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Abstract

The primary purpose of the present study is to present the vector valued
sequence space F(A, Xy, M,p, s) and to study the closed subspace of it. Where,
F is a normal sequence algebra with absolutely monotone norm ||.|| » and having
a Schauder base (ey) , where e, = (0,---,0,1,0,---), with 1 in the k—th place;
A is a nonnegative matriz; Xy is seminormed space over the complex field C
with seminorm q for each k € N; M is an Orlicz function; p = (px) be
any sequence of strictly positive real numbers and s be any non-negative real
number. We investigate important algebraic and topological characteristics of
this space and also examine some inclusion relations on it. Qur results are
much more general than the corresponding results given by [23].
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1 Introduction

In recent years, the problems in Fourier series, power series and systems of
equations having many variables have resulted in the first attemps to find out
a theory of sequence spaces and infinite matrices. The theory of sequence
spaces has also many other applications related to several other branches of
functional analysis including theory of functions, summability theory and the
theory of locally convex spaces of many problems concerning sequence spaces,
the typical one is the inclusion problem (Abelian Theorems). That is, when
spaces A and p are given, try to find out whether p contains A or not. There
are many ways to introduce a sequence and a sequence space, but here we
have preferred to give the definition as: Let w we denote the space of all real-
valued sequences = = (zy),,. Any vector subspace of w is called a sequence
space. As usual, we write ¢y, ¢ and [, denote the sets of sequences that
are convergent to zero, convergent and bounded, respectively. Also by /; and
l,; we denote the spaces of absolutely and p— absolutely convergent series,
respectively; where 1 < p < oo. We write e and ™ (n=0,1,---) for the
sequences with ey = 1 (k=0,1,---) and e’ = 1 and e = 0 (k#n). If

z € w then zI™ = Zxke(k) denotes the m— section of x.
k=0

As well known, we call a sequence space X with a linear topology a
K —space if and only if each of the maps p, : X — R defined by p,(x) = z,, is
continuous for all n € N. A K—space X is called an F'K —space if and only if
X is a complete linear metric space. On the other words; we can say that an
F K —space is a complete total paranormed space. An F'K —space whose topol-
ogy is normable is called a BK —space, so a BK —space is a normed F'K —space.
The space ¢, (1 < p < 00) is a BK—space with ||z|, = (3, |xk|p)% and c¢o,
¢ and {,, are BK—space with ||z||o = supg|zk|. An FK—space X is said
to have AK — property, if # C X and {e®} is a basis for X, where ¢* is a
sequence whose only non-zero term is a 1 in k—th place for each £ € N and
¢ = span{e’}, the set of all finitely non-zero sequences. If ¢ is dense in X,
then X is called an AD—space, thus AK implies AD. We know that the spaces
co, cs and ¢, are AK —spaces, where 1 < p < oo.

A sequence (b,),~, in a linear metric space X is called Schauder basis if,
for every x € X, there exists a unique sequence (\,),, of scalars such that

T = i)\nbn.
n=0

Orlicz sequence spaces are one of the generalizations of well-known sequence
spaces £,, p > 1. They were examined by W. Orlicz in 1936. After that, the
idea of Orlicz function M to construct the sequence space £, of all sequences
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of scalars (z,) is used by J. Lindenstrauss and L. Tzafriri [21] such that

ZM (@) < oo for some p > 0.
k=1 P

The space £); equipped with the norm

Izl :inf{p >0: ZM (%) < 1}
k=1

is a BK — space usually called an Orlicz sequence space.

The space £3; becomes a Banach space which is called an Orlicz sequence
space. The space () is closely related to the space ¢, which is an Orlicz
sequence space with M (z) = 2P, (1 < p < 00). In the present note, we intro-
duce and examine some properties of a sequence space defined by using Orlicz
function M, which generalizes the well known Orlicz sequence space ;. Be-
fore introducing this sequence space, let us give some fundamental concepts
contains essential definitions, results and terminological materials of which we
shall make frequent use later.

