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WEIGHTED EXPONENTIAL INEQUALITIES

H. P. HEINIG, R. KERMAN, AND M. KRBEC

Abstract. Necessary and sufficient conditions on weight pairs are found for
the validity of a class of weighted exponential inequalities involving certain
classical operators. Among the operators considered are the Hardy averaging
operator and its variants in one and two dimensions, as well as the Laplace
transform. Discrete analogues yield characterizations of weighted forms of
Carleman’s inequality.
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1. INTRODUCTION

It is well known ([10], [3]) that for nonnegative locally integrable functions u,
v, and f defined on R™ and 1 < p < oo, the inequality

[u)(3 [ s ar) ar < By [@sa 0

holds, if and only if

Bf = sup <7x‘pU(x) dm) (/Sv(a:)l_”' dx)p_l < 0.

0

Here and throughout, p’ denotes the conjugate index of p defined by p’ = p/(p—
1). Moreover, the inequality (1.1), as well as those in the sequel, are interpreted
in the sense that, if the right side is finite, so is the left side, and the inequality
holds.

Now, if we assume f is positive a.e., then, since

pll—>r£lc> (xo/f(t)l/p dt) = exp (mo/log f(®) dt)
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(cf. [15], p. 344; 5c) it follows from Fatou’s lemma and (1.1) that

7u(x) exp (i/mlog f(@) dt) dr < liﬁglf Oou(x)<i/xf(t)1/p dt>pdx
< Cfv(x)f(:v) dz, (1.2)

provided plgr;o Brp(p')P~' = C. This limit exists if u(z) = v(z) = 2*, A >0, and

also if u(z) = v(x) is non-increasing. However, such a result for more general
weights seems not to be known.

In this paper we consider the operator K defined by

(K@) = [ K@) fw)dy, >0,

where k(z,y) > 0 satisfies certain mild restrictions. Conditions on positive, lo-
cally integrable weights u, v are given for which a weighted exponential inequal-
ity of the form (1.4) below holds. Here, locally integrable refers to integrating
on intervals (a,b), 0 < a < b < co. For a number of operators, specifically, the
Laplace transform and the general averaging operator

(Pf)(@) = Ba~? [ pwyat,  5>0, (1.3)

we characterize the weight functions v and v for which the exponential inequality

o0

fl

0

[e.o]

U(fv>(eXp<Klogf)(fv>>qu> " c( [ @ sy dx) R

0

holds, where 0 < p < g <oocor0 < g<p<oo,p>1(Theorem 2.2). The basic
result of Heinig, Kerman and Krbec was given in [7], where some of the specific
cases were announced and then generalized for the wide range of parameters p
and ¢ as above in [8]. The original result in [6] has in fact triggerred a number
of papers, for example [11], [12]. In particular, in [11], the inequality (1.4) was
obtained for f =1 and 0 < p < ¢ < co. A survey of earlier results can be found
in [7]; we recall here various generalizations of Carleman’s inequality in [9], [6],
[5], [16].

Note that in the sequel all functions are assumed to be measurable, y g denotes
the characteristic function of a set E and constants C' may be different at
different occurrences.
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2. EXPONENTIAL INTEGRAL INEQUALITIES
Let K be defined by

(K@) = [ ke,v)/ () dy

where f is a positive function and k(x,y) > 0 satisfies
(i) k(Az y) = A'k(z,y), A >0 (k is homogeneous of degree —1);
(ii) [ k(1,t)dt =1,
0

(iii) exp(— j’ok(l, t) logtdt) = A, for some constant A.
0

Theorem 2.1. Suppose K is the integral operator defined above with kernel
K satisfying (i), (i) and (iii). Let u and v be positive weight functions and set

w(z) = u(x) (exp[(K log 1/v)(x)])"" .
Given exponents p,q > 0, there holds
!/
with C' > 0 independent of f > 0 if
(a)

