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Abstract 

 
     Let M be a semiprime Γ-ring. We study on some mappings related to left centralizers, 
centralizers, derivations, (σ, τ)-derivations and generalized (σ, τ)-derivations which are free 
actions on semiprime Γ-rings. If ϕ(x) = T(x)αx – xαT(x) for all x∈M, α∈Γ is a mapping from 
M into M. Then we show that it is a free action. If F : M → M is a generalized (σ, τ)-
derivation with associate (σ, τ)-derivation d, and a in F is a dependent element, then we also 
show that it is a dependent element of (σ + d). Furthermore, we prove that for centralizer f 
and a derivation d of a semiprime Γ-ring M, ϕ = d◦f is a free action. 
 
     Keywords: prime Γ-ring, semiprime Γ-ring, dependent element, free action, centralizer, 
derivation. 
 

 
1      Introduction 
 
Let M and Γ be additive abelian groups. M is called a Γ-ring if for all a,b,c∈M, α,β ∈ Γ the 
following conditions are satisfied :  
 
(i) aβb ∈M,  
(ii)  (a+b)αc=aαc+bαc,  a(α+β)b = aαb+aβb,  aα(b+c) = aαb +aαc,  
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(iii)  (aαb)βc = aα(bβc). 
 
Throughout, Z(M) denote the center of M. As usual, the commutator xαy − yαx will be 
denoted by [x, y]α. We know that [xβy, z]α = xβ[y, z]α + [x, z]αβy + x[β,α]zy and [x, yβz]α = 
yβ[x, z]α + [x, y]αβz + y[β,α]xz, for all x,y,z∈M and for all α,β∈Γ. We shall take an 
assumption (*) xαyβz = xβyαz for all x,y,z∈M, α,β∈Γ. Using the assumption (*) the 
identities [xβy, z]α = xβ[y, z]α + [x, z]αβy and [x, yβz]α = yβ[x, z]α + [x, y]αβz, for all x,y, 
z∈M and for all α,β∈Γ are used extensively in our results. Recall that a Γ-ring M is prime if 
aΓMΓb = 0 implies that either a = 0 or b = 0, and is semiprime if aΓMΓa = 0 implies a = 0. 
An additive mapping D: M → M is called a derivation provided D(xαy) = D(x)αy + xαD(y) 
holds for all pairs x,y∈M, α∈Γ. Let σ be an automorphism of a Γ-ring M. An additive 
mapping D: M → M is called an σ-derivation if D (xαy) = D(x)ασ(y) + xα D(y) holds for all 
x,y∈M, α∈Γ. Note that the mapping, D = σ − I, where I denotes the identity mapping on M, 
is an σ-derivation. Of course, the concept of an σ-derivation generalizes the concept of a 
derivation, since any I-derivation is a derivation. σ-derivations are further generalized as  
(σ, τ)-derivations. Let σ, τ be automorphisms of M, then an additive mapping D: M → M is 
called an (σ, τ)-derivation if D(xαy) = D(x)ασ(y) + τ(x)αD(y) holds for all pairs x,y∈M, 
α∈Γ. σ-derivations and (σ, τ)-derivations have been applied in various situations; in 
particular, in the solution of some functional equations. An additive mapping F of a Γ-ring M 
into itself is called a generalized derivation, with the associated derivation d, if there exists a 
derivation d of M such that F(xαy) = F(x)αy + xαd(y) for all x,y∈M, α∈Γ. The concept of a 
generalized derivation covers both the concepts of a derivation and of a left centralizer 
provided F = d and d = 0, respectively. An additive mapping f : M → M is called centralizing 
(commuting) if [f(x), x]α ∈Z(M) ([f(x), x] α = 0) for all x∈M, α∈Γ. An additive mapping  
T : M → M is called a left (right) centralizer if T(xαy) = T(x)αy (T(xαy) = xαT(y)) for all x, 
y∈M, α∈Γ. If a∈M, then La(x) = aαx and Ra(x) = xαa (x∈M, α∈Γ) define a left centralizer 
and a right centralizer of M, respectively. 
An additive mapping T: M → M is called a centralizer if T(xαy) = T(x)αy = xαT(y) for all x, 
y∈M, α∈Γ. An element a∈M is called a dependent element of a mapping F : M → M if 
F(x)αa = aαx holds for all x∈M, α∈Γ. A mapping F : M → M is called a free action if zero is 
the only dependent element of F. For a mapping F : M → M, D(F) denotes the collection of 
all dependent elements of F. 
The notion of a free action has been introduced by Murray and Neumann [7] and von 
Neumann [8] to study abelian von Neumann algebras. 
Laradji and Thaheem [6] introduced the dependent elements of the endomorphism of 
semiprime rings and obtained a number of results of [5] to semiprime rings. 
Vukman and Kosi-Ulbl [12, 13] and Vukman [11] have made further study of dependent 
elements of various mappings related to automorphisms, derivations, (α, β)-derivations and 
generalized derivations of semiprime rings. 
Chaudhry and Samman [3] studied on dependent elements of mappings and free actions of 
semiprime rings by the motivation of the work of Laradji and Thaheem [6], Vukman and 
Kosi-Ulbl [13] and Vukman [11]. 
In this paper, motivated the works in [6] we obtain the analogous results of [6] on Γ-rings. 
 