An algebra X is defined as a linear space having an internal operation of
multiplication of elements from X, provided that zy € X, z(yz) = (zy) 2,
r(y+z) =ay+az, (r4+y)z =xz+yz and A(zy) = (A\z)y = = (\y), for
a given scalar A, and a normed algebra is defined as a normed linear space
algebra where the inequality ||zy| < ||z ||y| holds for all x,y; [22].

The scalar-valued sequence space F is called normal or solid if y = (yx) € F'
whenever |yx| < |zk|, & € N, for some z = (z) € F. Also F is called a
sequence algebra if it is closed under the multiplication defined by zy = (z;y;),
1 > 1. Should F' is both normal and sequence algebra then it is called a normal
sequence algebra. For example, ¢ is a sequence algebra but not normal. w, £,
co and £, (0 < p < 00) are normal sequence algebras.

A norm ||| on a normal sequence space F' is said to be absolutely monotone
if v = (zx),y = (yr) € F and |z| < |yx| for all £ € N implies ||z|| < ||y||, [19].
The norm

[ 2]l = sup [

over {, ¢, ¢y and the norm

o 1/p
2|l = (Z |£Bk|p>
k=1

over ¢, for p > 1 are absolutely monotone.



4 Murat Candan

We recall [20, 21] that an Orlicz function M is a function from [0, co)
to [0,00) which is continuous, non-decreasing and convex with M (0) = 0,
M (z) > 0 for all z > 0 and M (x) — oo as © — oo. Here we note that
an Orlicz function is always unbounded and Orlicz function M can always be
represented in the following integral form:

where p, known as the kernel of M.

We easily obtain that M; + My and M, o My are Orlicz functions when M,
and M, are Orlicz functions.

An Orlicz function M is said to satisfy the As—condition for all values of u
if there exists a constant K > 0 such that M (2u) < KM (u), u > 0. It is easy
to see always that K > 2. The As—condition is equivalent to the inequality
M (fu) < K(¢)M (u) which holds for all values of u and where [ can be any
number greater than unity [20].

We now introduce and examine the vector valued sequence space F'(A, X,
M,;p,s).

Let A = (@) be a nonnegative matrix, X, be seminormed space over
the complex field C with seminorm ¢; for each k € N, and F be a normal
sequence algebra with absolutely monotone norm ||-||» and having a Schauder
basis (ex), where e, = (0,...,0,1,0,...), with 1 in k—th place. Let p = (px) be
any sequence of strictly positive real numbers and s be any non-negative real
number. Let (Xj, gx) be an infinite sequence of seminormed spaces. Then we
may construct the most general sequence spaces s (Xj) such that z = (z) €
s (X) if and only if z;, € X for each £ € N. If we take X} = C for each
k € N, then we have w, the space of all complex-valued sequences. This case is
called scalar-valued case. It is verification to show that s (X}) is a linear space
over C under the coordinatewise operations. Let € s(X}) and A = () be
a scalar sequence such that Az = (Ayzg). We define for an Orlicz function M,

F (A X, M,p,s) = {x= () € s(Xy): zx € Xy for each k and m € N
(amkkz_s [M (mj’“)ﬂpk) € F for some p > O}.

The approach to construct a new sequence space has recently been employed.
For instance, see [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. For more
detail certain sequence space, the reader may refer to Bagar [2].

We now recall paranorm definition which will be used. The function g on
X satisfies the properties of a paranorm
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i) g(x) = g(—x)
i) g(z +y) = g(x) + 9(y)
iv) |, —al = 0 and g(x, —x) — 0 imply g(a,x, — azx) — 0

for all @ € R and all x € X, where 0 is the zero vector in the linear space X.
Recall that a linear topological space X over the real field R with a paranorm
obeying these rules (i-iv) is called a paranormed space.

A generalization of Minkowski inequality to normal sequence algebras hav-
ing absolutely monotone seminorm has been introduced by [25] . Lemma 2.3
stating this extension is going to be used in order to put forward a topology
of the space F(A, Xy, M,p,s). For each m, we describe

(e (222

for = (vx) € F(A, Xy, M,p,s) where H = max (1,suppy). It has been
indicated that F(A, Xy, M,p,s) is a complete paranormed space having the
paranorm given by (1) provided that the seminormed space X} is complete
under the seminorm ¢, for each k € N.

