
 
Gen. Math. Notes, Vol. 25, No. 2, December 2014, pp. 110-124 

ISSN 2219-7184; Copyright © ICSRS Publication, 2014 
www.i-csrs.org 
Available free online at http://www.geman.in 

 

Convolution Integral Equation of Fredholm 
Type with Certain Binomial and 

Transcendental Functions 
  

V.B.L. Chaurasia1 and R.C. Meghwal2 

 
1Department of Mathematics, University of Rajasthan 

Jaipur-302055, Rajasthan, India 
E-mail: drvblc@yahoo.com 

2Department of Mathematics, Government P.G. College 
Neemuch-458441, M.P., India 

E-mail: meghwal66@gmail.com 
 

(Received: 7-8-14 / Accepted: 16-9-14) 
 

Abstract 

     We derive a solution of a certain class of convolution integral equation of 
Fredholm type whose kernel involve certain product of binomial and special 
functions by using Riemann-Liouville and Weyl fractional integral operators. 
Certain interesting special cases have also been discussed.  
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1 Introduction 
 
The following is the special case of Raizada’s [13] generalized polynomial set and 
defined as: 
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The polynomial set defined by (1.1) is a very general in nature and it unifies and 
extends a number of classical polynomials introduced and studied by various 
research workers such as Chatterjea [1, 2], Gould and Hopper [7], Krall and Frink 
[11], Srivastav and Singhal [15] etc. We have made an effort, in the present paper, 
to obtain an exact solution of the following convolution integral equation of 
Fredholm type 
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where g is a recommended function, f is a unknown function to be determined and 
the kernel u(x) is given by 
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in (1.6) the z]H 1N1M
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,
is the well known Fox’s H-function [6] and its series 

representation is given by 
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The H -function defined by Inayat-Hussain [9, 10] in (1.6) as: 
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which contains fractional powers of some of the Γ-functions. Here z may be real 
or complex but not equal to zero and an empty product is interpreted as unity. 
P,Q,M and N are integers such that 1 ≤ M ≤ Q, 0  ≤ N ≤ P, αj (j = 1,…,P), βj (j = 
1,…,Q) are complex numbers. The exponents Aj (j = 1,…, N) and Bj (j = 
M+1,…,Q) can take non integer values, when these exponents take integer values, 
the H -function reduces to the familiar H-function due to Fox. 
 
Srivastav [16] introduced the general class of polynomial as follows 
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where m1 is an arbitrary positive integer and the coefficients )≥,(
,
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are arbitrary constants, real or complex. 
 
Let J denote the space of all functions f which are defined on R+ = [0,∞] and 
satisfy 
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(iii) f(x) = 0(1) as x → 0 
 
J corresponds to the space of good functions defined on the whole real line (Miller 
[12]). 
 
For the present study, we shall also require the Riemann-Liouville fractional 
integral (of order µ) defined by 
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2 Preliminary Results 
 
Lemma 1: Assuming the following that 
 
(i) P,Q,M,N are integers such that 1 ≤ M ≤ Q, 0 ≤ N ≤ P, αj (j = 1,…,P),               

βj (j = 1,…,Q) are complex numbers. 

(ii) ,>














β
λ+ση++ρ+>)µ 0

b
   tR Lh Re ; (h) ReRe(

j

j

G
 

where j = 1,…,M, M is a positive integer, 

  ;≥σ≥=++=(,≥λ 00, w;n 0,1,...,  vp, rv),pn  L0 ℓ  



114                                                                                   V.B.L. Chaurasia et al. 

(iii) ,Ωπ<|
22

1
|  warg where 

 ;>|α|−|β|−|α|+|β|=Ω ∑∑∑∑
+=+===

0BA
j

P

1Nj
jj

Q

1Mj
jj

N

1j
j

M

1j
2

 

then 











































;
















+






 ),(

),(

σ
,

,

ρ
,β,α

θ
µ−µ− 1P

E
1P

e

1QF
1Qf

1N1M

1Q1P

0

n
h

y

x
THk,B,A,q,r,

y

x
zSd

y

x
cyW ℓ

 

 




























× +)α,(;);α,(

+);β,(;)β,(

λ
P1,NjjaN1,jAjja

Q1,MjBjjbM1,jjb

NM,

QP, y

x
wH  

tRGLR
G

G2
g

G

0R

1M

1g0G

L
1

vu,p,e,

h

y

x

Rd

c
dT

F  !G 

1
z v)u,p,e,y

+ση+ρ
θη

∞

==

∞

=

−















 θ







)η(φ)−((φ= ∑∑∑∑

 

 






















× +)α,(;);α,(),;λ−ση−ρ−−(

);λ−ση−ρ−µ−(,+);β,(;)β,

λ
+

++

P1,NjjaN1,jAjja1tR,GLh1

1tR,GL1Q1,MjBjjbM1,jj(b

1N M,

1Q1,P y

x
wH . …(2.1) 

 
Proof: Making use of definition (1.12) and the series representation (1.1) and for 
the generalized polynomial set and the Fox’s (See skibinski [14]) respectively in 
the left hand side of (2.1), then expressing H -function in Mellin-Barnes type 
contour integral and changing the order of summations and integration (which is 
justified under the condition stated), we find that left hand side of (2.1). 
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Now evaluating the inner δ integral in (2.2) with the help of known result Erdélyi 
et al. [5] and the reinterpreting the resulting Mellin-Barnes contour integral in 
terms of H -function, we arrive at the desired result (2.1). 
 
