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Abstract

Let M be a semiprimé-ring. We study on some mappings related to lefitrabzers,
centralizers, derivations, & 7)-derivations and generalized,( 7)-derivations which are free
actions on semiprimé-rings. If @(x) = T(X)ax — T (x) for all X_M, a/J" is a mapping from
M into M. Then we show that it is a free actionFIt M - M is a generalizedd, 1)-
derivation with associateX 7)-derivation d, and a in F is a dependent elemérdn we also
show that it is a dependent element @f+(d). Furthermore, we prove that for centralizer f
and a derivation d of a semiprinfering M, ¢ = def is a free action

Keywords. prime /-ring, semiprime/-ring, dependent element, free action, centralizer,
derivation.

1 Introduction

Let M andl" be additive abelian groupll is called d -ring if for all a,b,d M, a,f 0T the
following conditions are satisfied :

()  afbOM,
(i) (atb)ac=aact+bac, a(a+pP)b =aab+apfb, aa(b+c) =aab +aac,
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(i) (aab)fe = aa(bf).

Throughout, Z(M) denote the center of M. As usuihE commutator y — yox will be
denoted by [x, ¥ We know that [By, z], = XB[Y, z]« t [X, z]aBY + X[B,a].y and [X, Pz]s =
VBIX, Z]a + [X, Y]aBzZ + VYI[B,a]xz, for all x,y,ZIM and for all a,0. We shall take an
assumption (*) ®myBz = xByaz for all x,y,ZIM, o,pr. Using the assumption (*) the
identities PRy, z]a = XBY, z]a + [X, z]aBY and [x, WBz]a = YB[X, z]« + [X, Y]«Bz, for all x,y,
z[OM and for alla,BOr are used extensively in our results. Recall tHatremg M is prime if
arMI'b = 0 implies that either a = 0 or b = 0, and imigeime if & MI'a = 0 implies a = 0.
An additive mapping D: M- M is called a derivation provided Df}) = D(X)ay + XaD(y)
holds for all pairs x,yM, oll'. Let 0 be an automorphism of laring M. An additive
mapping D: M— M is called aro-derivation if D (wy) = D(X)ao(y) + xa D(y) holds for all
x,yOM, olJl". Note that the mapping, D& - |, where | denotes the identity mapping on M,
is ano-derivation. Of course, the concept of arderivation generalizes the concept of a
derivation, since any I-derivation is a derivatiorderivations are further generalized as

(o, 1)-derivations. Let, T be automorphisms of M, then an additive mappingD> M is
called an @, 1)-derivation if D(ay) = D(X)ao(y) + 1(x)aD(y) holds for all pairs x,¥M,
aldl. o-derivations and , t1)-derivations have been applied in various situesjoin
particular, in the solution of some functional etipras. An additive mapping F oflaring M
into itself is called a generalized derivation,wihe associated derivation d, if there exists a
derivation d of M such that Fgy) = F(x)ay + xad(y) for all x,y{IM, all". The concept of a
generalized derivation covers both the concepta aferivation and of a left centralizer
provided F = d and d = 0, respectively. An additivapping f : M— M is called centralizing
(commuting) if [f(x), x}, OZ(M) ([f(x), X], = 0) for all XIM, a[0I". An additive mapping

T: M — Mis called a left (right) centralizer if Ty) = T(X)ay (T(Xay) = xaT(y)) for all x,
yOM, olr. If aldM, then Ly(X) = aox and R(x) = xaa (XJM, o) define a left centralizer
and a right centralizer of M, respectively.

An additive mapping T: M> M is called a centralizer if T@y) = T(X)ay = xaT(y) for all x,
yOM, ol. An element @M is called a dependent element of a mapping F ->MM if
F(x)aa = axx holds for all XIM, a0I". A mapping F : M— M is called a free action if zero is
the only dependent element of F. For a mappindlF> M, D(F) denotes the collection of
all dependent elements of F.

The notion of a free action has been introducedvioyray and Neumann [7] and von
Neumann [8] to study abelian von Neumann algebras.

Laradji and Thaheem [6] introduced the dependeemehts of the endomorphism of
semiprime rings and obtained a number of resul{S]dab semiprime rings.

Vukman and Kosi-Ulbl [12, 13] and Vukman [11] haneade further study of dependent
elements of various mappings related to automonphisierivations, o, p)-derivations and
generalized derivations of semiprime rings.