1/q o0 1/p
mmwmm%MMW@ gcwwwmwﬁ. 21)

oo e a/p
y>0 0 x
when 0 < p < q; and
(b)
/ yk(x’y)w(a:) dm] dy < o0, where 1/r =1 —q/p, (2.3)
T
)

when 0 < q < p.
Proof. Let s > 0 and g = (vf?)"/*. Then (2.1) is equivalent to

[e.e]

(/

0

p/(gs) 0 1/s
mwwmemwwWM) chaWM). (2.4)

The change of variable y = zt, the conditions (i)—(iii) and finally Jensen’s
inequality yield for the left side of (2.4),

(/Oow(x) (exp [(K log g)(x)])qs/p dl‘)p/(qS)
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o0 oo as/p p/(as)
= (/w(m) (exp [/ k(1,t)log g(xt) dt) dm)
00 00 as/p p/(gs)
(/w <exp [/k’ (1,¢)log tg(xt)] dt> dx)
as/p r/(gs)
A(/ (/k (1,t)tlog g(zt) dt) d:r;) .

0

IN

Setting y = xt in the last inner integral and invoking (2.4) again, we have that
(2.1) is a consequence of

o

(/ w(x)[(z?g)(m)]qs/pdx> q8)<o</ g(z ) , (2.5)

0

where K is the integral operator with the kernel k:(x, y) = yk(x,y)/x. According
to [2], Lemma 2.3 (a), one has (2.5) with s = 1 when 0 < p < ¢ if and only if

T FTuk qa/p
sup [ [k(z,y)]"Pw(z) de = sup [m] w(x) dr < oo,
y>0 0 y>0 0 x

and (2.5) with s = p/q when 0 < ¢ < p if and only if

7(7%(:10,3/)10@) dx)r dy = 7(7@@0(‘%) dx)T dy < o0,

where 1/r =1 — ¢/p (by the duality counterpart to [2], Lemma 2.3 (b)). O

The next result yields a complete characterization of the weights in (2.1) for
the operator Py with the kernel kg(x,y) = 27y 'Xx(0.2), 2,y > 0, defined by
(1.3).

Theorem 2.2. Let 3 > 0 and suppose u, v are positive locally integrable
functions on (0,00) with [P~ w(t)" dt < oo for all a > 0. Set w(z) =
u(z) (exp[Pslog(1/v)(z)))Y?. Then, a necessary and sufficient condition that
the inequality

(/

0

1/q oo 1/p
o) epl(Prioe N dr) < [olosaras) e
holds with C > 0 independent of f > 0 s
(a)

o0 y° qa/p
sup <x6+1> w(x)dr < 0o, (2.7)

>0
Y )

when 0 < p < q < oo; and
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T T yPw(x '
/(/ yxﬁil)dx> dy < o0, 1/r=1—-q/p, (2.8)

when 0 < g < p < 0.

Proof. In view of the preceding theorem we need only prove the necessity. Sup-
pose first that (2.5) — which is equivalent to (2.6) — holds with 0 < p < g,
K = P, and s = 1. Given fixed y > 0, define

h(t) = elfl/ﬁﬂtﬁ’ly’ﬂx(qy) () + B Py X (y.00) (1), t > 0.
Then, for x > y,

y
(Pglogh)(x) = 61:’ﬁ/tﬂ’1 log (elfl/ﬂﬂy’ﬂtﬁ’l) dt
0

x

—i—ﬁx_ﬁ/tﬁ_llog (yﬁtl_ﬁ) dt

Y

z(y)ﬁ (1—B)logz + Blogy + 1+ ~ +log 3
=— (2] —(1=0)logz 0gy — +log .

