Georgian Mathematical Journal Volume 8 (2001), Number 1, 181–188

HILBERT SPACES FORMED BY STRONGLY HARMONIZABLE STABLE PROCESSES

A. R. SOLTANI AND B. TARAMI

Abstract. A strongly harmonizable continuous time symmetric α-stable process is considered. By using covariations, a Hilbert space is formed from the process elements and used for a purpose of moving average representation and prediction.

2000 Mathematics Subject Classification: Primary 60G20, 60G25. Secondary 60G57.

Key words and phrases: Strongly harmonizable stable processes, time domain, prediction.

1. Introduction

Let X = {X(t), t ∈ R} be a strongly harmonizable symmetric α-stable process, 1 < α ≤ 2, SH(SαS)P. Then X(t) is the Fourier transform of a SαS random measure with independent increments Φ,

X(t) = ∞� −∞ e^{itλ}Φ(dλ). (1.1)

Then f(λ) =^{‖Φ(dλ)‖α}_{dλ} , where ‖ · ‖_α is the Schilder’s norm, defines the spectral density of the process [2]. The closed linear span of X(t), t ∈ R, under ‖ · ‖_α, denoted by (A, ‖ · ‖_α), forms the time domain of the process which is a Banach space of jointly SαS random variables. The spectral domain is L^α(f). Since 1984 this space has been used intensively to explore Banach space techniques for time series analysis of the process, [3], [12], [9], [6] among others. In most of the situations the methods are different from those for the Gaussian processes, which rely on the geometry of a Hilbert space and the properties of inner products. To make some of the Gaussian techniques accessible for stable processes, it is natural to raise a question if it is possible to construct a Hilbert space by the elements of the SH(SαS)P. In this paper we provide an affirmative answer to this question.

2. Hilbert Space

Let X = {X(t), t ∈ R} be a strongly harmonizable SαS process given by (1.1) with spectral density f. Also let S_0 be the linear span of the elements of

ISSN 1072-947X / $8.00 / © Heldermann Verlag www.heldermann.de

the set {X(t), t ∈ R}. For Y_1 =

�_n

l=1 d_lX(t_l) and Y_2 =^m � j=1 b_j X(s_j) in S_0 define

⟨Y_1, Y_2⟩ = � l,j d_lb^∗_j [X(t_l), X(s_j)]_α

= 2π � l,j d_lb^∗_j f^∨(s_j − t_l),

where f^∨(t) =^1_{2π}^∞ � −∞ f(u)e^{−itu}du and * stands for the complex conjugate, also

^f(u) =^∞ � −∞ f(t)e^{itu}dt. Then ⟨·, ·⟩ is an inner product on S_0. The space (S_0, ⟨·, ·⟩)

is not complete, but theoretically it has a completion in the form of Theorem 7.4.9 from [14]. Theorem 2.1 given below specifies the completion of (S_0, ⟨·, ·⟩) for regular SH(SαS)P. A stable process X = {X(t), t ∈ R} is called regular if � s≤0 sp{X(t), t ≤ s} = 0,

where sp, the span closure, is taken in (A, ‖·‖_α). The SH(SαS) regular processes were studied in [3] and [8]. Under the regularity assumption the spectral density f exists, stays away from zero so that log f ∈ L^1(R), and therefore f can be written as f = |h_α|^α, where h_α is an outer function in the Hardy space H^α. Now let h = h^{α/2}_α ; then h is an outer function of the class H^2 and f = |h|^2. Define

M(A) = � A 1 h^∗ dΦ, for Borel sets A. (2.1)

Then M possesses the properties of an independently scattered SαS random measure for which for every g ∈ L^2, � gdM ∈ A, and there is a universal constant C such that ‖ � gdM‖_α ≤ C‖g‖_L2 , g ∈ L^2. (2.2)

The random measure M enables us to specify the completion of (S_0, ⟨·, ·⟩).