Chaudhry and Samman [3] studied on dependent etsnoérmappings and free actions of
semiprime rings by the motivation of the work ofradji and Thaheem [6], Vukman and
Kosi-Ulbl [13] and Vukman [11].

In this paper, motivated the works in [6] we obttia analogous results of [6] OArings.

2. Resaults

Lemma 2.1 Let M be a semiprimé-ring satisfying the condition (*). Letf§, y]. = 0, for
a,x,y'M, a,p 00, then aZ(M).
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Sinceaf[x, y].= 0, for a,x,yIM, o,B0r, then replace y by a, we g a],= 0, for a, XM,
o, . Thus we getfixoa = gaax, for all a,XIM, o,fOI.

Now [a, xl,f[a, Y].= (aux — xaa)B(acy - yaa)

= aoXPany — aoxXPyoa— Xoaaoy + Xoayoa

= an(xBajay — ao(XBy)aa — xoaaoy + Xoa(yoa)

= anaBxay — anaoXpy — XaaBaoy + Xoalaoy

= anafxay — anaoXpy = anaxay — anaBxay = 0, for all a,x,yIM, o0 .

Hence [a, xJB[a, y]. = 0, for all a,x,yM, a,pLT.

Replace y by §x, we get, [a, x3[a, ydx].=0

=[a, xl.Byd[a, X]«+ [a, xLp[a, yl.ox = 0,

=[a, x].pyda, X], = 0, for all a,x,yIM, a,,000". By the semiprimeness of M we get, [a, X]
=0, for all a,xIM, olI".

Hence alZ(M), for all a1M.

Theorem 2.2. Let M be a semiprimg-ring satisfying the assumption (*) and T a left
centralizer of M. Then@D(T) if and only if &Z(M) and T(a) = a.

Proof. Let &1D(T). Then

(1) TX)oa = ax, all.

Replacing x by Ry in (1), we get T(Ry)aa = axxpy, X,Y(IM, a,p00r. That is,

(2) T(X)Byoa = axpy, x,ytdM, oI .

Multiplying (2) by &z on the right, we get

(3) T(x)Byadz = anxpydz, x,y,Z M, a,B,00T.

Replacing y by §z in (2), we get

(4) T(X)Bydzaa = axPydz, X,y,Z1M, a,pB,000I.

Subtracting (4) from (3), we get TE)d(aoz — za) = T(xPyd[a, z}, = 0, X,y,ZIM, a,B,000I".
Replacing y by @& and then using semiprimeness of M, we get f@{p, z], = 0. That is,
apBxd[a, z], = 0, which, by semiprimeness of M, implig§{a z], = 0 for all aIM, o,f0. By
lemma 2.1 we getl@&Z(M). Since &alZ(M), we have ay = yoa, a[ll". Thus T(ay) = T(yoa),
all. Thatis, T(ayy = T(y)ea = ary. So (T(a) — ay = 0, Thus we get,

(T(a) — apy(T(a) — a) = 0. By semiprimeness of M, implies)l{aa = 0. Thus T(a) = a.
Conversely, let T(a) = a andld(M). Then T(xpa = T(oa) = T(ax) = T(apx = auX. Thus
aD(T).

Theorem 2.3. Let M be a prime'-ring and T Z | a left centralizer of M. Then T is a free
action on M.

Proof. Let &ID(T). Then T(xpa = ax, ol .Moreover, aZ(M) by Theorem 2.2. Thus
T(X)aa = xa,oll. That is,

(5) (T(x) = Xpa = 0,adr.

Since &lZ(M), from (5) we get (T(x) —>9zpa = 0 for all ZIM, «,p0I. Since T# I and M is
prime, we have a = 0. So T is a free action.

Theorem 2.4. Let M be a semiprim£-ring satisfying the condition (*) and T an injectileft
centralizer of M. Theng =T + | is a free action on M.
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Proof . Obviously T + | is a left centralizer of M. LaefID(T + I). Then by Theorem 2.2,
alzZ(M) and (T + )(a) = T(a) + I(a) = T(a) + a =HBhus T(a) = 0. SolaKer(T). Since T is
injective, we have a = 0. Hence T is a free action.

