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Abstract

As we know, the homotopy analysis method (HAM)igesws with
a convenient way to adjust and control the convecgeregion and
rate of the obtained series solutions. This grebtamtage of method is
possible rgy finding a proper value of the so-calledntrol
parameter® . In this paper, an efficient way of obtainifng is
proposed. Such value of parameter can be deternahdte any order
of approximation of HAM series solution, by solvioiga nonlinear
polynomial equation. To show the ability and effi@y of this new
approach we apply this modification of HAM to sofimear and
nonlinear initial value problems, and obtain conyent series
solutions which agree very well with their exaclusions. It is found
that presented approach greatly accelerate the eqgence of series
solution.
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1 Introduction

In 1992 Liao [1] proposed the homotopy analysishodt(HAM) to get analytic
approximation solution of nonlinear equations.

Unlike other existing methods, the HAM:

* Isindependent of small/large physical parameters.

* Provides us a simple way to ensure the convergeiwaution series.

» Provides us with great freedom to choose propes haxtions.

* Isindependent of small/large physical parameters.

* Provides us a simple way to ensure the convergaei®aution series.

These advantages make the method to be a powanfllflaxible tool in
mathematics and engineering, which can be readiynduished from existing
numerically and analytically methods.

This paper is arranged in the following manner; Hasic idea of HAM is
described in Section 2. To illustrate the propasathod and implementation of
this modification on some problems are presentedséction 3. Finally,
conclusions are drawn in Section 4.

1- Standard HAM

Using the concept of homotopy, Liao [1] introductdte early form of the
homotopy-analysis method (HAM) for a given nonlinddéferential equation

N [u(x)] =0, 1)

as

(L-pP)LU (X P -w(¥]=-pN U x ¥, @[0,1]. (2)

wherel is an auxiliary linear operator aHd(X) Is an initial guess. It is evident

that, at P=0 and P=1  we respectively have” (Xi0)=Us(X)

U (x;1)=u(x)

and
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In the view of HAM the solution of original equatias assumed to be expanded
in the term of embedding paramel@ras

= - 3)
u(x)=w(x)+3 y(x p.
i=0
AS proved by Liao [3], whereas (3) be convergen'? a:tl, its limit must satisfy
the original equation(1).
Liao [4] in 1999 further introduced more artificidegrees of freedom by using
the zeroth-order deformation equation in the fofm o
(- P)LU(X; p) - w(X)]- ¢ PN W x | =0, @[0,1]. (4)
Appling recently proposedm th-order homotopy-derivative operator” [5]
_10"
D. (¢ —WW p=0"
to the both sides of (4), one reads
L[Un(X) = XmUma(X)] = AR (3, (5)

where

1 6m*NBKx;m”
(m-1)!  9p™* p=0?

Ry (X) =D, (N[U X PI) =

and

g m>1,
K = 0, m<1.

In this way, the component solutions'tf* M 21, are not only dependent upon

X but also the auxiliary paramet%(r.
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As we know, to find a proper convergence-controtapmterCO, to get a
convergent series solution or to get a faster cqereg one, there is a classic way

of plotting the so- called €0 _curves” or “curves for convergence-control
parameter”. For example, one can consider the cgemee of (X) andY (X)

of a nonlinear differential equatioIN (U] =0¢g find a region sa|3:}°0 So that,
each® UR, gives a convergent series solution of such kinguaintities.

Such a region can be found, although approximatgjyplotting the curves of
these unknown quantities versis.,

However, it is a pity that curves for convergenoetool parameter (i.e(.:0 -
curves) give us only a graphically region and caned us which value of

cOR, gives the fastest convergent series.

Recently in [6] a misinterpreted usageceicurves has reported.

2- proposed approach and numerical examples

To propose the idea of our approach, let's conssoéring the following type of
nonlinear boundary value problems

uM(x)=f(x,uU,.., "), a x< L

subject to the two-point boundary conditions

u@=a,u(@=a,..., U (d=a,,
u(b) =g, u(b)=4,,..., U (=4,

where 0srsn-2 s an integer, f is a polynomial in
XU, U (X), U™ (X), gng D001 8 By Biv Bz gre real
constants.

It should be noted that according to obtained tesnlsection 2 and based on the
zeroth-order deformation equation (49,th-order HAM approximation of the

solutionY®) | giving by
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U (0) =Up(®)+ D0, 1)

is also dependent upon the convergence-controin:ﬁimCO :

Hzi(b +a)
For 2 , let's define them th-nonlinear polynomial equation of

P (Go) at them th-order of HAM approximation could be constructad,
P.(c,)=U" (@) -1 (8,u@),u@)...., " @)=0. (6)

Solving such equations determine the optimal vaitio | at the any order of
approximationm-

To demonstrate the effectiveness of the proposedoaph, we consider several
examples.

Example 1. As the example, let's have the following fourtlder boundary value
problem involving a parameté&{7].

U () = (L+ )" (1) - cu( t)+% o -1,
with the boundary conditions

u(0)=1, u'(0)=1,
u(l):g+sinh(1),u’ (1= ¥ cosh(l

which has the exact solution in the form of
l 2 .
u(x) =1+E X +sinh(x).