It is shown that if we can choose a suitable matrix A, sequence space
F, the seminormed space X, the sequence of strictly positive real numbers
(pr), s = 0 and Orlicz function M, the space F(A, X, M,p, s) results in the
many number of known ordinary sequence spaces and as well as vector valued
sequence spaces, as a particular case. For instance, let F' be ¢1, X = X (a
vector space over C) ¢ = ¢ to be a seminorm on X in F(A, Xi, M, p,s) and
amr = 1 for all m, k& € N one gets the scalar valued sequence space £y (p, ¢, )
defined by C. A. Bektag & Y. Altin [1].

If X} is taken as a normed space, a,,;; = 1 and pr = 1 for all m, k € N and
s = 0, then the class F(A, Xy, M, p, s) gives the class F' (X}, M) defined by D.
Ghosh & P. D. Srivastava [18]. Moreover, if ' = {1, X}, = N, a,,, = 1 for all
m,k € Nand s =0 in F(A, Xy, M, p, s), then one can easily derive the space
ly(p) defined by S. D. Parashar & B. Choudhary [24]. Thus, the generalized
sequence space F(A, X, M,p,s) results in several spaces studied by several
authors.

1/H

g(z) = inf {pP"/H >0: ‘

<1L,mneN;, (1)
F

2 Linear Topological Structure of Vector Val-
ued Orlich Sequence Space F(A, Xy, M, p, s)

In this subsection, we establish some algebraic and topological characteristics
of vector valued Orlich sequence space with an infinite matrix F' (A4, Xy, M, p, s)
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and investigate some inclusion relations on it. In order for argue the important
characteristics of F(A, Xy, M,p,s), we suppose that (pg) is bounded. From
now on, let’s denote by h and C, the real numbers sup p; and max (1, 2h_1),
respectively.

Let us begin with the theorem of one of our principal object of study.

Theorem 2.1 F(A, Xy, M, p,s) is a linear space over the complex field C.

Proof: Let’s suppose that x = (zx), y = (y) € F(A, Xs, M,p,s) and
a, B € C. Hence, there exist pi, po > 0 such that

(st P (50 (oo ()] ) 2

Let p3 = max (2|a| p1,25] p2). Due to the fact that M is non-decreasing and
convex, therefore, we can write

Ak ™" [M (qk: (04901;): ﬁ’yk)ﬂp’“ <C {amkks {M <qk§fk)>]pk

Pk
e (o)
P2
This newly derived inequality results in

(st pr ()] ) e

Because I is a normal space. This clearly indicates ax+py € F (A, Xi, M, p, s).
This is exactly what we want to prove.

Theorem 2.2 F(A, Xy, M,p,s) is a topological linear space, paranormed
by g, defined by

g(x) = inf {ppn/H >0 H (amkk_s {M (qk (pm)rk)

for each m, where H = max (1, h).

1/H

<1, mneN;,,
F
To prove this theorem we need the following lemma.

Lemma 2.3 Let F' be a normal sequence algebra, ||-||» be an absolutely
monotone seminorm on F and let p > 1. Then

1 1 1
I+ 0)P 7 < P17+ P27

for every u = (uy,), v = (v,) € F; [25].
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Proof: (Proof of Theorem 2.2) We use a standard type procedure in proof
of the theorem. Let’s assume that x = (z), y = (yx) € F(A, Xi, M, p, s). The
reader can obviously see that g(x) = g(—x) and ¢(f) = 0 for 0 = (64,0, ...)
the null element of F(A, X, M, p, s) where 0; is the zero element of X; for each
i.