Lemma 2: Under the conditions stated with Lemma 1, we have 
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Proof: Let ∇ denote the left hand side of (2.3). Then using Lemma 1 and applying 
(1.12), we get 
 






















+









ξ
ξ−ξ(

−µ(Γ
=∇

θ

µ−−−µ
∞∞

∫∫ d
x

cy)
h)

1
t

1h

y0
 

 

 























ξ












;









ξ
×

),(

),

σ
,

,

ρ
,β,α

1P
E

1P
e

1QF
1Q(f

1N1M

1Q1P

0

u

x
THk,B,A,q,r, 

x
zS ℓ  

 

 dy f(y)d
x

wH
P1,Njja1jAjja

Q1,MjBjjbM1,jj(b

NM,

QP, 





ξ























ξ
×

+)α,(;Ν,);α,(

+);β,(;)β,

λ

             …(2.4) 

 
























ξ












;









ξ












+









ξ
ξ=

),(

),

σ
,

,

ρ
,β,α

θ

µ−
∞

∫ 1P
E

1P
e

1QF
1Q(f

1N1M

1Q1P

0

n

t

0

x
THk,B,A,q,r, 

x
zSd

x
c ℓ

 

   ,ξ








−µ(Γ
−ξ(
























ξ
×

−−µ∞+)α,(;Ν,);α,(

+);β,(;)β,

λ

∫ ddy f(y)
h)

y)x
wH

1h

y

P1,Njja1jAjja

Q1,MjBjjbM1,jj(b

NM,

QP,
…(2.5) 



116                                                                                   V.B.L. Chaurasia et al. 

where it has been assumed that the change of order of integration is permissible as 
in the proof of lemma 1. Now by using (1.11), we get easily the right hand side of 
(2.3). 
 
Main Theorem 
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Now taking Mellin transform of both sides, we get 
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Now by using elementary property of H -function, assuming the change of order 
of integration is permissible under the conditions stated with the theorem and on 
evaluating the inner integral, (2.10) reduces to 
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which on evaluating the inner integral by appealing to the well known definition 
of Beta function, finally yield the required result (2.6). 
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Lemma 3: If 
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Proof: To prove Lemma 3, firstly we use the definition of Weyl fractional integral 
given in (1.12), expres the generalized polynomial set, H-function in series 
representation, a general class of polynomials andH -function, then we change the 
order of summations and integration (which is justified under the stated 
conditions), evaluate the integral and reinterpreting the resulting Mellin-Barnes 
contour integral in terms of H -function, we get the required result. 
 

3 Special Cases 
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(2) If we set 1 and 0 k   q  B 1, A −===== ℓ in (2.1), (2.3), (2.6) and (2.14), we 

obtain the following 
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(3) The result obtained by Srivastava, H.M. and Raina, R.K. [17] follows as 
special cases of our result on assigning certain values to parameters in the 
function involved and by setting θ = 0. 
 

(4) On taking 0 and 0 1,  Q)1,...,M  jB  N)1,..., jA
jj

=θ→σ=+=(==( in (2.1) 

and (2.3) the result reduce to known result derived by Goyal, S.P. and Mukherjee, 
Rohit [8] with t = 0. 
 

(5) Letting 0,  B k   q n 0 1,  Q)1,...,M  jB  N)1,...,  jA
jj

====,→σ=+=(==(  

,=θ=,−== 0  and 1 A 1 r ℓ the result reduce to a known result derived by 

Chaurasia, V.B.L. and Patni, Rinku [3] ]with n = 0. 
 

(6) Letting 0,  B k   q n 0 1,  Q)1,...,M  jB  N)1,...,  jA
jj

====,→σ=+=(==(  

,=θ=,−== 0  and 1 A 1 r ℓ the result reduces to a known result derived by 

Chaurasia, V.B.L. and Shekhawat, Ashok Singh [4] with n = 0. 
 

(7) Taking  0  and 0 1,  Q)1,...,M  jB  N)1,...,  jA
jj

=θ→σ=+=(==(  in (2.6), 

we find a known result of Goyal, S.P. and Mukherjee, Rohit [8] with t = 0. 
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