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Abstract 

  In this paper we introduce  n-binormal operators acting on a Hilbert 

space .H  An operator )(HLT ∈   is n-binormal if nTT ∗  commutes with ∗TT n or 

[ ] 0, =∗∗ TTTT nn

 and it is denoted by [ ]nBN . We investigate some basic 

properties of such operators. In general a n-binormal  operator need not be a 
normal operator. Further  we study n-binormal composite integral operators.   

     Keywords: Normal, n-normal,  binormal, n -isometry and Hilbert space. 

 
1 n-binormal Operators 
 
Let H  be a  Hilbert space and )(HL  be  the algebra of all bounded linear 

operators acting on .H  An operator )(HLT ∈  is called normal if ∗∗ =TTTT ,      

n-normal if ∗∗ = TTTT nn ,  binormal if TT ∗ commutes with ,∗TT                  
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isometry if ITT =∗ , 2-isometry if 0222

=+− ∗∗ ITTTT , 3-isometry if 

,033 23 23

=−+− ∗∗∗ ITTTTTT  n-isometry if ( ) 01
0

=







− −∗

=

−

∑ kn
kn

k

TT
k

n kn

                

or ( ) ( ) 01
1

1...........
21

121 21

=−+








−
−








+








− ∗−−∗−∗∗ −−

ITT
n

n
TT

n
TT

n
TT nnnnn nnn

 and           

n-binormal if nnnn TTTTTTTT ∗∗∗∗ =  (refer[1], [2], [3] and [8]). In this section we 
investigate some basic properties of n-binormal operators. 
 
Theorem 1.1    If [ ]nBNT ∈  then so are 

(i) kT for any real number .k  
(ii) any )(HLS∈ that is unitarily equivalent to  .T  

(iii) the restriction M
T of T  to any closed subspace HofM that reduces .T  

 
Proof . (i) The proof is straightforward.  
 
(ii) Let )(HLS∈ be unitarily equivalent to T then there is a unitary operator 

)(HLU ∈   such that ∗= UTUS which implies that ∗∗∗ = UUTS and ∗= UUTS nn
 

If T is n-binormal then nnnn TTTTTTTT ∗∗∗∗ =   

 now  ∗∗∗∗∗∗∗∗∗∗∗ == UTTTUTUUTUUTUUTUUTSSSS nnnnnn  

 and  ∗∗∗∗∗∗∗∗∗∗∗ == UTTTUTUUTUUTUUTUUTSSSS nnnnnn   
  Hence S  is unitary equivalent to T  (refer [5]).  
 
(iii) If T  is n-binormal then   nnnn TTTTTTTT ∗∗∗∗ =  

             Consider ( ) ( ) ( ) ( ) ( )( )( )( )M
T
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                                     Hence [ ].nBNM
T ∈          

  

Theorem 1.2   If  )(HLT ∈  is n-normal then   [ ]nBNT ∈ .  

Proof.  If T is n-normal then ∗∗ = TTTT nn  
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      Post  multiply by ∗TT n
on both sides   

                       ∗∗∗∗ = TTTTTTTT nnnn   nn TTTT ∗∗=                                                                                                                           

                           Hence T is n-binormal. 

 The  following example shows that the converse need not be true.  

Example 1.3 Let 








−
=

10

11
T be an operator on 2R , which is [ ]BN3  but neither   

3-normal nor normal. 

Theorem 1.4 Let [ ]nBNT ∈  and [ ]nBNS∈  . If T and Sare doubly commuting 
then TSis n-binormal.     

