'8M@'8O�D > 1 − E, ……, �8eM@8eO�D > 1 − E 
 
Therefore {=`K} is a Cauchy sequence in �ℝ, �,∗  	4+ 1 ≤ � ≤ b. 
Hence {=`K} converges, say, to =` , � = 1,2, … b. 
Write  � = �=', =), … , =d 
By Lemma 2.2, choose E′ ∈ �0,1 such that  
 �1 − Er ∗ �1 − Er ∗ … ∗ �1 − Er > 1 − E. 
 
                                   k-times 

 
For E′ ∈ �0,1 there exists L`  such that for � ≥ L` �8tM@8t�D > 1 − E′  	4+ � = 1,2, … . b 
Put  L = max {L', L), … , Ld},  so that for � ≥ L ��
M@
�D = �8ZM@8Z�D ∗ �8[M@8[�D ∗ … .∗ �8eM@8e�D 
                > �1 − Er ∗ �1 − Er ∗ … ∗ �1 − Er 
                > 1 − E 
Therefore {�K} converges to x. 
Hence (ℝd, ��,∗ is complete. 
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Definition 2.4. If X is a normed space and �X, �,∗ is a Menger PN space, then 
we say that  �X, �,∗ is a normed Menger PN space. 
 
Definition 2.5. If X is a finite dimensional vector space and �X, �,∗ is a Menger 
PN space, then we say that �X, �,∗ is a finite dimensional Menger PN space. 
 
Theorem 2.6. Let X be a finite dimensional vector space with �5', 5), … , 5K as a 
basis for X. Then xX, ��,∗y, where ∗ is continuous, is a complete Menger PN space 
whenever �ℝ, �̀ ,∗, � = 1,2, … are Menger PN spaces and �� satisfies 
 ��
�� = �'8Z�� ∗ �)8[�� ∗ … ∗ �d8e�� where � = ='5' + =)5) + ⋯ + =d5d 
 
Proof. Same as in Theorem 2.3. 
 
In Theorem 2.1, we have shown that every Cauchy sequence in the Menger PN 
space �ℝ, �,∗ is bounded and hence totally bounded in ℝ. In the following 
Theorem we extend it to a general Menger PN space, under certain conditions. 
 
Theorem 2.7. Let �X, �,∗ be a normed Menger PN space, where 
 {�
�•: ‖�‖ = 1} is equicontinuous at zero and ∗ is a continuous t-norm. Then 
every Cauchy sequence in �X, �,∗ is norm totally bounded. 
 
Proof. Suppose {�K} is a Cauchy sequence in�X, �,∗. 
We have to prove {�K} is totally bounded in norm. 
Suppose {�K} is not totally bounded in norm. 
Then there exists D > 0 such that what ever L be there exists �z > L such that                     �Kl ∉ ⋃ �}z̀~' ��` 
i.e. ��z − �Kl� > D  	4+ � = 1,2, … . . L   … (1) 
Since {�
�•: ‖�‖ = 1} is equicontinuous at zero, for the given �1 − E > 0 ∃ � >0  such that �
�� < 1 − E   	4+ 565+7 � < � and ‖�‖ = 1   ……  (2) 
Since {�K} is a Cauchy sequence in �X, �,∗,  
for the given �D > 0 and E ∈ �0,1 there exists � ∈ � such that  �
M@
O��D > 1 − E  	4+ ��� �, P ≥ �. 

Now, by (1), 
}

�
M�@
�� < 1, so that 
�}

�
M�@
�� < �.   

Consequently � ]M��]�
�]M��]��

� �}
�
M�@
��� > 1 − E  (∵ �� ≥ � 

Therefore by (2), we have  

 1 − E < � ]M��]�
�]M��]��

� �}
�
M�@
��� < 1 − E, a contradiction. 

Hence {�K} is totally bounded. 
We conclude the paper with an open problem. 
 
Open problem 2.8. Is Theorem 2.3 valid if “continuity of t-norm” is dropped?  
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