Now, let us show the subadditivity of g. If we take « = = 1 in Theorem
2.1, we can easily get

ki [M (W)r‘ < (amkk_s/H {M <%>rw

et fu(2)

Lemma 2.3 allows us to write the following inequality

’ <amkks {M <W>r> :H < ‘ (amkks {M (qk;(jk>>rk> :T/H
o b (B

in other words g(z + vy) < g(z) + g(v).
Now, let’s show that the scalar multiplication is continuous. Let A be any
complex number. By (1), we get

Dk 1/H
g(Azx) = inf{pp”/H > 0: H <amkk_s {M <M>} ) <1l,m,ne N} :
P F
Therefore
Pk 1/H
g(A\x) :inf{(\)\lr)p”/H>0: ‘ (amkk:_s {M (M)} ) <1, m,nEN},
F
where r = p/ |\|. For |A["" < max (1, |\["""""), we easily obtain
g(Az) = max (1, | [P
Dk 1/H
.inf {rp"/H > 0: ‘ (amkk:_s {M (Qk (xk))] ) <1l,m,né€ N} ,
r F

which converges to zero whenever x converges to zero in F(A, X, M,p, s).
Let’s assume that A\, — 0 and z is fixed in F(A, X, M,p, s). Therefore,

R C
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for each m, for some p > 0. For arbitrary ¢ > 0, let N be a positive integer

such that
N o] e\ H
t— ;tkek Z (I < (§> s

k=N-+1 F
because (e) is a Schauder basis for F'. Let 0 < |A\| < 1, using convexity of M
and absolutely monotonicity of ||-|| we easly obtain

$ et (M) <] £ o (2

k=N+1 P k=N+1 P
e\NH
<|= .
(2)

Due to the fact that M is continuous everywhere in [0, 00], it results in

S (252

F

p

F

is continuous at 0. Thus there is 0 < § < 1 such that f(u) < (g/2)"

0 <u <. Let K be a positive integer such that |\,| < 0 for n > K, then for
n>K

1/H

<

DO ™

p

(o (=5)])

for n > K, so that g(Az) — 0 as A — 0. This means that the scalar
multiplication is continuous. As a conclusion, g is a paranorm on the space

F(A, Xy, M,p, s).

N - _

)\ Pk
Zamkkﬂ M (Qk( n$k)) e
k=1 L 4

F

So
1/H

<

DO ™

F

Remark 2.4 [If we take F = {1, apmp = 1 for all mk € N, (X, qx) =
(C,|]), pr = 1 for each k € N and s = 0, then the paranorms defined on
F(A, Xy, M,p, s) and Cp(p) will be same, and at the same time taking a,, = 1
forallm,k € N, gz = |||, px =1 for each k € N and s =0 in (1), one can
easily obtain the norm of F (X, M).

Theorem 2.5 If X is complete under the seminorm qy for each k € N,
then F(A, Xy, M,p,s) is complete with the paranorm (1).
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Proof: Let’s suppose that (z°) be any Cauchy sequence of the points lying
in F(A, Xy, M,p,s). We derived from (1) that

_S_ Ak (%—%) "

Since F' is a normal space and (ey) is a Schauder basis of F', we obtain that

L (=D B P A
o () e o )]

glat —a7)
We choose v with v ||e||» > 1 and ¢ > 0, such that

H
"l [0 ()] 21

where p is the kernel associated with M. So,

k—s M Qk(x% B x-;ﬁ) . < H ng Lo Pk
Gk o =) lewllm < ™ llexll = [P (5)]

for each k € N. Using the integral representation of Orlicz function M we have

1/H
< 1.

F

< L

F

—s i i\1P i iN1H
Ak [qk(.rk —mi)] Ayl [g(x — 33])] ) (2)
For given € > 0 we choose an integer iy such that
1/H

. ) g
g(a' —a) <
TZo

for all 7,7 > 4. (3)

From (2) and (3) we derive from
Ak ™* [qk(xz — x{:)]pk < e forall 4,5 > ig

and so, .
q(z), — ) < e for all 4,5 > ip.
Therefore, there exists a sequence x = (xy) such that z; € X}, for each k € N

and
Qe(z), — ox) < € as i — 00,

for each fixed £ € N. For given € > 0, choose an integer n > 1 such that
g(z" —27) < g/2, for all 4,5 > n and a p > 0, such that g(z" — 27) < p < g/2.
Because F'is a normal space and (eg) is a Schauder basis of F,

Y a(zg — ) \]"
" p

n i g Pk
S ek [M (qkm—m)] ol <
k=1 P F

<1
F




10 Murat Candan

For M is continuous, so by taking j — oo and 7,7 > n in the above inequality
we easly obtain