2. Results 
 
Lemma 2.1 Let M be a semiprime Γ-ring satisfying the condition (*). Let aβ[x, y]α = 0, for 
a,x,y∈M, α,β∈Γ, then a∈Z(M). 
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Proof 
Since aβ[x, y]α = 0, for a,x,y∈M, α,β∈Γ, then replace y by a, we get aβ[x, a]α = 0, for a,x∈M, 
α,β∈Γ. Thus we get aβxαa = aβaαx, for all a,x∈M, α,β∈Γ. 
Now [a, x]αβ[a, y]α = (aαx − xαa)β(aαy − yαa)  
= aαxβaαy − aαxβyαa − xαaβaαy + xαaβyαa 
= aα(xβa)αy − aα(xβy)αa − xαaβaαy + xαaβ(yαa) 
= aαaβxαy − aαaαxβy − xαaβaαy + xαaβaαy 
= aαaβxαy − aαaαxβy = aαaβxαy − aαaβxαy = 0, for all a,x,y∈M, α,β∈Γ. 
Hence [a, x]αβ[a, y]α = 0, for all a,x,y∈M, α,β∈Γ. 
Replace y by yδx, we get, [a, x]αβ[a, yδx]α = 0 
⇒[a, x]αβyδ[a, x]α + [a, x]αβ[a, y]αδx = 0, 
⇒[a, x]αβyδ[a, x]α = 0, for all a,x,y∈M, α,β,δ∈Γ. By the semiprimeness of M we get, [a, x]α 
= 0, for all a,x∈M, α∈Γ. 
Hence a∈Z(M), for all a∈M. 
 
Theorem 2.2. Let M be a semiprime Γ-ring satisfying the assumption (*) and T a left 
centralizer of M. Then a∈D(T) if and only if a∈Z(M) and T(a) = a. 
 
Proof. Let a∈D(T). Then 
(1) T(x)αa = aαx, α∈Γ. 
Replacing x by xβy in (1), we get T(xβy)αa = aαxβy,  x,y∈M, α,β∈Γ. That is, 
(2) T(x)βyαa = aαxβy, x,y∈M, α,β∈Γ. 
Multiplying (2) by δz on the right, we get 
(3) T(x)βyaδz = aαxβyδz, x,y,z∈M, α,β,δ∈Γ. 
Replacing y by yδz in (2), we get 
(4) T(x)βyδzαa = aαxβyδz, x,y,z∈M, α,β,δ∈Γ. 
Subtracting (4) from (3), we get T(x)βyδ(aαz − zαa) = T(x)βyδ[a, z]α = 0, x,y,z∈M, α,β,δ∈Γ. 
Replacing y by aδy and then using semiprimeness of M, we get T(x)βaδ[a, z]α = 0. That is, 
aβxδ[a, z]α = 0, which, by semiprimeness of M, implies aβ[a, z]α = 0 for all a∈M, α,β∈Γ. By 
lemma 2.1 we get a∈Z(M). Since a∈Z(M), we have aαy = yαa, α∈Γ. Thus T(aαy) = T(yαa), 
α∈Γ. That is, T(a)αy = T(y)αa = aαy. So (T(a) − a)αy = 0, Thus we get,  
(T(a) − a)αy(T(a) − a) = 0. By semiprimeness of M, implies T(a) − a = 0. Thus T(a) = a. 
Conversely, let T(a) = a and a∈Z(M). Then T(x)αa = T(xαa) = T(aαx) = T(a)αx = aαx. Thus 
a∈D(T). 
 