Proof . ( ) ( ) ( ) ( )nn TSTSTSTS ∗∗  

                    nnnn TSTSTSTS ∗∗∗∗=  

                    nnnn STSTTTSS ∗∗∗∗=  

                    nnnn SSTTTTSS ∗∗∗∗=       

                     nnnn SSTTTTSS ∗∗∗∗= , since T is [ ]nBN  

                     nnnn STSTTSTS ∗∗∗∗=  

                     ∗∗∗∗= TSTSSTST nnnn  

                     ∗∗∗∗= TTSSSSTT nnnn  

                     ∗∗∗∗= TTSSSSTT nnnn , since S is [ ]nBN  

                     ∗∗∗∗= TSTSSTST nnnn  

                     ∗∗∗∗= TSTSTSTS nnnn  

                     ( ) ( ) ( ) ( )∗∗= TSTSTSTS nn  

 Hence TSis n-binormal.     

Example 1.5 Let 
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T  be not commuting  [ ]BN2  

operators.Then ST is not [ ]BN2 . 



4                                                                                        S. Panayappan et al.                                                                                                     

The following example shows that the sum  and difference of two commuting n-
binormal operators need not be n-binormal. 

Example 1.6 Let 
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01
S and 
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02

00
T on 2R . Then Sand T are commuting 

[ ]BN2  operators but 







=+
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01
TS is not [ ]BN2 and 
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TS is not 

[ ]BN2 . 
In the following theorem, we obtain sufficient condition for the sum of    

n-binormal operators be n-binormal( refer [7]). 
 
Theorem 1.7 Let Sand T  be commuting [ ]nBN  operators such that 

( )∗+ TS commutes with kkn
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( ) ( ) ( ) ( )nn TSTSTSTS ++++= ∗∗  .   Hence ( )TS+  is n-binormal  



On n-binormal Operators                  5 

 

Theorem 1.8  Let )(HLT ∈  with the Cartesian decomposition  .iBAT +=  Then 

T  is binormal  if and only if (i) 3333 BABAABAB +=+  and                              

(ii) .2222 BABABBABABAA +=+   

Proof.  Since T  is binormal then  .TTTTTTTT ∗∗∗∗ =  

 ( )( )( )( )iBAiBAiBAiBATTTT −++−=∗∗                                  

               ( )( )2222 BiBAiABABiBAiABA ++−+−+=                                                                                                                                  

    
4322223

3222234

BAiBABiBABiBABBABABAABiBA

iABABBAABABiABABABAiABiAA

++−+−+−−

+−++++−=
   

( )( )( )( )iBAiBAiBAiBATTTT +−−+=∗∗  

               ( )( )2222 BiBAiABABiBAiABA +−+++−=              

4322223

3222234

BAiBABiBABiBABBABABAABiBA

iABABBAABABiABABABAiABiAA

+−++++−+

−−+−+−+=

 

It is easy to observe that T  is  binormal if and only if (i) and (ii) are true.      
 

The following examples show that n-binormal  and n-isometry operators 
are  independent classes. 

Example 1.9 Consider the operator 







=

01

11
T on ,2R which is 3-binormal but not 

3-isometry. 

Example 1.10 Consider the operator 







=

10

11
T on 2R , which is 3-isometry but 

not 3-binormal. 
 

2 n-binormal Compositie Integral Operators 
 
Let ( )µ,,SX  be  a σ -finite measure space and let XX →:φ  be a non-singular 

measurable transformation ( ) ( )( )00 1 =⇒= − EE µφµ . Then a composition 

transformation, for ( ) ( )µµφ
pp LLCp →∞≤ :,1 ≺ is defined by φφ �ffC =  for 

every ( )µpLf ∈ . In case φC
 
is continuous, we call it a composition operator 

induced by φ . φC
 
is bounded operator if and only if 0

1

f
d

d =
−

µ
µφ

. This is  the 

Radon- Nikodym  derivative of the measure 1−µφ w.r.to the measure µ and it is 
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essentially bounded. For more details about composition operators refer [1] 
and[6]. 
 A kernel  ( )µµ ×∈ pLK  always induces a bounded integral operator  

( ) ( )µµ pp
K LLT →:   

 defined by ( )( ) ( ) ( ) ( )ydyfyxKxfTK µ∫= ,  .   