G\ g

Substituting this in (2.6) and restricting the integral on the left side to (y, 00),

we obtain

0 /3 a/p
y w(z)
Cl/< J]ﬁ+1 ) dx

Yy

<c (7w<x>q/p xp [—;]‘ﬁ (ysc)ﬂ] xp Hu 1 6)log ]

Y

q p/q
exp [Blog y] da:)
p
< C’/h(x) de =C (1 + el’l/ﬁ> ,

0
where C) = Bexp(l +1/8) > 0, so that (2.7) holds.
Now, let w,(t) = w(t)X(1/nn) (t) and define h by

oo qr/p
ho(t) = tﬁq?"/p( M ds) )
t

SﬁJrl

Then

Y oow (t) qr/p
(Pslog hn)(y) = By ™" / 27~ log [wﬁ qr/p( t}fﬂdt> ] dz
0 T
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ﬁ qr 75 -1 7;3 -1 wn (1)
) / log:cda:+ / log pro dt| dx
Far _5(y° Bar | [ wn .
> Ty 5 logy — 52 —1—— og ﬁ(+1) dz |y ’6/ AL dg
Yy

p

(7 ul) o) /} _

Substituting in the equivalent formulation of (2.6) in which f is replaced by
v~YPh and v by wexp|(q/p) Pslogv], we get

(x qr/p o0 Oown T r a/p
e qr/p/w ﬂqr/p( 5&1) dx) < C(/ (yﬁ xﬁ(+1> dx) dy) :
0

Y

Now, qr/p =r — 1 and Bqr/p+ 3 = Pr, so the left side of (2.5) equals

e—ar/p 7 d (T w (z) r
_ Bqr/p+p+1 n
0/ ! dy( zt! dx) W

e~ /P Bar [wale) )
- — <+ﬁ>0/< g dx) dy

Y

Hence,

00 5oown(x) r retr/p (¢/p)-1
/ (y gy d"”) W= ((6qr/p)+6 ) ’

0 Y

and, letting n — oo, (2.8) follows by Fatou’s lemma. [

Remark 2.3. a) For ¢ = p = 1, Theorem 2.2 a) was given in [7]. The special
case f =1 in Theorems 2.2. a) and b) was proved in [11] and [12], respectively.
The proof of the sufficiency of the respective conditions use arguments different
from ours.

b) If (u,v) = (2°,27), §,7 € R where q(1 +v) = p(1+6),0 < p < ¢ < o0,
then (2.6) holds. This follows at once if one observes that w(z) = e?/(BP) g+av/p
and (see (2.7))

o0

sup gB/p /
s>0

S

1/q
19—av/p=a(1+ap)/p dt) < 0.

But this supremum is finite if ¢(1 +v) = p(1+9) and p(d +1) < ¢(1 +~v+af),
which is clearly the case.
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A result similar to that of Theorem 2.2 holds also for the operator )z defined
by

Qsf)(@) = 82" [y f)dy,  5>0,
Corollary 2.4. Let u, v and f be as in Theorem 2.2, and

(x) = 2 *u(1/x) (exp | Ps(* /u(1/1))])

Then the inequality (2.6) with Pg replaced by Qg is satisfied in the range 0 <
p < q < oo, if and only if (2.7), with w replaced by w, holds.

In the case 0 < ¢ < p < o0, (2.6) with Pg replaced by Qs holds, if and only
if, (2.8) with w replaced by W is satisfied.

Proof. Observe that the change of variable y = 1/¢ in the definition of @)z shows

that (Qaf)(x) = (Psf)(1/z), where f(z) = f(1/z). Hence Theorem 2.2 and
some obvious changes of variables yields

q/p

o0

(/

0

[e.o]

u(z) (exp[Qplog f(x)])? df’”) N - (/

B q 1/q
u(z) (eXp[Pg log f(l/x)]) dx)

and

(Zx‘?u(l/@ (explPslog F(2)])” dx) " c(O/OOx—%a /o) f(a:)pdx>
al

When p = ¢ = 1 and 3 = 1, the following equivalent statements hold for
P = Pli

Proposition 2.5. Let u, v and f be positive functions and set
w(x) = u(z) exp(Plog(1/v))(x), x> 0.