Theorem 2.3. Let M be a prime Γ-ring and T ≠ I a left centralizer of M. Then T is a free 
action on M. 
 
Proof. Let a∈D(T). Then T(x)αa = aαx, α∈Γ.Moreover, a∈Z(M) by Theorem 2.2. Thus 
T(x)αa = xαa, α∈Γ. That is, 
(5) (T(x) − x)αa = 0, α∈Γ. 
Since a∈Z(M), from (5) we get (T(x) − x)αzβa = 0 for all z∈M, α,β∈Γ. Since T ≠ I and M is 
prime, we have a = 0. So T is a free action. 
 
Theorem 2.4. Let M be a semiprime Γ-ring satisfying the condition (*) and T an injective left 
centralizer of M. Then  ϕ = T + I is a free action on M. 
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Proof . Obviously T + I is a left centralizer of M. Let a∈D(T + I). Then by Theorem 2.2, 
a∈Z(M) and (T + I)(a) = T(a) + I(a) =  T(a) + a = a. Thus T(a) = 0. So a∈Ker(T). Since T is 
injective, we have a = 0. Hence T is a free action. 
 
Theorem 2.5. Let T be a left centralizer of a semiprime Γ-ring M satisfying the condition (*). 
Then ϕ : M → M, defined by  ϕ(x) = [T(x), x]α for all x∈M, α∈Γ is a free action. 
 
Proof . Let a∈D(ϕ). Then 
(6) [T(x), x]αβa = aβx for all x∈M, α,β∈Γ. 
Linearizing (6) and using (6) after linearization, we get 
(7) [T(x), y]αβa + [T(y), x]αβa = 0. 
Replacing y by aδy in (7), we get 
0 = [T(x), aδy]αβa + [T(aδy), x]αβa = aδ[T(x), y]αβa + [T(x), a]αδyβa + [T(a)δy, x]αβa 
= aδ[T(x), y]αβa + [T(x), a]αδyβa + T(a)δ[y, x]αβa + [T(a), x]αδyβa. 
That is, 
(8) aδ[T(x), y]αβa + [T(x), a]αδyβa + T(a)δ[y, x]αβa + [T(a), x]αδyβa = 0. 
Using (7), from (8) we get  
− aδ[T(y), x]αβa + [T(x), a]αδyβa + T(a)δ[y, x]αβa + [T(a), x]αδyβa = 0, which implies 
(9) − aδ[T(a), a]αβa + [T(a), a]αδaβa + [T(a), a]αδaβa = 0. 
using (6), from (9) we get − aδaβa + aδaβa + aδaβa = 0. That is, aδaβa = 0. Putting δ = β, we 
have aδaδa = 0 ⇒ (aδ)2a = 0. Hence a is nilpotent. But we know that a semiprime Γ-ring does 
not contain nonzero nilpotent element. Hence a = 0. Hence ϕ is a free action. 
 
Theorem 2.6. Let M be a semiprime Γ-ring satisfying the condition (*) and d: M → M a 
derivation. Then the mapping ϕ: M → M, defined by  ϕ(x) = [d(x), x]α for all x∈M, α∈Γ is a 
free action. 
 
