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Abstract 

     In this paper we present Greens function for solving non-homogeneous two dimensional 
non-stationary heat equation in axially symmetrical cylindrical coordinates for unbounded 
plate high with discontinuous boundary conditions. The solution of the given mixed 
boundary value problem is obtained with the aid of the dual integral equations (DIE), 
Greens function, Laplace transform (L-transform) , separation of variables and given  in 
form of  functional series.  
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1 Introduction  
 
Several problems involving homogeneous mixed boundary value problems of a non-
stationary heat equation and Helmholtz equation were discussed with details in monographs 
[1, 4-7]. In this paper we present the use of Greens function and DIE for solving non-
homogeneous and non-stationary heat equation in axially symmetrical cylindrical 
coordinates for unbounded plate of a high h. The goal of this paper is to extend the 
applications DIE which is widely used for solving mathematical physics equations of the 
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elliptic and parabolic types in different coordinate systems subject to mixed boundary 
conditions, to solve non-homogeneous heat conduction equation, related to both first and 
second mixed boundary conditions acted on the surface of unbounded cylindrical plate. The 
solution of the non-homogeneous mixed problem is based on earlier results received in [5, 
7] and emphasizes that the weight function, unknown function, and free term depend on   a 
parameter of a L- transform parameter. The  DIE solution discussed below is reduced to  
some type of singular integral with unknown function kernel and free term depend on  a 
parameter of  L-transform. The obtained integral equation is solved by expanding its 
unknown function as a functional series of a Laplace transform parameter. The use of 
Green's function in the solution with unmixed boundary conditions with different 
coordinates and applications can be found for example in [3, 9]. 
 

2 Problem Formulations 
 
Find a temperature distribution function ( , , )u u r z τ= , of unbounded solid plate 0 z h≤ <     
0 r≤ < ∞  , 0τ >  with heat generation function, the initial temperature distribution 
function  is constant and satisfies mixed boundary value problem 
 
                2 2 ( , )tu a u g r t− ∇ =                                                                                           (1) 

       1( ,0, ) ( , ),u r f r rτ τ= ∈Ω                                                                     (2)  

     2( ,0, ) ( , ),zu r f r rτ τ= ∈Ω                                                                     (3) 

 
The initial condition  
 

            0( , ,0) ( , ,0)u r z r z Tθ= − ,    0T  constant  

 
The functions ( , ), 1,2if r iτ =   known and integrable functions, with respect to 

∞<< rr 0,  ,and , 0τ τ > , { },0 , 0r r R zΩ = < < = , { }, , 0r R r zΩ = < < ∞ = , zz ∂∂= /θθ , 

a  is a heat diffusivity coefficient, constant, ( , )g r t  is known function,(heat generating 
function). 
 
On a surface   z h=  , a linear combination of  unmixed boundary condition is given 

               1 2 0zu uα α+ =                                                                                                    (4)  

  
Where 1 2,α α  constants. There are three particular cases of (4)  

 
Case (i): If  1 21, 0,α α= =   a long  the  boundary surface   , ( , , )z h u u r hτ= =  is kept at 

zero temperature satisfies a homogeneous boundary  conditions first kind 
 

                    ( , , ) 0, 0u r h rτ = ≥                                                 (5)                                     
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Applying (L-transform) to the boundary-value problem (1)-(5) with respect to τ , then by   
separating variables  for (1) under the assumption that ,r z bounded at zero and infinity, 
we obtain the solution of the homogeneous part of the problem in form of improper 
integral 

 

 
2

1 0 2
0

[( ) ]
( , , ) ( , ) ( )

[ ]

sh h z p k
u r z s C p s J pr dp

ch h p k

∞ − +
=

+∫                              (6)                                      

 
Where  )(xsh  and  )(xch are  sine and cosine hyperbolic functions,  )(0 prJ  is a Bessel 

function first kind of order zero, s: parameter of  L-transform [2]  , a  is a heat diffusivity 

coefficient (constant)  /k s a=    and ),( spC  is an unknown function.   
 Substitution a mixed  boundary conditions (1) and (2)  into (6), yields the following  a pair 
of DIE  to determine the unknown function ),( spC : 
 

                   2
0 1

0

( , ) ( ) ( ) ( , ) ,C p s J pr th h p k dp f r s r
∞

+ = ∈Ω∫                                       (7)   

                   2
0 2

0

( , ) ( ) ( , ) ,C p s p k J pr dp f r s r
∞

+ = ∈Ω∫                                               (8)  

 
where  /thx shx chx= . Hyperbolic tangent function.                                                                                                                             
 

Now to solve  DIE  (7) and (8) ,the  unknown function   ),( spC  should be replaced by 

another unknown function   ( , )t sϕ  with the help of the relation [1] 
 

          2

2
0

( , ) ( , )cos( )
Rp

C p s t s t p k dt
p k

ϕ= +
+ ∫                                     (9) 

 