Theorem 2.5. Let T be a left centralizer of a semiprithaing M satisfying the condition (*).
Theng : M — M, defined byg@(x) = [T(X), X], for all XM, a/Jl"is a free action.

Proof . Let &1D(¢). Then
(6) [T(X), X],Ba = @x for all xxOM, o, .
Linearizing (6) and using (6) after linearizatiove get
(7) [T(x), yl.Ba + [T(y), xl.pa = 0.
Replacing y by @y in (7), we get
0 =[T(x), ®dy]opa + [T(DY), X].pa = B[T(x), yl.pa + [T(x), aldypa + [T(apy, X].pa
; I‘?S'ET(X)’ ylspa + [T(x), aloypa + T(aply, x].pa + [T(a), x}dypa.
at is,
(8) d[T(x), ylpa + [T(x), ajdypa + T(aply, X].pa + [T(a), xloypa = 0.
Using (7), from (8) we get
- a[T(y), X],pa + [T(x), aldypa + T(adly, X].pa + [T(a), xldypa = 0, which implies
(9) - B[T(a), alpa + [T(a), aldapa + [T(a), ajoapa = 0.
using (6), from (9) we get -dafa + dafa + daPfa = 0. That is, @aBa = 0. Puttingd =, we
have @ada = 0= (ad)’a = 0. Hence a is nilpotent. But we know that aipeme I'-ring does
not contain nonzero nilpotent element. Hence akehced is a free action.

Theorem 2.6. Let M be a semiprimé-ring satisfying the condition (*) and d: M> M a
derivation. Then the mapping M — M, defined by@(x) = [d(x), X], for all X/M, a/J["is a
free action.

Proof. Let &1D(¢). Then

(10) 9(x)pa = [d(x), x],pa = &x, a,pON .

Linearizing (10) and using (10) after linearizatiare get

(11) [d(x), yLBa + [d(y), x],pa = O for all x, yIM, o, .
Replacing y by x in (11), we get

(12) 2[d(x), x],pa = 0 for all XIM, a,p0I".

Replacing y by &y in (11), we get

0 = [d(x), Xdy].pa + [d(dy), X].pa

= x0[d(x), yl.pa + [d(x), x].dyPa + [d(xPy + xdd(y), X].pa

= x9[d(x), yl.pa + [d(x), x]:0yPa + d(xPly, x].pa + [d(x), x].dypa + x0[d(y), X].pa
+ [x, X].5d(y)Ba.

That is,

(13) 0 =>9{[d(x), yl.pa + [d(y), x},pa} + 2[d(x), XL.Oyaa + d(xP[y, X].pa.
Using (11), from (13) we get

(14) 2[d(x), xpdypa + d(xP[y, x]apa = 0 for all x, yIM.
Replacing y by ya in (14), we get

0 = 2[d(x), x].0yyapa + d(xp[yvya, xL,pa

= 2[d(x), xLdyyapa + d(xPly, x].yapa + d(xPyyla, X].pa.

That is,

(15) (2[d(x), x}Ldyya + d(xPly, x].ya)Ba + d(xPyyla, x].pa = 0.
Using (14), from (15) we get
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(16) d(xPyyla, x].pa = 0.

Replacing y by Xy in (16), we get

(17) d(xPxAyyla, X],pa = 0.

Multiplying (16) by A on the left, we get

(18) xAd(x)dyya, x],pa = 0.

Subtracting (18) from (17), we get [d(X) &)y[a, X].pa = 0. Replacing y byod in the last
identity and then using (10), we get

(19) adxayyfa, x],pa = 0.

Replacing y by pady in (19), we get

(20) adxoapBadyyla, X],pa = 0.

Multiplying (19) on the left by a and replacing y &y in (19), we get

(21) avadxaadyyla, XJ,pa = 0.

Subtracting (20) from (21), we get

(22) ad(aox — xaa)BadyA[a, x],pa = 0.

Replacing y by §a in (22), we get&a, x].,padydaA[a, X],a = 0, which, by semiprimeness of
M, implies that &[a, x],8a = 0. In particular,

ad[d(a), alpa = 0. This, by (10), implies thadapa = 0. Puttingd = 8, we have aada = 0=
(ad)?a = 0. Hence a is nilpotent. But we know that aipeme -ring does not contain a
nonzero nilpotent element. Hence a = 0. Hence wehge ¢(x) = [d(X), X], is a free action
on M.