Proof. Let a∈D(ϕ). Then 
(10)  ϕ(x)βa = [d(x), x]αβa = aβx, α,β∈Γ. 
Linearizing (10) and using (10) after linearization, we get 
(11) [d(x), y]αβa + [d(y), x]αβa = 0 for all x, y∈M, α,β∈Γ. 
Replacing y by x in (11), we get 
(12) 2[d(x), x]αβa = 0 for all x∈M, α,β∈Γ. 
Replacing y by xδy in (11), we get 
0 = [d(x), xδy]αβa + [d(xδy), x]αβa 
= xδ[d(x), y]αβa + [d(x), x]αδyβa + [d(x)δy + xδd(y), x]αβa 
= xδ[d(x), y]αβa + [d(x), x]αδyβa + d(x)δ[y, x]αβa + [d(x), x]αδyβa + xδ[d(y), x]αβa  
+ [x, x]αδd(y)βa. 
That is, 
(13) 0 = xδ{[d(x), y] αβa + [d(y), x]αβa} + 2[d(x), x]αδyαa + d(x)δ[y, x]αβa. 
Using (11), from (13) we get 
(14) 2[d(x), x]αδyβa + d(x)δ[y, x]αβa = 0 for all x, y∈M. 
Replacing y by yγa in (14), we get 
0 = 2[d(x), x]αδyγaβa + d(x)δ[yγa, x]αβa 
= 2[d(x), x]αδyγaβa + d(x)δ[y, x]αγaβa + d(x)δyγ[a, x]αβa. 
That is, 
(15) (2[d(x), x]αδyγa + d(x)δ[y, x]αγa)βa + d(x)δyγ[a, x]αβa = 0. 
Using (14), from (15) we get 
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(16) d(x)δyγ[a, x]αβa = 0. 
Replacing y by xλy in (16), we get 
(17) d(x)δxλyγ[a, x]αβa = 0. 
Multiplying (16) by xλ on the left, we get 
(18) xλd(x)δyγ[a, x]αβa = 0. 
Subtracting (18) from (17), we get [d(x), x]λδyγ[a, x]αβa = 0. Replacing y by aαy in the last 
identity and then using (10), we get 
(19) aδxαyγ[a, x]αβa = 0. 
Replacing y by aβaδy in (19), we get 
(20) aδxαaβaδyγ[a, x]αβa = 0. 
Multiplying (19) on the left by a and replacing y by aδy in (19), we get 
(21) aαaδxαaδyγ[a, x]αβa = 0. 
Subtracting (20) from (21), we get 
(22) aδ(aαx − xαa)βaδyλ[a, x]αβa = 0. 
Replacing y by yδa in (22), we get aδ[a, x]αβaδyδaλ[a, x]αβa = 0, which, by semiprimeness of 
M, implies that aδ[a, x]αβa = 0. In particular,  
aδ[d(a), a]αβa = 0. This, by (10), implies that aδaβa = 0. Putting δ = β, we have aδaδa = 0 ⇒ 
(aδ)2a = 0. Hence a is nilpotent. But we know that a semiprime Γ-ring does not contain a 
nonzero nilpotent element. Hence a = 0. Hence we get that  ϕ(x) = [d(x), x]α is a free action 
on M. 
We now define a generalized (σ, τ)-derivation of a Γ-ring M. 
 
Definition 2.7. Let σ and τ be automorphisms of a Γ-ring M. An additive mapping F : M → 
M is called a generalized (σ, τ)-derivation, with the associated (σ, τ)-derivation d, if there 
exists an (σ, τ)-derivation d of M such that F(xαy) = σ(x)αF(y) + d(x)ατ(y). 
 
Remark 2.8. We note that for F = d, F is an (σ, τ)-derivation and for d = 0 and σ = I, F is a 
right centralizer. So a generalized (σ, τ)-derivation covers both the concepts of an (σ, τ)-
derivation and a right centralizer. 
 
Theorem 2.9. Let M be a semiprime Γ-ring satisfying the condition (*). Let σ, τ be 
centralizing automorphisms of M and let F : M → M be a generalized (σ, τ)-derivation with 
the associated (σ, τ)-derivation d. If a is a dependent element of F, then a∈D(σ + d). 
 