Where ( , )t sϕ =   [ ( , )]L tϕ τ   differentiable with respect to a variable t  and analytical with 
respect to a parameter s, also ),( τϕ t should be continuous or piecewise continuous in any 

interval  21 τττ << , then use the expansion [5] 
 

            /2 1

0

( , ) exp( ) ( ) n
n

n

t s R k t sϕ ϕ
∞

−

=

= − ∑                                                             (10) 

 
The inverse Laplace transform of (10) always exists [2] 
 

2
1 /2 1 1

/2
0 0

( / 2 )2
exp( ) ( ) exp( ) ( )

4 2
n n

n n n n
n n

H R aR
L R k t s t

a

τ
ϕ ϕ

τ τπ

∞ ∞
− − −

= =

 − = − 
 

∑ ∑  
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Substitute  (9) into (6),  use (10)  we obtain a general solution of (1) in L-transform image 
 

( )
2

2
1 02 2

0 0

(( ) )
( , , ) ( , ) ( ) cos

( )

R ch h z p kp
u r z s t s J pr t p k dp dt

a k sh h p k
ϕ

∞ − +
 = +
 + + 

∫ ∫      

              

( )
2 2

1 /2

2 2
0 0 0

exp( ( )1
( 1)

2

R
n

n
n

c R a r
t s dt

a r

µν µ

ν µ µ

ϕ
∞ ∞ ∞

+ −

= =

− + +
= −

+
∑∑∑ ∫                        (11)  

 

                               1 2

3 4

(2 1) ( ) , (2 1) ( ) ,

(2 1) ( ) , (2 1) ( ) .

a h h z it a h h z it

a h h z it a h h z it

ν ν
ν ν

= + − − − = + + − −
= + − − + = + + − +

 

 
( ), 1,....,i t i nϕ =   are the solution of an integral equation of the second kind [5]. 

 
Apply the inverse L-transform to (11), a general solution of the homogeneous part of the 
problem (1)-(6)   for the first particular case   when ( , ) 0g r τ =  
 

          1 1

0

( , , ) ( ) ( , , , ,0)
R

nu r z t G r z t dtτ ϕ τ= ∫                                                                     (12) 

    

( )
( )2

2 2

1

1
0 0 0

2 2
1

/2 2 2

( , , , ,0) 1 exp
4

(( ) / 2 4

2

n

n

n n

R a ra
G r z t x

a

H R a r a

a r

µν µ

υ µ

µ

µ

τ
τπ

τ

τ

∞ ∞ ∞
+ −

= = =

−

 + + 
= − − 

 
 

+ +

+

∑∑∑
                         (13)                                                     

 
Based on (12),(13), we construct the solution of the non-homogeneous part of the problem 
when ( , ) 0g r τ ≠  
 

1 1

0 0 0

1
( , , ) ( ) ( , , , ,0) ( , ) ( , , , , )

R R

nu r z t G r z t dt g t G r z t dtd
a

τ

τ ϕ τ ξ τ ξ ξ= +∫ ∫ ∫                        (14) 

  Where ),,,(1 ξτzrG  is the Green's function given by the expression 

( )
( )2

2 2

1

1
0 0 0

2 2
1

/2 2 2

( , , , , ) 1 exp
4 ( )

(( ) / 2 4 ( ))

2 ( )

n

n

n n

R a ra
G r z t x

a

H R a r a

a r

µν µ

υ µ

µ

µ

τ ξ
τ ξπ

τ ξ

τ ξ

∞ ∞ ∞
+ −

= = =

−

 + + 
= − − − 

 

+ + −

− +

∑∑∑
                           (15) 
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Case (ii): The second particular case if 1 20, 1,α α= = on a surface of cylindrical 

coordinates 0, ≥= rhz  in (4) a normal derivative is prescribed unmixed homogeneous 
boundary condition of the second kind (an insulated boundary condition) in L-transform 
field  
                                     0,0),,( ≥= rshrzθ                                                                (16)            
 

)],,([),,( τθθ hrLshr zz =  .The general solution of the heat equation (2.1) when  ( , ) 0g r τ =    
in L-transform with regard to (16), under the assumption that  ),,( τθ zr  is limited 

as 2 2z r+ → ∞  and 0r =  , the medium is  initially at constant temperature, by applying 
(L-transform)  and separation of variables for (1), we have 
  

                
( )

( )
2

2 0
2

0

( )
( , , ) ( , ) ( )

ch h z p k
u r z s C p s J pr dp

sh h p k

∞ − +
=

+
∫                                   (17)  

  
Use a mixed boundary conditions (2) and (3) (17) ,a pair DIE were obtained to determine 

the unknown function  ),( spC  
 

       

2
0 1

0

2
0 2

0

( , ) ( )coth( ) ( , ) ,

( , ) ( ) ( , ) ,

C p s J pr h p k dp f r s r

C p s p k J pr dp f r s r

∞

∞


+ = ∈ Ω 



+ = ∈ Ω 


∫

∫

                                    (18) 

 
where  shxchxx /coth =  hyperbolic cotangent function. The solution of the dual equations 
(18) is obtained with the help of equalities (9) and (10) in L-transform image.  Repeat the 
same procedure of case (i), the general solution of the homogeneous part of the problem   
for the second particular case when ( , ) 0g r τ =   is 
 