We now define a generalized, (r)-derivation of d -ring M.

Definition 2.7. Let o and r be automorphisms of &ring M. An additive mapping F : M>
M is called a generalizedg( 7)-derivation, with the associateds( 7)-derivation d, if there
exists an @, 1)-derivation d of M such that F¢y) = a(x)aF(y) + d(X)a1(y).

Remark 2.8. We note that for F = d, F is arof 7)-derivation and ford =0 andr=1, Fis a
right centralizer. So a generalized,(7)-derivation covers both the concepts of an 9)-
derivation and a right centralizer.

Theorem 2.9. Let M be a semiprimg=-ring satisfying the condition (*). Let;, 1 be
centralizing automorphisms of M and let F :-M M be a generalizedd( 7)-derivation with
the associatedd, 7)-derivation d. If a is a dependent element oflenta’ D(o + d).

Proof . Let &1D(F). Then

(23) F(xpa = ax for all x(OM, ol .

Replacing x by By in (23), we get F@y)aa = axpy, which implies o(x)pF(y)oa +
d(X)Bt(y)aa = axpy, a,pOr. That is,o(x)paay + d(x)pt(y)aa = axpy = F(X)aaBy. Thus
(24) (F(xpa —o(x)aa)By = d(x)BT(y)oa.

Multiplying (24) bydz on the right, we get

(F(xX)aa —o(x)aa)Bydz = d(xpt(y)aadz.

(25) (F(xpa —o(x)aa)Bydz = d(xpt(y)danz, a,B,0 .

Replacing y by §z in (24), we get

(26) (F(xpa —o(x)aa)pydz = d(xBt(y)dt(z)aa.

Subtracting (25) from (26), we get dfxjy)d(t(z)ea—anz) = 0, which, due to surjectivity of
T, implies

(27) d(xByd(1(z)aa — axz) = 0.
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Sincet is centralizing and M is semiprime, from (27) wet d(xp(t1(z)aa — a) = 0. That is,
(28) d(xBt(z)aa = d(xpaaz for all x, ZIM, a,pCT.

Using (28), from (24) we get (F — o(X)aa)By = d(x)aBy. That is, (F(x¢a — o(X)aa —
dX)ea)py = 0. Hence (F(0a — o(xX)aa — d(xpa)pyd(F(x)eaa — o(x)oa — d(xpa) = O,
a,B,000I, which implies due to semiprimeness of M, (lk&)-o(x)aa — d(xpa) = 0. Thus
(29) F(xpa — (© + d)(x)a = 0.

Using (23), from (29) we get

(30) @ + d)(X)oa = ax.

This shows that@D(o + d).

We now have the following result as a corollaryfbeorem 2.9.

Corollary 2.10. If F is an (g, 7)-derivation of a semiprimé-ring M satisfying the condition
(*), then F is a free action.

Proof . Let F =d. Then d is aw(T)-derivation and so equation (30) gives

(o + F)(xXpa = ax. That is,o(X)aa + F(xpa = ax, which implies that(x)oa + axx = ax.
Thusao(x)aa = 0 for all XIM. Sinceo is onto, we haveaa = 0 for all XIM. Thus axpa = 0.
Puttinga = B, we have aaoa = 0= (an)’a = 0. Hence a is nilpotent. But we know that a
semiprimerl -ring does not contain a nonzero nilpotent elemelehce a = 0. Hence F is a
free action.

Corollary 2.11. Let M be a semiprimé-ring satisfying the condition (*) and a centralizing
automorphism of M. Let F : M> M be an additive mapping satisfying &E{} = o(X)aF(y)
for all x, yCM, a[Jr. If aLD(F), then aZ(M).

Proof . We take d = 0 in Theorem 2.9. Then d&(x= o(xX)aF(y) and alD(F) implies that
alD(0). Sinceo is a centralizing automorphism, we obtained th# (@).

Remark 2.12. If in the above corollary we take = I, the identity automorphism, then F is a
right centralizer. Thus all dependent elements afjht centralizer F of a semiprim&-ring
M lie in Z(M).

Theorem 2.13. Let M be a semiprimé-ring. Let f be a centralizer and d a derivation\f
Then ¢ = (d-f) is a free action.

Proof . Let &1D(¢). Then ¢(X)aa = ax. That is,

(31) (f)(x)aa = ax for all x(IM, aI".

