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THERMOELASTIC EQUILIBRIUM OF BODIES IN
GENERALIZED CYLINDRICAL COORDINATES

N. KHOMASURIDZE

ABSTRACT. Using the method of separation of variables, an exact so-
lution is constructed for some boundary value and boundary-contact
problems of thermoelastic equilibrium of one- and multilayer bodies
bounded by the coordinate surfaces of generalized cylindrical coor-
dinates p, o, z. p, a are the orthogonal coordinates on the plane
and z is the linear coordinate. The body, occupying the domain
Q={po<p<p1, ap <a<ai, 0<z< 2z}, is subjected to the
action of a stationary thermal field and surface disturbances (such as
stresses, displacements, or their combinations) for z = 0 and z = 2;.
Special type homogeneous conditions are given on the remainder of
the surface. The elastic body is assumed to be transversally isotropic
with the plane of isotropy z = const and nonhomogeneous along z.
The same assumption is made for the layers of the multilayer body
which contact along z = const.

INTRODUCTION

Boundary value problems of elastic equilibrium of a homogeneous isotro-
pic layer which are related to the problems considered in this paper were
previously investigated by Lamé and Clapeyron. In the subsequent studies,
the solutions obtained by these authors were simplified and generalized. A
sufficiently complete bibliography on this topic is given in [1], [2].

In all the mentioned papers, solutions of the problem were constructed by
means of double integral transformation formulas mostly for a homogeneous
layer in the absence of thermal disturbance. In this paper, using the method
of separation of variables and double series, we construct solutions of static
boundary value and boundary-contact problems of thermoelasticity [3] for
the linear coordinate parallelepiped Q = {po < p < p1, ap < @ < az, 0 <
z < z1}, where p, a, z are the generalized cylindrical coordinates (p, « are
the orthogonal coordinates on the plane and z is a linear coordinate). In
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addition to thermal disturbance, either stresses or displacements or their
combinations are given for z = 0 and z = z;. Special type homogeneous
boundary conditions are given on the lateral surfaces (p = po, p = p1, @ =
ap, @ = aq). If a multilayer body is considered, then its layers contact along
the planes z = const. An elastic body or the layers of a multilayer body
consist of a transtropic (transversally isotropic) material which is specially
non-homogeneous along z (z = const is the plane of isotropy).

It follows from the above discussion that in this paper the problem of
elastic equilibrium of an infinite layer is generalized (despite special type
homogeneous boundary conditions given on the lateral surfaces of the body)
and solved by a simple method. The simplification is achieved by 1) trans-
forming the thermal problem and constructing a general solution for the
considered class of three-dimensional boundary value problems of thermo-
elasticity; 2) replacing the classical conditions on the boundary and contact
surfaces by the equivalent ones; 3) using a double series instead of a double
integral transformation. In conclusive Remarks 1 and 2, solutions of some
nontrivial problems of thermoelasticity are given.

The effectiveness of the solutions can be characterized as follows.

Using the method of separation of variables, in the domain Q = {py <
p<p1, a0 <a<ay, 0<z<z} wecan constuct an effective solution of
the basic boundary value problems for the Laplace equation, with the zero
conditions for p = p; and o = v, where j = 0,1. Then, likewise effectively,
in the same domain 2 and by the same method we can find a thermoelastic
equilibrium of the considered bodies.

To conclude the introduction, note that the Lamé coefficients of the sys-
tem p, a, z [2] are

hp:ha:h:\/<g;)2+(gi”))2, he =1,

and that
Or Oy _, Oz _ 0y_ 2(1@) ﬁ(l@),
dp Oda 7 da  Op  Op\hOp da\hoat

where z, y are the Cartesian coordinates.