( )
2

2 2
2 02 2 2

0 0

[( ) / ]
( , , ) ( , ) ( ) cos

[ / ]

R ch h z p s ap
u r z s t s J pr t p c dp dt

a c sh h p s a
ϕ

∞ − +
 = +
 + + 

∫ ∫
 

 

                 ( )
2 2

1 /2

2 2
0 0 0

exp( ( ) )1
( 1)

2

R
n

n
n

k R a r
t s dt

i a r

µµ

ν µ µ

ϕ
∞ ∞ ∞

−

= =

− + +
= −

+
∑∑∑ ∫                       (19) 

 
Applying the inverse L-transform for the homogeneous part of the problem (19) when 

( , ) 0g r τ ≠ , the solution of the non-homogeneous mixed boundary value problem(1)-(5) 
and (16)  is 
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  2 2

0 0 0

( , , ) ( ) ( , , , ,0) ( , ) ( , , , , )
R R

nu r z t G r z t dt g t G r z t dtd
τ

τ ϕ τ ξ τ ξ ξ= +∫ ∫ ∫                        (20) 

Where 2( , , , )G r z τ ξ  is the Green's function given by the expression 

 

   

( )2
2 2

1
2

0 0 0

2 2
1

/2 2 2

( , , , , ) ( 1) exp
4 ( )

(( ) / 2 4 ( ))

2 ( )

n

n

n n

R a ra
G r z t x

ai

H R a r a

a r

µµ

υ µ

µ

µ

τ ξ
τ ξπ

τ ξ

τ ξ

∞ ∞ ∞
−

= = =

−

 + + 
= − − − 

 

+ + −

− +

∑∑∑
                          (21) 

 
where 4,3,2,1, =µµa   1i = −    in  (21) have the same values given in  (13). Notice that at 

∞→∞→ rz , , the general solution of the given problem for both two above particular 
cases is vanish in  L-transform or in the original field, furthermore,  satisfy  the considered 

boundary-value problem. As 0s → , and ( , ) 0g r s =  the solution of the non-homogeneous 
mixed boundary value problem mentioned above reduce to the known solutions [8]. 
If ( , ) 0,g r hτ ≠ → ∞ , the solutions (14), (20) correspond solutions of non-homogeneous 
mixed problem for a half-space [7].  
 
Case (iii): Consider a more general case when 1 2 0zu uα α+ =  If 1 21, 1α α= − = .  

Separating variables for (1) in L-transform image, with regard to (4) where ,r z bounded at 
zero and infinity, we obtain the solution of the homogeneous part of the problem 
 

3

2 2
2

0 2
0

( , , )

( 1)exp( (2 ) )
( , ) ( ) exp( )

1

u r z s

p k h z p k
C p s J pr z p k dp

p k

∞

=

 + − − − +
 + − +
 + + 

∫
        (22) 

 
Use a mixed a boundary conditions (2), (3) to (22), we obtain a DIE for determination 

( , )C p s  

             0 1 1

0

( , ) ( ) ( , ) ( , ) ,C p s J pr g p s dp f r s r
∞

= ∈Ω∫                                                      (23)   

             0 2 2

0

( , ) ( ) ( , ) ( , ) ,C p s J pr g p s dp f r s r
∞

= ∈Ω∫                                                    (24)  

Where 

                  
2 2

1 2

( 1)exp( 2 )
( , ) 1

1

p k h p k
g p s

p k

+ − − +
= +

+ +
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2 2

2
2 2

( 1)exp( 2 )
( , ) 1

1

p k h p k
g p s p k

p k

 + − − +
 = + −
 + + 

 

 
The DIE (23) and (24) very complicated to solve, since the known methods of solution 
(Hankel integral transform or substitution method cannot be used in this situation), however   
as   h → ∞ , the above dual equations becomes 
 

                
0 1

0

( , ) ( ) ( , ) ,C p s J pr dp f r s r
∞

= ∈Ω∫                                                              (25)   

               2
0 2

0

( , ) ( ) ( , ) ,C p s p k J pr dp f r s r
∞

+ = ∈Ω∫                                                (26)  

 
(25) and (26) play very important role in the solution of a non stationary  heat equation in a 
cylindrical coordinates for a semi-space and   have exact solution discussed with much 
details in [1,4]. As   0s →  , and ( , ) 0g r τ = , all  solutions of DIE mentioned above were 
reduced to the Laplace equation with mixed conditions of the first and for the second 
kind[8,10]. 
 

3      Conclusion 
 
Finally the above technique involving Greens function and inhomogeneous mixed 
boundary value problem can be used for solving several inhomogeneous problems (heat 
equation, Helmholtz equation and Laplace equation)  in cylindrical coordinates, spherical 
coordinates and other coordinate system   under mixed boundary conditions of the first, the 
second and of the third kind . 
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