Proof . Let a∈D(F). Then 
(23) F(x)αa = aαx for all x∈M, α∈Γ. 
Replacing x by xβy in (23), we get F(xβy)αa = aαxβy, which implies σ(x)βF(y)αa + 
d(x)βτ(y)αa = aαxβy, α,β∈Γ. That is, σ(x)βaαy + d(x)βτ(y)αa = aαxβy = F(x)αaβy. Thus 
(24) (F(x)αa − σ(x)αa)βy = d(x)βτ(y)αa. 
Multiplying (24) by δz on the right, we get 
(F(x)αa − σ(x)αa)βyδz = d(x)βτ(y)αaδz. 
(25) (F(x)αa − σ(x)αa)βyδz = d(x)βτ(y)δaαz, α,β,δ∈Γ. 
Replacing y by yδz in (24), we get 
(26) (F(x)αa − σ(x)αa)βyδz = d(x)βτ(y)δτ(z)αa. 
Subtracting (25) from (26), we get d(x)βτ(y)δ(τ(z)αa−aαz) = 0, which, due to surjectivity of 
τ, implies 
(27) d(x)βyδ(τ(z)αa − aαz) = 0. 
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Since τ is centralizing and M is semiprime, from (27) we get d(x)β(τ(z)αa − a) = 0. That is, 
(28) d(x)βτ(z)αa = d(x)βaαz for all x, z∈M, α,β∈Γ. 
Using (28), from (24) we get (F(x)αa − σ(x)αa)βy = d(x)αaβy. That is, (F(x)αa − σ(x)αa − 
d(x)αa)βy = 0. Hence (F(x)αa − σ(x)αa − d(x)αa)βyδ(F(x)αa − σ(x)αa − d(x)αa) = 0, 
α,β,δ∈Γ, which implies due to semiprimeness of M, (F(x)αa − σ(x)αa − d(x)αa) = 0. Thus 
(29) F(x)αa − (σ + d)(x)αa = 0. 
Using (23), from (29) we get 
(30) (σ + d)(x)αa = aαx. 
This shows that a∈D(σ + d). 
We now have the following result as a corollary of Theorem 2.9. 
 
Corollary 2.10. If F is an (σ, τ)-derivation of a semiprime Γ-ring M satisfying the condition 
(*), then F is a free action. 
 
Proof . Let F = d. Then d is an (σ, τ)-derivation and so equation (30) gives  
(σ + F)(x)αa = aαx. That is, σ(x)αa + F(x)αa = aαx, which implies that σ(x)αa + aαx = aαx. 
Thus σ(x)αa = 0 for all x∈M. Since σ is onto, we have xαa = 0 for all x∈M. Thus aαxβa = 0. 
Putting α = β, we have aαaαa = 0 ⇒ (aα)2a = 0. Hence a is nilpotent. But we know that a 
semiprime Γ-ring does not contain a nonzero nilpotent element. Hence a = 0. Hence F is a 
free action. 
 
Corollary 2.11. Let M be a semiprime Γ-ring satisfying the condition (*) and σ a centralizing 
automorphism of M. Let F : M → M be an additive mapping satisfying F(xαy) = σ(x)αF(y) 
for all x, y∈M, α∈Γ. If a∈D(F), then a∈Z(M). 
 
Proof . We take d = 0 in Theorem 2.9. Then F(xαy) = σ(x)αF(y) and a∈D(F) implies that 
a∈D(σ). Since σ is a centralizing automorphism, we obtained that a∈Z(M). 
 
Remark 2.12. If in the above corollary we take σ = I, the identity automorphism, then F is a 
right centralizer. Thus all dependent elements of a right centralizer F of a semiprime Γ-ring 
M lie in Z(M). 
 
Theorem 2.13. Let M be a semiprime Γ-ring. Let f be a centralizer and d a derivation of M. 
Then  ϕ = (d◦f) is a free action. 
 