Theorem 2.1. Let X = {X(t), t ∈ R} be a regular SH(SαS)P given by (1.1), then the completion of (S_0, ⟨·, ·⟩) denoted by (S⟨·, ·⟩_S ), is a Hilbert space of jointly symmetric stable random variables for which:

(i) S ⊂ A, as a point inclusion;

(ii) for every Y ∈ S, ‖Y ‖_α ≤ C‖Y ‖_S , where C is a constant independent of Y . (iii) ‖Y ‖_α and ‖Y ‖_S can be evaluated for Y ∈ S.

Proof. [9]. Let S = { � gdM, g ∈ L^2}, and for g, k ∈ L^2 define � � gdM, � kdM � S = ⟨g, k⟩_L2 .

Then (S, ⟨·, ·⟩_S ) is the completion of (S_0, ⟨·, ·⟩). Indeed,

�_n� l=1 d_lX(t_l), m� j=1 b_j X(s_j) � S = � �_n� l=1 d_le^{itlλ}h^∗(λ)dM, � ( m� j=1 b_j e^{isj λ}h^∗(λ)dM � S = �_n� l=1 d_le^{itlλ}h^∗(λ), m� j=1 b_j e^{isj λ}h^∗(λ) � L^2

= 2π � l,j d_lb^∗_j f^∨(s_j − t_l) = �_n� l=1 d_lX(t_l), m� j=1 b_j X(s_j) � . Clearly, (S, ⟨·, ·⟩_S ) is complete since L^2 is complete. Now suppose, for Y ∈ S, ⟨Y, X(t)⟩_S = 0 for every t ∈ R. Then Y = � gdM for g ∈ L^2 and � ghe^{−iλt}dλ = 0, t ∈ R. Therefore gh = 0 for a.e. λ. But since h is outer h ≠ 0 for a.e. λ. Consequently g = 0 for a.e. λ and thus Y = 0. Hence (S, ⟨·, ·⟩_S) is the completion of (S_0, ⟨·, ·⟩). The properties (i) and (ii) follow from (2.2). For (iii) note that if Y ∈ S, then Y = � gdM =

�_g

h^∗ dΦ; thus

‖Y ‖_S = ‖g‖_L2 and ‖Y ‖_α = � |g|^α|h|^{2−α}dλ.

It is customary to consider (A, ‖ · ‖_α) as the time domain of a given a stable process. In the case of stable harmonizable process it is more convenient to work with (S, ⟨, ⟩_S ) as the later is a Hilbert space, and as will be shown, for prediction the classical L^2-approximation theory can be applied.

It is well known that the classical moving average representation does not exist for X in A [9], [3]. But a moving average representation against a stable random measure Z, whose Fourier transform has independent increments, exists in A [9]. Moreover, a moving average representation exists in S, and Z has orthogonal increments in (S, ⟨·, ·⟩_S ).

Theorem 2.2. Let X = {X(t), t ∈ R} be a regular process, then

X(t) = t� −∞ h^∨(t − s)dZ(s), t ∈ R, (2.3)

in (S, ⟨·, ·⟩_S) and, consequently, in (A, ‖ · ‖_α), where for bounded Borel sets A ⊂ R, Z(A) = � ^ I_A(λ)dM(λ), where M is the random measure given by (2.1).

Furthermore, ⟨Z(A), Z(B)⟩_S = 0, A ∩ B = ϕ, and S_t(X) = S_t(ΔZ), t ∈ R, where S_t(X) = sp{X(s), s ≤ t} in (S, ⟨·, ·⟩_S ) and S_t(ΔZ) = sp{Z(A) : A ⊂ (−∞, t] and A is bounded}.

Proof. (2.3) is given in [9]. For the properties of Z note that ⟨Z(A), Z(B)⟩_S = ⟨ ^I_A, ^I_B ⟩_L2 = 2π⟨I_A, I_B⟩_L2 = 0. The isomorphisms X(t) ↔ h^∨(t − ·) ↔ e^{itλ}h^∗(λ) together with the classical Beurling’s theorem imply that S_t(X) = S_t(ΔZ) for every t ∈ R.