Then, the following statements are equivalent:

1/p

1/p
o(2) ()" dx) |

and we are done. [

[e.9] o0

/u(x) exp(Plog f)(z) dx < Cy /v(x)f(:v) dx; (2.9)
(Pw)(z) + o HQw)(z) < Cy; (2.10)
Pw € Ly; (2.11)
/w(x)(Pfl/p)p(x) dzx < C’g/f(a:) dz, p>1, (2.12)

where C3 remains bounded as p — 00.
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For the proof see [7].
In our next result we consider the Laplace transform L defined by

o0

(Lf)(z) = /e_myf(y) dy, x> 0.

0

A characterization of the weights for which (2.9) holds is given next. Our result
generalizes Theorem 7 of [6].

Theorem 2.6. Let u, v and f be positive functions. Then

7u(x) exp E(Llog na /x)} de < C’]Ov(x) (@) da (2.13)

iof and only if

supt | e "w(1/z)dx < oo, (2.14)

where w(x) = u(x) exp [x_l Ofe_y/x log(1/v(y)) dy] :

Proof. Let k(z,y) = 2~ 'e™¥/* then 2~ (Lf)(2~!) = (K f)(x) satisfies the con-
ditions of Theorem 2.1 (observe that [ e Ylogydy exists, so (iii) is satisfied)
0

whence the sufficiency part follows.
Conversely, if g = vf, then (2.13) is equivalent to

/w(m) exp(K logg)(x)dx < C’/g(:v) dx (2.15)

where (Kh)(xz) = (1/x)(Lh)(1/x). Now, let g(x) = g(z) = tle @/t t >0
fixed. Then, (Klogg:)(x) = —(z/t) — logt and substituting this into (2.15) we
obtain that

[e.e]

(Kw)(t) =t! /w(x)e_z/t dx < C.

Next, define K by

Then,
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The proof will be complete if we can show that there exists a constant C; > 0

such that (Kjw)(z) < C1(K(Kw))(x). But,

e (Kw)(y) Y

(Ky(Kw))(z) =« »

oo

e~y 3 (/ e Vw(t) dt) dy

0
00

/
/
—z Zow(t) < O/ e~ @+0/yy =3 dy> dt
07 ~
/

w(t) ( / e~ (@Hsg ds) dt

0

Here the last inequality follows from e™ < 4e™'/(1+5)?, s>0. O

The characterizations of the weights for the averaging operator between
weighted LP—spaces in higher dimensions are known only in two dimensions
(cf. [13]). By contrast, the corresponding characterization of weights for the
exponential inequality of the averaging operator in higher dimensions carries
over from the one dimensional case in a straightforward manner.

Below we give the two dimensional result only. However the higher dimen-
sional results carries over in the same way.

We shall write = (21,22), R = (0,00) X (0,00), dz = dz1dzs, with the
two dimensional averaging operator being given by

T1T2

LT by dy.

Tr1x
12OO

(P2f)(x) =

Theorem 2.7. Let u, v and f be positive functions on ]R%r. Then
/u(:c) exp(P?log f)(z)dx < C / v(x)f(z)dx (2.16)
RZ R2

if and only if for any aq, as > 0,

[eelee)
sup - yy'ys® // gy e g2 Fe2) () doe = A < 00 (2.17)

>0,y2>0
Y1 Y2 192
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where w(x) = u(z) exp(P?*log(1/v))(x).
Proof. The argument that (2.17) is sufficient for (2.16) follows well known lines.
Thus, let g = fv. Then (2.16) is equivalent to
/w(x) exp(P?log g)() dv < C/g(x) dx (2.18)
RZ R2

and an obvious substitution gives

/ (x exp(/ log g xltl,xgtg)dt> dr < C/

R2 R2

But for a; > 0, ag > 0,

6_(o¢1+062) — eXp // lOg (t?lth) dt
0

and the left side of (2.18) becomes

11
e1taz /U)(ZZ') exp </ 10g(t?1t(212g<$1t1,332t2)) dt) dx
00

2
R+

11
< a1+a2/ / t0 52 g(aqty, woty) dt dx,

by Jensen’s inequality. Changing variables (twice) and interchanging the order
of integration the latter is equal to