< L
F

S (252

2p

Letting n — oo, we have g(z'—1) < 2p < e for all t > n. This means that (z*)
converges to z in the paranorm of F(A, Xy, M, p, s). Now, if we prove that x €
F(A, Xy, M, p,s), then the proof ends. Since z* = (z%) € F(A, X, M, p, s),
there exists a p > 0 such that

()

Because of gy (2} — ;) — 0 as i — oo, for each fixed k we can choose a positive
number 0}, satisfying 0 < d; < 1 such that

i Dk . i Pk
k™ [M (—Qk(xk xk)) < Ok [M <—q’“(xk))] .
p P

() () (252

In that case,

ik {M (%ﬁ’f))]p < C (1468 aph™ {M (q’“(;:é)ﬂpk .

Consider

This newly obtained formula results in

(o ()

because F' is normal. That is, z = (z;) € F(A, Xy, M,p,s). This in fact,
concludes the proof.

Now, we examine some algebraic properties of the sequence spaces defined
above and investigate some inclusion relations.

Theorem 2.6 Let M and My be two Orlicz functions. If M satisfies the
Ao—condition, then

F (A, Xy, My,p,s) CF (A, X, Mo M,p,s).
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Proof: To see that the inclusion in the theorem, let’s assume that x €
F(A, Xy, My, p,s). Therefore

(ot P (52)] ) e

for some p > 0. Since M and F satisfy the Ay—condition and normal, respec-
tively, it is easy to see that following inequalities

o ()] o o (22w

< max (1, [KM(l)]h> P [Ml (q’“(;’“))rk .

So, the previous computations show that z € F(A, X, M o My, p, s) and this
completes the proof of the theorem.

Theorem 2.7 Let My and My be two Orlicz functions. Then the following
inclusions are hold for non-negative real numbers si, So, S:

(1) F(AﬂleMlap:S) mF(AanaM%p?S) g F(Aan>M1 +M27p> S):

(ll) [fhl’nSUle(t)/Mz(t) < o0, thenF(A> XkaM27p7 S) g F(A7 kaMlapr);

t—o0
(111) [f S1 < 52, then F(A7Xka Ml:pa 81) g F (AvXka M17p7 82)7
(IV) ]f Fl g FQ; then Fl (Av Xka M17p7 8) g F2 (A7 Xk7 M17p7 8)'
Proof: Since they are similar to each other, we will only prove part(i) and
leave part (iii-iv) to reader.

(i) Let’s suppose that © € F(A, Xy, My, p, s)NF (A, Xy, My, p, s). Therefore
there exist some p1, p > 0 such that

oo (S o ()

Letting p = max(py, p2), we easly obtain

et 0009 (2] [7 < omat p (52)

P1

ot ()7}

Because of the fact that F is a normal space, x € F(A, Xy, My + Ms, p, s).
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(ii) It is easly find K > 0 such that M;(t)/My(t) < K for all t > 0, for
limsup M, (t)/Ms(t) < oo. Let’s suppose that z € F (A, X, Ms,p,s). Then,
t—o00

there exists a p > 0 such that

So

it 31 () 7 e (1) a1 (22

Due to the fact that F' is normal, x € F(A, Xy, M1, p, s). This ends the proof.
Corollary 2.8 We have

(i) F (A, X, p,s) C F(A, Xy, M,p,s) for any Orlicz function M satisfying
the Ay—condition,

(ii) F (A, Xy, M,p) C F(A, Xy, M, p,s) for any Orlicz function M.

3 A Closed Subspace of Vector Valued Orlicz
Sequence Space F(A, Xy, M, p,s)

We describe [F(A, Xy, M, p, s)] with the following

[F(A, Xy, M,p,s)] = {x = (x1): x € X}, for each k € Nand m e N

(o [ (B[ € ey ).

Thus, the space [F'(A, X, M, p, s)] is obviously a subspace of F'(A, X, M, p, s),
and its topology is introduced by the paranorm of F(A, Xy, M, p, s) given by

(1).

Theorem 3.1 [F(A, Xx, M,p,s)] is a complete paranormed space with the
paranorm given by (1) if (X, q) is complete seminormed space for each k € N.