Prediction. The orthogonality in A is in the sense of the James orthogonality which was clarified in [2]. The linear approximation problems in A or, equivalently, in L^α(ν) were established by Rajput and Sundberg [12]. The best linear predictor of X(t + T ) based on A_t(X) = sp{X(s), s ≤ t} in (A, ‖ · ‖_α) is given by

~X(t, T ) = ∞� −∞ e^{i(t+T )u} � 1 − (P_T (h^{α/2}_α ))^{2/α}(u) h_α(u)

�_∗

dΦ(u),

where P_T (g)(z) = T� 0 e^{iuz}g^∨(u)du, z ∈ C, g ∈ H^2,

and the error is

E(T ) = � � �2π T� 0 |h^{α/2∨}_α (u)|^2du � � � 1 α = � � �2π T� 0 |h^∨(u)|^2du � � � 1 α . (2.4)

The classical L^2 theory can be applied to obtain ^X(t, T ), the best linear predictor of X(t + T ), based on S_t(X) in (S, ⟨·, ·⟩_S ). Indeed,

^X(t, T ) = P_{St(X)}X(t + T ) = ∞� −∞ g_{T,t}(λ)M(dλ),

where g_{T,t}(λ) = P_{s̄p{e}isλ_{, s≤t}}e^{i(t+T )λ}h^∗(λ),

g_{T,0}(λ) = (P_H2 e^{−iT λ}h(λ))^∗ =

�_∞�

T h^∨(u)e^{−iuλ}du � e^{iT λ},

g_{T,t}(λ) = e^{itλ}g_{T,0}(λ), see [5].

Theorem 2.3. Let {X(t), t ∈ R} be a regular SH(SαS)P given by (1.1) with spectral density f = |h|^2. Then, in S, the best linear predictor of X(t + T ) based on {X_s, s ≤ t} is given in the spectral form by

^X(t, T ) = ∞� −∞ 1 h^∗(λ) e^{i(t+T )λ} ∞� T h^∨(u)e^{−iuλ}du dΦ(λ), (2.5)

and in the moving average form by

^X(t, T ) = t� −∞ h^∨(t + T − u)dZ(u), (2.6) where {Z(A)} is the random measure given in Theorem 2.2. The error term is given by

e(T ) = � 2π T� 0 |h^∨(u)|^2du

�_{1/2}

. (2.7)

We remark that (2.5) and (2.6) are valid both in S and in A.

The proof is omitted as it is similar to the Gaussian case presented in [5]. It follows from (2.3) and (2.6) that e^2(T ) = E^α(T ).

The maximum relative deviation of E(T ) from e(T ) can be specified as

e(T ) = � � +∞� −∞ f(x)dx � � (α−2)/(2α)

E(T ), T → +∞.

Examples. Let us present the following four spectral densities:

A : f(x) = � 1 x^2 + a^2

�_{α/2}

, a > 0,

B : f(x) = � 1 √ x^2 + a^2(x^2 + b^2)

�_α

, a > b > 0,

C : f(x) = 1 (x^2 + a^2)(x^2 + b^2)^{α/2}

, a, b > 0, β >

−α + 1 2 , D : f(x) = 1 (a^2 + x^2)^{α/2} e^{−2b/(a2 +x2)}, a, b > 0.

The corresponding outer factors together with the Fourier transforms are given in Table 1, where

γ(w, r) = r� 0 u^{w−1}e^{−u}du,

1F_1(w; r; y) =

Γ(r) Γ(w) ∞� k=0 Γ(w + k) Γ(r + k) y^k k! ,

J_w(y) = ∞� k=1 (−1)^k (^y_2 )^{w+2k} k! Γ(w + k + 1) are the truncated gamma function, the confluent hypergeometric function and the Bessel function, respectively.

Figure 1: Left: E(T ) and e(T ) for density A, a = 1.

Right: E(T ) and e(T ) for density B, a = 1, b = 0.5.