e [ () (y;“y;? / / gy (hen) 7 (o) dm) dy,

R2 Y1y2

so that (2.17) yields (2.18) with C' = e™T*2 A,
We now show that (2.16) implies (2.17).
For fixed t; > 0, t5 > 0 substitute
1 . e—(1+a2)tgé2
9() =t; 1y X(0,0) X (0,12) (T2) + 1) X(Oytl)(xl)WX(t%OO)(xQ)
2

. 6_(1+a1)t?1
+ 1, X(o,t2>($2)7x1+al X(t1,00) (1)
1

—(2+a1+a2) Qa1 02

e 11ty

+ Trar _1tas X(tl,oo)(xl)X(tg,oo)(@)
Ty Ty

n (2.16). The right side of (2.16) is

C [1 +e T g+ e M ay + 6727&17&2/(061052)}
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Let us write the left side in the form

t1to t100

INIGIE T T =nens o,

0ta t1 0 t1ta

Each integral is positive, so, if we show that

I = 151452 / / e Uez) gy

t1ta

the result will follow. We have

0000 t1x2 x1t2
L= [ [w)e (// [+ ]+ [] ) sotwav] s
; 1T
1t2 0t2 t10 t1t2
2 —1,—1
= log(t7y 't ]
t/t/ eXp [$1$2 g( 1 b2 )
1l2
tef (tlem(reagg
exp | — / log (11+a22> dys
L1X2 i Y2
ty f [tyle- (e
exp[ 2 /log (2 o ! ) dyll
L1X2 & Y1

1 T1T2 e_(2+11y+a2)ta1ta2
expl / log( e 1+i2 2| dy| dx
i Y2

7

Clearly,

tit
2 logt, — 2 logts| .
T1T2 T1T2

Ey(r) = exp | —
An elementary calculation shows that

ot
2 logt; + L log to

t tit
Es(x) = exp [_xl logt, +
1

T1T2
t t 1 t
172 log to — ch)llogxgl
ZH}EQ I
so that
oot 1 t
Ey(x)Ey(x) = exp [—logtl + Alogtg Hom)llog:@] )
T
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Further calculation — elementary again, but rather tedious so we omit details —
yields

t tit aqt
Es(z) = exp {—2logt2 4+ 2 logts + glongl
i) T1T2 )
tit 1 t
T1T9 )
t?lth Oéth tl tltz t2
Eyr) = F————¢€ {—10t+lot— logt; + —logt
4() x#alx%ﬁ@ Xp 2 gl o gl1 12 gl1 T gl2
t tit 1 t 1 t
o T1X2 T2 T
and
t‘llltgg tl O[2t1 (1 + Ozg)tl
E E = —F—— 1€ —lot——lot—i—ilo s
3(2) Ea(2) glro T Xp o gl o gl2 7 g I
thus
15115
1 L2

This proves the theorem. [

3. THE DISCRETE CASE

It is not unexpected that integral estimates have corresponding discrete ana-
logues. In this section we give discrete versions of Theorem 2.2 (with § = 1) and
Theorem 2.7, which yield two—weight generalizations of a weighted Carleman
inequality.

Theorem 3.1. Let {u,}7,, {va}2, {an}s2, be sequences of positive num-
bers and set

1 q/p
w, = (unexp[ZIOg(l/vkﬂ) , n=12....
n3

(i) If 0 < p < q < o0, then there is a constant C > 0 such that the inequality

0 1/q o) 1/p
(Z un(aras . . .an)q/”> < C(Z vnafl> (3.1)
n=1

n=1

if and only if for any a > 0

o] w 1/q
sup ma/P<Z n(1+a)q/p> < 00. (3.2)

m>1
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(il) If 1 < g < p < 00, then the inequality (3.1) holds, provided the condition

r/q
Z Z n=2@t )y mletVar < oo is satisfied, where a > 0 and
m=1 \n=m
1r=1/q— 1/p.