8 1. EQUATIONS OF STATE, BOUNDARY CONDITIONS, A GENERAL
SOLUTION, THE UNIQUENESS OF A SOLUTION

1.1. If the thermal field does not depend on time and no mass force is
given, then the elastic equilibrium of a transtropic body which is nonho-
mogeneous along z can be described in terms of the generalized cylindrical
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coordinates by the known equations [3,4]. In particular, the equilibrium
equations have the form

0 10, LOR. Oh ,

Bp M) T Gy g M ) F I gy e =0

0 L0A, 10, , on

9a (hAa) + W22 45 o (12 A,) = 5OR, =0, (1)
0z 0 0

204> O o _

Wt 5,12 + 5 (hZa) = 0.

where R,, Ay, Z, are normal stresses; Ry = A,, R, = Z,, A, = Z, are
tangential stresses. As for the physical law, it is written in the form

c1 /O(hu) O(h
R, =ciepp+(c1 — 2¢5)€antcze.. —kioT'= h%( (0/) ) (a:))*
1 ov 1 0h ow
— 205(%% + ﬁaipu) + 035 — kloT,
c1 /0(hu)  O(hv
Ay =creqat(c1 — 205)epp+03ezz—k10T:h—12( ((9;) ) + (8a ))—
1 0u 1 0Oh ow
oo (2t S Y kT 2
c‘)(h dp e 3@”) tos 0z k10T, @)
c3 10(hu d(hv
Z, = cae, +03(epp +€o¢a) - k2OT = %( (ap) + (804)) +
ow 0 /v 0 /u
g, —hl, Ay =aeap = s[5 () + 50 (7))
ou 10w 10w Ov
Zp = zp = a. =), Za= za — T a_ - |
p = CaCzp C4<az+hap> cae C4(h8a+8z)

where u, v, w are the components of the displacement vector U along the tan-
gents to the coordinate lines p, &, 2; €, p, €aa; €22, €2p = €pzs €20 = €azy Cap =
epa are deformations; ¢; = ¢;(z) (j = 1,2,...,5) are the elastic char-
acteristics (for their expression in terms of the technical characteristics
El,EQ,’Ul,’Ug,‘u see [5]), klO = [2(61 — C5)k1 + Cgkg], kQO = (263/€1 + Cgkg);
k1 = ki1(z) and ko = ko(z) are the coefficients of linear thermal expansion in
the plane of isotropy and along z; T is the elastic body temperature defined
by the equation
10 oT

AT+ M Oz </\2 82) =0 (3)
with the corresponding boundary conditions. Here A\; = Ai(z) and Ay =
A1(2) are the heat conduction coefficients in the plane of isotropy and along
z [3]; Ag = #(6‘9—; %22); in the case of circular cylindrical coordinates

r,a, z we have h = r and the operation 8% is replaced by the operation T%.
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Using (1) and (2), we can obtain the following system with respect to
D,Z, Z,, K,u,v,w:

0 [c3 ciea — 3 Ow 110 1o} B
2) 0z (ch + 1 8,2) + h? L’)p(th) * 804(}12’1)} o
_ 2(01/620 - C3/€10T>
0z c1 ’ @)
oD oK o0Z,) oD oz oK
dp O oz da 0z ap
Loz ohZ,)) 0 Ky
d) hQ{ Op O } 6482’(65) =0,
1 r0(hu)  9(hv) c3 0w ki, D
Ol R T R it
I(hu)  Ow _hZ,
b) 0z +ap* ey’ (5)
2
0 ow n O(hu) _ hZa’ a) d(hv)  O(hu) _h K'
Oa 0z N ap oo cs

By virtue of (5) it is easy to verify that equality (4d) is the identity.

Next, we shall consider thermoelastic equilibrium of the curvilinear coor-
dinate parallelepiped (CCP) occupying the domain Q@ = {pg < p < p1, ap <
a < ag, 0<z< z}. We shall use boundary conditions of the form

oT
forp=pj:a) — =0, u=0, K=0, Z,=0, or
b)) T=0, D=0, v=0, w=0.
fora:aj:a)g—zzo,v:Q Zo=0, K=0, or )
b)) T=0, D=0, w=o0, u=0.
for z =z;:a) T =7;(p,a) or b) or _ 7;(p,a), or
T > (®)
c) &—&—@J»T:%j(ma).
for z=2z2;:0a) Z. = Fj1(p,a), hZ, = Fja(p,a), hZs = Fj3(p, ) or
b)w:fjl(p7a)7 hU:ij(p,Oé), hv:fj3(p7o‘)7 or (9)
c) w= fj(pa), hZ, = Fjs(p, ), hZo = Fj3(pa), or
d) Zz = jl(paa)7 hu = ij(pa a)7 hv = fj?)(paa)v

where j = 0,1, and 29 = 0; ©; are the given constants. The conditions
imposed on the functions 7;(p, ), 7j(pa), fii(p,a)and Fj(p, o) (1 =1,2,3)
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will be discussed below; we only note that that these functions are chosen
so that the compatibility conditions hold on the CCP edges.