Proof: Because F(A, Xy, M,p,s) has just been a complete paranormed
space under the paranorm (1) and [F(A, Xy, M, p, s)] has been a subspace of
F(A, Xy, M,p,s), it is enough to show that it is closed. For this purpose, let
us consider (z) = ((23)) € [F(A, Xy, M,p,s)] such that g(z' —z) — 0 as
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i — 00, where z = () € F(A, X, M,p,s). Thus for a given £ > 0, we can
choose an integer i such that

g (z" — ) < &/2, Vi > .

Let’s consider

o P (] et o (45) (1)
el
Because

(ot [ (=) ) (ot [0 (20)] ) <7

and F' is normal space,

o [ (42 e

This requires © = (x3) € [F(A, Xk, M,p,s)] which clearly indicates that
[F(A, X, M,p,s)] is complete. In fact, this is exactly what we want to prove.

Theorem 3.2 [F (A, X, M,p,s)] is an AK-space.
Proof: Let’s suppose that © = (z) € [F(A, Xk, M, p, s)]. Then,

(ot P (5)] ) e

for every p > 0. As (ey) is a Schauder basis of F, for a given ¢ € (0, 1), we are
able to find out an arbitrary positive integer ¢y such that

N

0 Pk
Zamkk‘_s |:M <M):| €L < 1. (4)
k:t() 8 F
If we use the paranorm definition, then we obtain
9y H S ax(ze) \ ™ v
g(:z:—x“):mf §p”/ >0: Zamkk_s M € ex <1l,mneN,,
k=t+1 P

where z[ represents the —th section of z. Using this equality and (4), it is
clear that
g (x — x[t}) < e for all t > tg.

Thus [F(A, Xi, M, p, s)] is an AK-space.
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Theorem 3.3 Let (z') = ((x)) be a sequence of the elements of [F(A, Xy, M,p, s)]
and x = (z) € [F(A, Xy, M, p,s)]. Then ' — x in [F(A, Xy, M, p,s)] if and
only if

(i) xt — xp, in Xy, for each k > 1,

(i) g(z%) — g(z) as i — oo.

Proof: The necessity part is clear.
Sufficiency. Let’s assume that (i) and (ii) hold, and let ¢ be an arbitrary
positive integer. In this case

9o’ — ) < gla' — ) + g(' — 2 4+ gl — ),
where 2/, 2 denote the t—th sections of ' and z, respectively. Letting

1 — 00, we obtain

limsup g(z* — z) < limsup g(z' — 2M) + limsup g(z'® — 2 + g(zl — )

< 2g(a — ).
For t is arbitrary, letting ¢ — oo, we get limsup g (2' — z) = 0, i.e., g (' — 1) —

) 1—00
0asi— oo.

Theorem 3.4 If X is separable for each k € N, then [F(A, Xy, M, p, s)] is
separable.

Proof: Let’s assume that X is separable for each £k € N. In that case,
there exists a countable dense subset U, of X;,. Let Z denotes the set of finite
sequences z = (z) where z;, € Uy, for each k € N and

(Zk) = (Zla 29,y 20041, 040, )
for arbitrary t € N. Clearly, Z is a countable subset of [F(A, X, M,p, s)].
We shall prove that Z is dense in [F'(A, X, M,p,s)]. Let’s suppose that = €
[F(A, Xg, M,p,s)]. Because [F(A, X, M,p,s)] is an AK-space, g (SC — a:[t]) —
0 as t — 00. So for a given ¢ > 0, there exists an integer ¢; > 1 such that
g (x — :L'[t]) <¢e/2 for all t > t;.
If t = t; is taken, then
g (v — 2"y <e/2.
Let us choose y = (yx) = (y1,%2, - - - Yty 04,41, 0ty 12, - - .) € Z such that

[t1] > €
- < for each k£ € N.
o (o = 2M (1) t1 ||exll

Now

g@—y) <g(z—all)+g (" —y) <e
This requires that Z is dense in [F(A, X¢, M,p,s)]. Thus [F(A, Xg, M,p, s)]
is separable. This marks the end of the proof.
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