Proof. (i) Let b2 =v,a?, n=1,2.... Then, (3.1) is equivalent to

Gl @) o

n=1

For any p > 0, if we write v = p/a where a > 1, then, 0 < p = ya < ¢ < o0,
or 1 < a <gq/y. With ¢, = b} the inequality (3.3) is equivalent to

oo 1 a/\ /4 0 1/a
<Z wy, (exp [n > log ey > ) <C (Z cﬁ) . (3.4)
n=1 k=1 n=1

To prove (3.4) define f(t) = ¢, if k—1 <t <k, k=1,2..., and zero otherwise.
1

Then, since [logydy = —1, Jensen’s inequality shows that the left side of (3.4)
0

(Z Wy (expll 3 [ 1og (1) dthMy/q

_ (i w, (exp i /n log £(t) dti)qM)w

n=1

_ (i W (exp 0/ log f(ny) dy: )q”)w (t = ny)

Il
[N

=€

0 n a/\ v/a
S w,n 2 </ f(t) dt) )
n=1 0

» (i . (Z k0k>q/w> v/q.

1

Applying the discrete version of the weighted Hardy inequality (cf. [1], [4]), the
last expression is dominated by

S 1/a 00 1/
(Sreww) -(59)
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provided in case 0 < p < g <

o0 w ’Y/q 00 (1 /) ’Y/q/
ap( 3 g ) (S ee)

e . w, p/(qa)
— cupm (znm/p>

m>1 n=m

00 w 1/q p/e
— (2a/p)—(1/p) n
(fnl;r; m (;m nm/p> )

< oQ.

But with @ = 2a — 1 > 0 this becomes (3.2).
(ii) In case 1 < ¢ < p < oo we see that (just as in the previous case) the left
side of (3.3) is not larger than

o] n q\ 1/¢q
e(Z w,n 9@+ (Z kabk> ) , a>0,
n=1 k=1

and again by the discrete form of Hardy’s inequality ([15], [16]) this is dominated

by
[e’s) l/p e’} 1/1’
(z hor (k%@p) _ (z bﬁ)
k=1 k=1
whenever
0 [ee) 7‘/q e’} 7"/‘1/
Z Z Wn n? m*? < oo
m=1 \n=m nq(aJrl) n=1
But since

ap 1 « «
(ap’+1)+ap’=r<],)+,+p—p>
q q p
1
:r<ozp’+,—ozp/+oz>:r<oc+,>,
q

this is the condition given in (ii) with a = a.

To prove necessity of part (i) let 82 = 1/k if n < k and e '"*n= "1k if
n >k, a>0and k fixed, n =1,..., in (3.3) Clearly the right side of (3.3) is
finite in this case and we can write the left side in the form

(f: + i )Uq = (S + So)M°.

n=1 n=k+1

Now,

k 4 k
Slzz:wn (exp[ Zlog —1/p]) :k:_‘I/prn
n=1 n=1
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and
-3 <exp[

q/p (1+a) /{:O‘ q/p
> log(l/k)] exp[ Z log ( D
n—kt1 =1 j=k+1
k a/p n—k—1 a/p
Z wy, (exp [ log kJD (exp [ log (e_(lw)ka)D X
n=k-+1 n n
1 n Q/p
X (exp[—a: Z logj]) .

j=k+1

3\*—‘

But the Mean Value Theorem shows that

n n+1
Y logj= Y jlog(j—1)— Zjlogj
j=k+1 Jj=k+2 j=k+1

= > jllog(j —1) —logj] — (k+1)logk + (n+ 1) logn
j=ht1

= > ‘7—1—( +1)logn — (k+ 1) logk

ki1 G
m where j — 1 < c; < j. Hence

Zn: logj < Zn: (=1)+ (n+1)logn — (k+1)logk

j=k+1 j=k+1

SO

k a/p a/p
Sy > Z W, <exp [— log k]) (e_(Ho‘)ka)

n=k+1

< (e [E 01 o)) (exp [ 2B D iogi] )
(ool (ool eed)