Replacing x by Ry in (31), we get

aoxBy = (k) (xBy)aa = d(f(xBy)aa = (df)(x)Byca + f(x)pd(y)aa.

That is, (df)(x)Byaa + f(x)pd(y)aa = axpy = (cbf)(X)aaBy. Thus,

(32) (h)(x)B[a, yl. = f(x)Bd(y)aa for all x, yIM, o0 .

Replacing y by ay in (32), we get (d)(x)p[a, ay] = f(x)pd(ady)aa. That is,
(33) (ef)(x)Bad[a, yl. = f(x)Bd(a)yea + f(x)padd(y)oa, a.B,0001 .

Using (31), from (33) we get

(34) Pxofa, y]. = f(x)Bd(aPyaa + f(x)padd(y)ea.

Multiplying (34) on the left by @, we get

(35) maPxd[a, y]. = zaf(x)pd(apPyana + xf(x)padd(y)aa.

Replacing x by @x in (34), we get gzaxd[a, Y], = f(zax)pd(apyca + f(zux)Badd(y)oa
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= zaf(x)pd(apyca + 2if(x)Badd(y)aa. That is,

(36) anzpxd[a, y]. = zaf(x)pd(apPyaa + 2:f(x)padd(y) for all x, y, ZIM.

Subtracting (35) from (36), we get [ay@{d[a, y]. = 0. In particular, [a, ypxd[a, y], = O,
which, by semiprimeness of M, implies [a, ¥ O for all yIM, al1l". Thus &lZ(M), so from
(32) we get

(37) f(x)pd(y)aa = 0 for all x, YIM, o,B0T.

Since f(y) = y (by lemma 2.1) in (37) and then gsi31) we get f(jacy = O, that is
f(x) Baaydf(x)pa = 0. By semiprimeness of M, this implies that

(38) f(x)pa = 0,p0T.

Thus d(f(xpa) = d(0) = 0. That is éf)(x)pa + f(x)Bd(a) = 0, which implies that

(39) (cf)(x)Baca + f(x)Bd(aja = 0.

Using (37) and (31), from (39) we gebda = 0. Puttingr = B, we have aaca = 0= (an)’a
= 0. Hence a is nilpotent. But we know that a seme I'-ring does not a contain nonzero
nilpotent element. Hence a = 0, which implies (dlef)) is a free action.

Theorem 2.14. Let f be a left centralizer of a semiprimeaing M satisfying the assumption
(*). Let ¢(x) = f(x)ax + xaf(X). Theng is a free action on M.

Proof . Let &1D(¢). Thend(x)oa = ax, all'. That is,

(40) (f()ax + xaf(x))pa = Px.

Linearizing (40), we get

(41) (f(x)ay + f(y)ax + yof(x) + xaf(y))pa = 0.

Replacing both x and y by a in (41) and using (4@ get

0 = (f(apa + f(apa + arf(a) + arf(a))pa = 2(f(apa + af(a))pa = 2@a. That is,
(42) 2aa = 0.

Now replacing y by &a in (41) and using (40), we get

0 = (f(x)oxda + f(xda)ax + xdaof(x) + xaf(xda))pa

= (f(x)axda + f(x)daox + xdaaf(x) + xaf(x)da)pa

= (f(xX)ax + xaf(x))daPa + f(x)daoxPa + xuf(x)pa

= auxPa + f(x)daPxoa + X3adf(x)aa.

That is,

(43) Pxoa + f(x)padxaa + ¥padf(x)aa = 0 for all XIM.

Replacing x by a in (43) and using (40) and (42,08t 0 = paca+f(aafaca+dadf(a)ua =
aBaca + f(apaPana — Padf(a)aa. That is,

(44) Pao + f(a)daPaca — Padf(a)aa = O.

Replacing x by a in (40), we get

(45) f(apaPa + Pf(a)aa = Pa.

Multiplying (45) by a on the left as well as on thght, we get

(46) af(a)dapa + Padf(a)ua = Pao

and

(47) f(apapaca + Pf(a)dana = Paca,

respectively. Subtracting (46) from (47), we get

(48) f(apapaca — Padf(a)ua = 0.

Using (48), from (44) we gePaca = 0. Thus a = 0, which implies thétis a free action.
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