Given a kernel K and a non-singular measurable function XX →:φ , the 

composite  integral operator 
φKT induced by ( )φ,K  is a bounded linear operator 

( ) ( )µµ pp
K LLT →:  defined by 

  ( )( ) ( ) ( )( ) ( )ydyfyxKxfTK µφφ ∫= ,   

                 ( ) ( ) ( )ydyfyxK µφ∫= ,  

 

We note that   ( )( ) ( ) ( )( ) ( )ydyfyxKxfT nn
K µφ

φ ∫= ,   

                                       ( ) ( ) ( )ydyfyxK n µφ∫= ,  

where    
 

( ) ( ) ( ) ( ) ( ) 121,1122,11 .....,.......,....., −−−−∫ ∫ ∫ ∫= nnnn
n dzdzdzyzKzzKzzKzxKyxK φφφφφ  . 

 
 
Theorem 2.1  Let ( )µµφ ×∈ 2LK  . Then 

φKT is n-binormal if and only if  

        ( ) ( ) ( ) ( ) ( ) ( ) ( )tdzdydptKtzKzyKyxK nn µµµφφφφ ,,,, ∗∗
∫∫∫  

               ( ) ( ) ( ) ( ) ( ) ( ) ( )tdzdydptKtzKzyKyxK nn µµµφφφφ ,,,, ∗∗
∫∫∫= . 

Proof. Suppose the condition is true . For ( )µ2, Lgf ∈ , we have   

   ( )( ) ( ) ( )xdxgxfTTTTgfTTTT K
n

K
n

KKK
n

K
n

KK µ
φφφφφφφφ ∫

∗∗∗∗ =,  

     ( )( )( ) ( )[ ] ( ) ( )xdxgydyfTTTyxK K
n

K
n

K µµ
φφφφ∫∫

∗∗= ,  

     ( ) ( )( )( ) ( )( ) ( ) ( ) ( )xdxgydzdzfTTzyKyxK K
n

K
n µµµ

φφφφ ∫∫∫
∗∗= ,,  

     
( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )xdxgydzdtdtfTtzKzyKyxK K

nn µµµµφφφφ ∫∫∫∫
∗∗= ,,,    

                        

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )xdxgydzdtdpdpfptKtzKzyKyxK nn µµµµµφφφφ ∫∫ ∫ ∫ ∫
∗∗= ,,,,   

               

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )xdxgydzdtdpdpfptKtzKzyKyxK nn µµµµµφφφφ ,,,, ∗∗
∫ ∫ ∫ ∫ ∫=              
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1...,,,, xdxgpdpftdzdydptKtzKzyKyxK nn µµµµµφφφφ
∗∗

∫ ∫ ∫ ∫ ∫=
 

 and   ( )( ) ( ) ( )xdxgxfTTTTgfTTTT n
KKK

n
K

n
KKK

n
K µ

φφφφφφφφ ∫
∗∗∗∗ =,  

            

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )xdxgydzdtdpdpfptKtzKzyKyxK nn µµµµµφφφφ ,,,, ∗∗
∫ ∫ ∫ ∫ ∫=  

            

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2...,,,, xdxgpdpftdzdydptKtzKzyKyxK nn µµµµµφφφφ
∗∗

∫ ∫ ∫ ∫ ∫=
 

 It follows from (1) and (2) that 
φKT is n-binormal . 

 Conversely suppose 
φKT is n-binormal  .Take Ef χ= and Fg χ= we see that from 

(1) and (2)  

    ( ) ( ) ( ) ( ) ( ) ( ) ( )tdzdydptKtzKzyKyxK nn

E F

n µµµφφφφ ,,,, ∗
∫ ∫ ∫  

           ( ) ( ) ( ) ( ) ( ) ( ) ( )tdzdydptKtzKzyKyxK n

E F

n µµµφφφφ ,,,, ∗∗
∫ ∫ ∫=  

for all SSFE ×∈, . Hence the required condition holds. 
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