Proof . Let a∈D(ϕ). Then  ϕ(x)αa = aαx. That is, 
(31) (d◦f)(x)αa = aαx for all x∈M, α∈Γ. 
Replacing x by xβy in (31), we get 
aαxβy = (d◦f)(xβy)αa = d(f(x)βy)αa = (d◦f)(x)βyαa + f(x)βd(y)αa. 
That is, (d◦f)(x)βyαa + f(x)βd(y)αa = aαxβy = (d◦f)(x)αaβy. Thus, 
(32) (d◦f)(x)β[a, y]α = f(x)βd(y)αa for all x, y∈M, α,β∈Γ. 
Replacing y by aδy in (32), we get (d◦f)(x)β[a, aδy] = f(x)βd(aδy)αa. That is, 
(33) (d◦f)(x)βaδ[a, y]α = f(x)βd(a)δyαa + f(x)βaδd(y)αa, α,β,δ∈Γ. 
Using (31), from (33) we get 
(34) aβxδ[a, y]α = f(x)βd(a)δyαa + f(x)βaδd(y)αa. 
Multiplying (34) on the left by zα, we get 
(35) zαaβxδ[a, y]α = zαf(x)βd(a)δyαa + zαf(x)βaδd(y)αa. 
Replacing x by zαx in (34), we get aβzαxδ[a, y]α = f(zαx)βd(a)δyαa + f(zαx)βaδd(y)αa  
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= zαf(x)βd(a)δyαa + zαf(x)βaδd(y)αa. That is, 
(36) aαzβxδ[a, y]α = zαf(x)βd(a)δyαa + zαf(x)βaδd(y) for all x, y, z∈M. 
Subtracting (35) from (36), we get [a, z]αβxδ[a, y]α = 0. In particular, [a, y]αβxδ[a, y]α = 0, 
which, by semiprimeness of M, implies [a, y]α = 0 for all y∈M, α∈Γ. Thus a∈Z(M), so from 
(32) we get 
(37) f(x)βd(y)αa = 0 for all x, y∈M, α,β∈Γ. 
Since f(y) = y (by lemma 2.1) in (37) and then using (31) we get f(x)βaαy = 0, that is 
f(x)βaαyδf(x)βa = 0. By semiprimeness of M, this implies that 
(38) f(x)βa = 0, β∈Γ. 
Thus d(f(x)βa) = d(0) = 0. That is (d◦f)(x)βa + f(x)βd(a) = 0, which implies that 
(39) (d◦f)(x)βaαa + f(x)βd(a)αa = 0. 
Using (37) and (31), from (39) we get aαxβa = 0. Putting α = β, we have aαaαa = 0 ⇒ (aα)2a 
= 0. Hence a is nilpotent. But we know that a semiprime Γ-ring does not a contain nonzero 
nilpotent element. Hence a = 0, which implies that (d◦f) is a free action. 
 
Theorem 2.14. Let f be a left centralizer of a semiprime Γ-ring M satisfying the assumption 
(*). Let ϕ(x) = f(x)αx + xαf(x). Then ϕ is a free action on M. 
 
Proof . Let a∈D(ϕ). Then ϕ(x)αa = aαx, α∈Γ. That is, 
(40) (f(x)αx + xαf(x))βa = aβx. 
Linearizing (40), we get 
(41) (f(x)αy + f(y)αx + yαf(x) + xαf(y))βa = 0. 
Replacing both x and y by a in (41) and using (40), we get  
0 = (f(a)αa + f(a)αa + aαf(a) + aαf(a))βa = 2(f(a)αa + aαf(a))βa = 2aβa. That is, 
(42) 2aαa = 0. 
Now replacing y by xδa in (41) and using (40), we get 
0 = (f(x)αxδa + f(xδa)αx + xδaαf(x) + xαf(xδa))βa 
= (f(x)αxδa + f(x)δaαx + xδaαf(x) + xαf(x)δa)βa 
= (f(x)αx + xαf(x))δaβa + f(x)δaαxβa + xαf(x)βa 
= aαxβa + f(x)δaβxαa + xβaδf(x)αa. 
That is, 
(43) aβxαa + f(x)βaδxαa + xβaδf(x)αa = 0 for all x∈M. 
Replacing x by a in (43) and using (40) and (42), we get 0 = aβaαa+f(a)δaβaαa+aβaδf(a)αa = 
aβaαa + f(a)δaβaαa − aβaδf(a)αa. That is, 
(44) aβaα + f(a)δaβaαa − aβaδf(a)αa = 0. 
Replacing x by a in (40), we get 
(45) f(a)αaβa + aβf(a)αa = aβa. 
Multiplying (45) by a on the left as well as on the right, we get 
(46) aαf(a)δaβa + aβaδf(a)αa = aβaα 
and 
(47) f(a)δaβaαa + aβf(a)δaαa = aβaαa, 
respectively. Subtracting (46) from (47), we get 
(48) f(a)δaβaαa − aβaδf(a)αa = 0. 
Using (48), from (44) we get aβaαa = 0. Thus a = 0, which implies that  ϕ is a free action. 
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