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Abstract 

     As we know, the homotopy analysis method (HAM) provides us with 
a convenient way to adjust and control the convergence region and 
rate of the obtained series solutions. This great advantage of method is 
possible by finding a proper value of the so-called control 
parameter 0c .  In this paper, an efficient way of obtaining 0c is 
proposed. Such value of parameter can be determined at the any order 
of approximation of HAM series solution, by solving of a nonlinear 
polynomial equation. To show the ability and efficiency of this new 
approach we apply this modification of HAM to some linear and 
nonlinear initial value problems, and obtain convergent series 
solutions which agree very well with their exact solutions. It is found 
that presented approach greatly accelerate the convergence of series 
solution.  
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1      Introduction 

In 1992 Liao [1] proposed the homotopy analysis method (HAM) to get analytic 
approximation solution of nonlinear equations.  

Unlike other existing methods, the HAM: 

• Is independent of small/large physical parameters. 

• Provides us a simple way to ensure the convergence of solution series. 

• Provides us with great freedom to choose proper base functions. 

• Is independent of small/large physical parameters. 

• Provides us a simple way to ensure the convergence of solution series. 

These advantages make the method to be a powerful and flexible tool in 
mathematics and engineering, which can be readily distinguished from existing 
numerically and analytically methods.  

This paper is arranged in the following manner; The basic idea of HAM is 
described in Section 2.  To illustrate the proposed method and implementation of 
this modification on some problems are presented in section 3. Finally, 
conclusions are drawn in Section 4. 

 

 

1- Standard HAM  

 

Using the concept of homotopy, Liao [1] introduced the early form of the 
homotopy-analysis method (HAM) for a given nonlinear differential equation 

as 

where L  is an auxiliary linear operator and 0( )u x  is an initial guess. It is evident 

that, at 0p = and 1p = , we respectively have 0( ;0) ( )U x u x= and 
( ;1) ( )U x u x= . 

 [ ( )] 0,N u x =  (1) 

 [ ]0(1 ) [ ( ; ) ( )] [ ( ; )], 0,1 .p L U x p u x pN U x p p− − = − ∈
 

(2) 
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In the view of HAM the solution of original equation is assumed to be expanded 
in the term of embedding parameter p  as 

AS proved by Liao [3], whereas (3) be convergent at 1p = , its limit must satisfy 
the original equation(1). 

 

Liao [4] in 1999 further introduced more artificial degrees of freedom by using 
the zeroth-order deformation equation in the form of 

Appling recently proposed “m th-order homotopy-derivative operator” [5] 

to the both sides of (4), one reads 

where 

and 

In this way, the component solutions of , 1mu m ≥ ,   are not only dependent upon 

x  but also the auxiliary parameter 0c . 
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As we know, to find a proper convergence-control parameter 0c , to get a 
convergent series solution or to get a faster convergent one, there is a classic way 

of plotting the so- called ‘‘ 0c -curves” or ‘‘curves for convergence-control 

parameter”. For example, one can consider the convergence of ( )u x′  and ( )u x′′  

of a nonlinear differential equation [ ( )] 0N u x = to find a region say 0cR
 so that, 

each 0cc R∈
 gives a convergent series solution of such kind of quantities. 

Such a region can be found, although approximately, by plotting the curves of 

these unknown quantities versus 0c . 

However, it is a pity that curves for convergence-control parameter (i.e. 0c -
curves) give us only a graphically region and cannot tell us which value of 

0cc R∈
gives the fastest convergent series.  

Recently in [6] a misinterpreted usage of 0c -curves has reported. 

 

 

2- proposed approach and numerical examples 

 

To propose the idea of our approach, let’s consider solving the following type of 
nonlinear boundary value problems  

subject to the two-point boundary conditions 

where 0 2r n≤ ≤ − is an integer, f is a polynomial in 
( 1), ( ), ( ), , ( ),nx u x u x u x−′

… and 0 1 0 1 2, , , , , , , , ,r n ra b α α α β β β − −… … are real 
constants. 

 

It should be noted that according to obtained results in section 2 and based on the 
zeroth-order deformation equation (4), m th-order HAM approximation of the 

solution ( )u t , giving by 

 ( ) ( 1)( ) ( , , , , ),n nu x f x u u u a x b−′= ≤ ≤…  
 

 ( )
0 1

( )
0 1

( ) , ( ) , , ( ) ,

( ) , ( ) , , ( ) ,

r
r

r
r

u a u a u a

u b u b u b

α α α
β β β

′= = =
′= = =

…

…  
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is also dependent upon the convergence-control parameter 0c .  

 

For 

1
( )

2
b aθ = +

, let’s define the m th-nonlinear polynomial equation of 

0( )mP c at the m th-order of HAM approximation could be constructed, as  

Solving such equations determine the optimal value of 0c , at the any order of 
approximation .m   

 

To demonstrate the effectiveness of the proposed approach, we consider several 
examples. 

 

Example 1. As the example, let’s have the following fourth order boundary value 
problem involving a parameter c [7]. 

with the boundary conditions 

which has the exact solution in the form of  

We will discuss three cases: small, large and Very large values of c . 

 
0

0

( ) ( ) ( ),
m

m i
i

U t u t u t
=

= +∑
 

 

 ( ) ( 1)
0( ) ( ) ( , ( ), ( ), , ( )) 0.n n

m mP c U f u u uθ θ θ θ θ−′= − =…  
(6) 

 (4) 21
( ) (1 ) ( ) ( ) 1,

2
u t c u t cu t cx′′= + − + −

 

 

 (0) 1, (0) 1,

3
(1) sinh(1), (1) 1 cosh(1).
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u u
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I) Small values of c . In this case, we take 5c = as an example. For 5c = and 
7m = in (6), we get into a nonlinear equation, which has the solution of 

0 -0.9085820.c =  

II) Large values of c . In this case, we take 100c = as an example. Eq (6) with 

100c = and 7m =  has the real solution of 0=-0.3582110156c . 