We will discuss three cases: small, large and Vange values of .
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) Small values of . In this case, we také=9as an example. Fét=2and
M=7in (6), we get into a nonlinear equation, which hhs solution of
¢, =-0.9085820

Il) Large values of. In this case, we take=100as an example. Eq (6) with

€ =100gnd M =7 has the real solution

(5:p=-0.358211015

[1) Very large values of c. In this case, we tdke 10as an example. Eq (6) with
¢ =10"andM =7, leads to® ~ 220712387 ¢ proper values fdfe :
We compare the relative errors of the 7th order H&dproximations at different

points in the interval0: 1) using the formula

3(t) =

uappr B uexact

exact

for different cases dfin Table 1.

Table 1

Comparisons oP®) of 7" _order HAM solutions for different values &6 at
different points

C Co t=0.1 |t=03 |[t=05 |t=0.7 |t=0.9
c, =-0.90805822 1.0le- | 3.05e- |2.54e- |3.11e- | 1.07e-
11 11 11 11 10
5 c,=-1 (HPM) 1.53e-8 | 8.49e-8| 1.05e-] 5.71e:8 6.86e-9
c,=-0.358211015 1.31e-5| 8.00e-6| 1.36e-5 5.41ei6 5.84e-6
=-1 6.37 35.23 43.91 23.73 2.89
100 | %~ 7" (HPM)
C,=-5.267123e-7 | 3.75e-4 | 1.38e-4| 6.1le-b5 6.24e;5 1.67¢-4
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—_ =%
1 C, = 1(HPM) 5.97e44| 3.30e4% 4.11ed45 2.22e45 2.71g44

Example 2. As the example, let’'s have the following fourtlder boundary value
problem involving a parameté&8].

u®(x) =cu(x)?>+1, 0< x< 2

with the boundary conditions

u(@)=u'(0)=u(2)=u(2)=0

Here we will discuss following three casesCof

) In the first case, we take=1as an example. F&=1land M =7in (6), we get

o™ -1.04578977,-0.9246144.

into a nonlinear equation, which conta as its

roots.

) In second case, we take= > as an example. Eq (6) with=2and M =7 has
the real Solutiongo:-0.954024601,-1.280934
) Finally, we take€="12as an example. Eq (6) with="12andm=7,

= —-0.655694¢

introduces®® as proper value fofo .

The comparisons of relative errors of the 7th otd@&M for different cases of
Care drawn Table in Table 2.

Table 2

Comparisons ofP®) of 7" _order HAM solutions for different values & at
different points

C Co t=02 |t=06 |t=10 |t=14 |t=18

i
(6

C, =-1.0457897 1.11e-6 | 5.57e-7| 6.04e-7 7.49e:6 4.25e
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1| ¢ =-09246144. |7.15e7 | 4317 3.75e-7 2.09el6 9.626-6
C,=-0.95402460 |13le-4| 1.32e-4| 1.28e-4 1.25e4 1.45¢-4
° c,=1.28093421 |5.03e-4| 6.53¢-4| 6.80e-4 6.63e4 1.376-3
C, =-0.6556949 |1.06e-2| 9.90e-3| 9.47e-3 9.9le3 1.05-2
R (pv) | 622l | 6221 622e1 6.22el  6.2261

Example 3. As the next example, let's have the following Bixtrder boundary
value problem [9].
u®(t) =@+c)u®(t)- cu (1) + cx

with the boundary conditions

u(0)=1, u'(0)=1,u" (0= O,

u(1)=g+sinh(1),u' (QF ¥ cosh()u" (B 4 sinh(

which has the exact solution in the form of

u(x) =1+% x* +sinh(x)

Here, we will discuss three cases: small, large\éeny large values of .

) Small values of . In this case, we také=Sas an example. For this case, we

get into a nonlinear equation, which has the reals’o ~ -0.915200416¢

I) Large values of. In this case, we take=10" as an example. For this case,
¢ =-0.10569999is obtained by our approach.

[1) Very large values of c. In this case, we tdke 10as an example. This value

of C leads to%0 ~ ~1.18e-6 as proper values féfo -
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The comparisons of relative errors of the 7th otd@&M for different cases of
Care drawn Table in Table 3.

3- Conclusion

In this paper the solutions of a new method toifigdthe control parameter in
homotopy analysis method is proposed. It is shoevnobtained values of such
parameter, HAM approximation series leads to exatttion of problems or
produces an approximate results which are in ahhiglgreement with exact
solution of problems. All computations were donéngsMAPLE with 15 digit
floating point arithmetics (Digits:=15).

Table 3

Relative errora(t) of 7" -order HAM solutions for different values & at
different points

C Co t=01 |t=03 |[t=05 |t=0.7 |t=09

10 c, =-0.915200416' | 1.17e- | 1.26e- |5.57e- |9.69e- | 7.12e-
12 12 13 13 13

10° c =-0.10569999. 1.70e-5| 1.91e-5 9.09e-6 1.38et5 8.74¢-6

10¢° C,=-1.1&-6 3.73e-5| 4.22e-5| 2.03e-5 3.04e;5 1.91e¢-5
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