(azl)(_n+k+1+(n+1)10gn—(/f+1)10g’f)]

X exp l—

q/p q/p
k+1
=t 5 oo [‘kl‘)g’“> )

n=k+1

q/p alk +1 a/p
x(exp{ (a +1)< Z logn exp[a—l—l (n+ hogk])

Tt

1 qa/p
—(1+a)q/pr.aq/ —(a+1)q/
> e P arp Z Wy N qp(exp nlog<na+l>1>

n=k+1
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1
< 1. But, since, for k > 1 (n > 2),

1 k 1 1
10g< ) E—OH_ lognz—a+ log 2,
n n

since

n

n naJrl

it follows that

1 EOT\YP q (1 k
exp Elog — = exp I; glog e

> 9—ala+1)/(2p).

Therefore

Sy > ¢~ (IHa)a/py—alat1)/(2p) paa/p i wnn—(a-i-l)q/p,
n=k+1

and so

(Sy + Sp)l/1 > o= (1+)/pg—(a+1)/(2p) (k—q/pwk + fea/p i w,n~etha/p

n=~k

_kaq/pwkk,—(aﬂ)q/p) 1/a

o0 1/q
— »,—(14+a)/po—(a+1)/(2p) | 1.09/p Wn
=€ 2 <k 2 n<a+1)q/p> '

n=

This implies condition (3.2) with @ = « and completes the proof of the theo-
rem. []

Remark 3.2. 1) Ifu, = v, =1, thenw, =1,n=1,2,..., and condition (3.2)
is satisfied only if p = ¢, so in this case (3.1) reduces to Carleman’s inequality
(with C' = e).

ii) f p=¢g=1 and

a - W, _
2 s =
then the constant C' in (3.1) satisfies

w7(1+a)/2A(1 4 36*(1+a)/(2a)) < (C < eA.

The previous result with p = ¢ = 1 has a higher dimensional analogue. We
state here the two dimensional case and only sketch the proof. Details can be
found in authors’ preprint [8].

Theorem 3.3. Forn,m € N let {tunm}, {Vnm}, {@nm} be double sequences
of positive numbers and

1
Wym = Unm exp( E log 1/vk7j>.
nm

1<k<n
1<<m
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Then,

1/(nm)
Z u”v”"( H a’j7k> SC Z Un,m@n,m (35)

n,m>1 1<k<n
155<m

if and only if for some ay > 0, ag > 0,

sup k1 72 E n~ thmmer Ty, = A < 0. (3.6)
k>1

v n>k

3=l m>j

For the proof observe that the substitution by, ,;, = @y mVn m allows us to write
(3.5) in the equivalent form

Z wn,mexp<1n Z logbﬁk) <C Z brm- (3.7)

nom>1 nm < nm>1
1<j<m

Now, let f(s,t) =bjpif k—1<t <k j—1<s<j k,j=1,2..., and zero
otherwise. Since

11
e—oa—ozz = exp // log (ttlhtgéz) dtldtg,
00

the left side of (3.7) takes the form
ko J

> wn,mexp<1 3 / / log f(s,t)dsdt)

n,m>1 My <p<n k—1j—1
1<j<m

and this is the case dealt with in the previous theorem.
For the converse we substitute into (3.7) b, ,,, defined by

k:fljfl 1fn§k‘,m§]7
b B kfleflfocQjOQm*OQ*l ifn S kf, ] >m,
n,m — j—le—l—alkaln_al_l iftn>k j<m,

e 2mamazparjoapa—lmaa—l i g S b5 >,

where k, j are fixed. Then, after some calculation one obtains (3.6).
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