III) Very large values of c. In this case, we take 
810c = as an example. Eq (6) with 

810c = and 7m = , leads to 0 5.267125 71c e= − −  as proper values for 0c : 

We compare the relative errors of the 7th order HAM approximations at different 

points in the interval (0,1) using the formula 

for different cases of c in Table 1. 

 

 

Table 1 

Comparisons of ( )tδ  of 7th -order HAM solutions for different values of 0c  at 
different points 

c  0c  
0.1t =  0.3t =  0.5t =  0.7t =  0.9t =  

0 0.908058227c = −  
1.01e-
11 

3.05e-
11 

2.54e-
11 

3.11e-
11 

1.07e-
10 

 

 

5 
0 1c = −  (HPM) 1.53e-8 8.49e-8 1.05e-7 5.71e-8 6.86e-9 

0=-0.3582110156c   
1.31e-5 8.00e-6 1.36e-5 5.41e-6 5.84e-6  

 

100 0 1c = −  (HPM) 6.37 35.23 43.91 23.73 2.89 

0 5.267125 71c e= − −  
3.75e-4 1.38e-4 6.11e-5 6.24e-5 1.67e-4 

 
( ) .appr exact

exact

u u
t

u
δ

−
=

 

 

 



  

149                                                      A New Method for Solving Nonlinear BVPs 

                                                            

 

108 
0 1c = −  (HPM) 5.97e44 3.30e45 4.11e45 2.22e45 2.71e44 

 

 

Example 2. As the example, let’s have the following fourth order boundary value 
problem involving a parameter c [8]. 

with the boundary conditions 

Here we will discuss following three cases of c : 

 

I) In the first case, we take 1c = as an example. For 1c = and 7m = in (6), we get 

into a nonlinear equation, which contains 0 -1.04578977, -0.924614442c =  as its 
roots. 

II) In second case, we take 5c =  as an example. Eq (6) with 5c = and 7m =  has 

the real solutions 0=-0.954024601,-1.28093421c .  

III) Finally, we take 12c = − as an example. Eq (6) with 12c = − and 7m = , 

introduces 0 0.6556949c = −  as proper value for 0c . 

The comparisons of relative errors of the 7th order HAM for different cases of 
c are drawn Table in Table 2. 

 

 

Table 2 

Comparisons of ( )tδ  of 7th -order HAM solutions for different values of 0c  at 
different points 

c  0c  
0.2t =  0.6t =  1.0t =  1.4t =  1.8t =  

0 -1.04578977c =  
1.11e-6 5.57e-7 6.04e-7 7.49e-6 4.25e-5 

 (4) 2( ) ( ) 1, 0 2u x cu x x= + ≤ ≤  
 

 (0) (0) (2) (2) 0u u u u′ ′= = = =   
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1 
0 -0.92461444c =  

7.15e-7 4.31e-7 3.75e-7 2.09e-6 9.62e-6 

0=-0.954024601c   
1.31e-4 1.32e-4 1.28e-4 1.25e-4 1.45e-4  

5 
0=-1.280934210c  

5.03e-4 6.53e-4 6.80e-4 6.63e-4 1.37e-3 

0 0.65569498c = −  
1.06e-2 9.90e-3 9.47e-3 9.91e-3 1.05e-2  

-12 

0 1c = −  (HPM) 6.22e1 6.22e1 6.22e1 6.22e1 6.22e1 

 

 

Example 3. As the next example, let’s have the following sixth order boundary 
value problem [9]. 

with the boundary conditions 

which has the exact solution in the form of  

Here, we will discuss three cases: small, large and Very large values of c . 

I) Small values of c . In this case, we take 5c = as an example. For this case, we 

get into a nonlinear equation, which has the real roots 0 -0.9152004169.c =  

II) Large values of c . In this case, we take 
310c =  as an example. For this case, 

0.105699992c = − is obtained by our approach.  

III) Very large values of c. In this case, we take 
810c = as an example. This value 

of c  leads to 0 .1 -1 8e 6c −=  as proper values for 0c : 

 (6) (4)( ) (1 ) ( ) ( ) ,u t c u t cu t cx′′= + − +  
 

 (0) 1, (0) 1, (0) 0,

3
(1) sinh(1), (1) 1 cosh(1), (1) 1 sinh(1).

2

u u u

u u u

′ ′′= = =

′ ′′= + = + = +
 

 

 31
( ) 1 sinh( )

6
u x x x= + +
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The comparisons of relative errors of the 7th order HAM for different cases of 
c are drawn Table in Table 3. 

 

3- Conclusion 

 

In this paper the solutions of a new method to finding the control parameter in 
homotopy analysis method is proposed. It is shown for obtained values of such 
parameter, HAM approximation series leads to exact solution of problems or 
produces an approximate results which are in a highly agreement with exact 
solution of problems. All computations were done using MAPLE with 15 digit 
floating point arithmetics (Digits:=15). 

 

 

Table 3 

Relative error ( )tδ  of 7th -order HAM solutions for different values of 0c  at 
different points 

c  0c  
0.1t =  0.3t =  0.5t =  0.7t =  0.9t =  

10 
0 -0.9152004169c =  

1.17e-
12 

1.26e-
12 

5.57e-
13 

9.69e-
13 

7.12e-
13 

103 0.105699992c = −   1.70e-5 1.91e-5 9.09e-6 1.38e-5 8.74e-6 

108 
0 1.18 6c e= − −  

3.73e-5 4.22e-5 2.03e-5 3.04e-5 1.91e-5 
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