Figure 2: Left: E(T ) and e(T ) for density C, a = 1, b = 0.5, β = 1;

Right: E(T ) and e(T ) for density D, a = 1, b = 1.

f(x) h_α(x) h(x) h^∨(u)

A^i_{ai+x}

�_i

ai+x

�_{2/α 1}

Γ(α/2) u α/2−1e−auα/2I [0,∞)(u)

B^i_{ai+x}

�_i

bi+x

�_{2/α} �_i

ai+x

�_{2/α i}

bi+x e^{−bu} Γ(α/2)(a−b)^{α/2} γ(α/2, au − bu)I[0,∞)(u)

C �_i

ai+x

�^{2β}_α �_i

bi+x

� �_i

ai+x

�_β �_i

bi+x

�_{α/2} e^{−au} u^{β+ α}2^{−1}

Γ(β+^α_2 ) ×

1F_1(α/2; α/2 + β; au − bu)I_{[0,∞)}(u)

D^i_{ai+x} e^{−2biα(ai+x)}

�_i

ai+x

�_{2/α}

e^{−biai+x} e^{−au}

�_u b � α−2_4

J^α_{2 −1}[2(bu)^{1/2}]I_{[0,∞)}(u)

Acknowledgement The authors are thankful to a referee for careful reading of the article and providing valuable comments.

References

1. S. Cambanis, Complex symmetric stable variables and processes. Contributions to Statistics: Essays in Honor of Norman L. Johnson, Sen, P.K., Ed. 63–79, New York, North Holland, 1982.

2. S. Cambanis, C. D. Hardin, Jr., and A. Weron, Innovations and Wold decomposition of stable sequences. Center for Stochastic Processes, Tech. Rept. No. 106, Univ. of North Carolina, Chapel Hill, 1985.

3. S. Cambanis and A. R. Soltani, Prediction of stable processes: spectral and moving average representations. Z. Wahrscheinlichkeitstheor. verw. Geb. 66(1984), 593–612.

4. P. L. Duren, Theory of H^p spaces. Academic Press, New York, 1970. 5. H. Dym and H. P. McKean, Gaussian processes, function theory, and the inverse spectral problem. Academic Press, New York, 1976.

6. A. Janicki and A. Weron, Simulation and chaotic behavior of α-stable stochastic processes. Marcel Dekker, New York, 1994.

7. J. Kuelbs, A representation theorem for symmetric stable processes and stable measures on H. Z. Wahrscheinlichkeitstheor. verw. Geb. 26(1973), 259–271.

8. A. Makagon and V. Mandrekar, The spectral representation of stable processes: harmonizability and regularity. Probab. Theory Related Fields 8(1990), 1–11.

9. M. Nikfar and A. R. Soltani, A characterization and moving average representation for stable harmonizable processes. J. Appl. Math. Stochastic Anal. 9(1996), No. 3, 263–270.

10. M. Nikfar and A. R. Soltani, On regularity of certain stable processes. Bull. Iranian Math. Soc. 23(1997), No. 1, 13–22.

11. F. Oberhettinger, Tabellen zur Fourier Transformation. Springer-Verlag, Berlin, 1957. 12. B. S. Rajput and C. Sundberg, On some extermal problems in H^p and the prediction of L^p−harmonizable stochastic processes. Probab. Theory Related Fields 99(1994), 197– 220.

13. J. Rosinski, On uniqueness of the spectral representation of stable processes. J. Theoret.

Probab. 7(1994), No. 3.

14. H. L. Royden, Real analysis. Macmillan Publishing Company, New York, 1989. 15. Yu. A. Rozanov, Stationary random processes. (Translated from the Russian) Holden- Day, San Francisco, 1967.

16. W. Rudin, Real and complex analysis. McGraw-Hill, New York, 1966. 17. M. Schilder, Some structure theorems for the symmetric stables laws. Ann. Math.

Statist. 41(1970), 412–421.

(Received 11.12.2000)

Authors’ addresses:

A. R. Soltani Department of Statistics and Operational Research Faculty of Sciences, Kuwait University P. O. Box 5969 Safat 13060 State of Kuwait

B. Tarami Department of Statistics Faculty of Sciences, Shiraz University Shiraz 71454, Iran