We shall give a brief technical interpretation of the boundary conditions

(6a), (7a), (9c) for f;1 =0 and Fj; =0 (I = 2,3) — conditions a; and

(6b), (7b), (9d) for Fj; =0 and f;; =0 (I = 2,3) — conditions as.

In the case of the conditions a; it can be assumed that the cylindrical or
plane boundary S of the CCP is connected, respectively, with an absolutely
smooth cylindrical or plane boundary surface S of an absolutely rigid body
which is a thermal insulator.

Since the body is absolutely rigid, the normal to the S component of the
displacement vector vanishes and, since S is absolutely smooth, we have
K=0, 2,=00r K=0, Z,=0,0r Z,=0, Zo, =0

In the case of the conditions as it is assumed that an absolutely flexible
but absolutely nontensile and noncompressible thin plate is glued onto the
cylindrical or plane boundary surface S of the CCP (naturally, the plate
takes the shape of S).

Since the plate is absolutely nontensile and noncompressible, we have
v=0,, w=0o0oru=0, w=0,oru=0, v=0, and since it is absolutely
flexible, we have D = 0 (the condition T' = 0 for p = p; and o = «; is
satisfied by other technical means).

Note that the less the curvature of the cylindrical boundary surface p =
pj, the less conditions (6a), (6b) differ, respectively, from the conditions

a)a—p:O7 u=0, A, =0, Z, =0 and

T =0 R-=0,v=0, w=0

(10)

for p = p;. Conditions (6a) and (6b) are equivalent to conditions (10a) and
(10b) when p = p; is a plane. A similar reasoning holds for the surface
a = a; and conditions (7).

1.2. When A\; = const and A2 = const, in a thermally homogeneous
medium the heat conduction equation (3) takes the form

0T

AT + )\ow

=0, (11)
where A\g = A2/A;1. Now, using the method of separation of variables, the
function T in the domain @ ={p < py < p1, ap < a < aj, 0 <z <z} is
written as

oo o0

T = tO + tlz + Z Z (ATmne_prz + BTmnepr(Z_Z1))'(/Jmn(p7 Oé), (12)

n=0m=0
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where to,t1,p. = Ay " p(m,n) >0, Apmn, Brmn are constants; ¥, (p, @)
is a nontrivial solution of the Sturm-Liouville problem [7]

Dothmn + p2'¢}mn =0; (13)
for p=p;: a) Ymn =0orbd) aapz/)mn =0; (14)
for a« = aj : a) Yy =0 or b) a%wmn =0. (15)

Conditions (14) and (15) follow from conditions (6) and (7).

For the Cartesian coordinate system, when p =z, a =y, h =1, ¥Yyn
is the product of trigonometric functions; in the case of cylindrical coor-
dinates, when p = r, @« = «a, * = rcosa, y = rsina, h = r, Ymn
is the product of trigonometric and Bessel functions; for a cylindrical-
elliptic coordinate system, when x = ccoshpcosa, y = csinhpsina, h =
c+/0,5(cosh 2p — cos2a), and c is a scale factor, 1, is the product of
Mattleu functions; in a cylindrical-parabolic coordinate system, when z =

cp , Yy = pa, h =c\/p?>+ a2, ,,, is the product of Weber functions
8,91
If the medium is thermally nonhomogeneous (A; = A;(z) and Ay =

A2(z)), then

T = 77T0 + Z Z nTmn wmn(pv )a

n=0m=0

where 179(2) and 17, (2) are solutions of the equations

d (/\anT0> _ 0 and ii()\ dnrmn

2
- - mn — 0.
dz\"?"dz A dz dz ) P

In the generalized cylindrical coordinates, the solution of equation (11)
can be written in the form

T= Z(plsTls +p25T2s)7
s=0

where
s (5] g—= r\ 29 r\ 29
TlS:z‘ZO)\O 2alq(;) , Ths =2 Z)\O alq(lnr agq)(z) ;
q:

o (—1)es! 1[ I 2q+1}
a1q74Qq!q!(s—2q)!’ @20 =5 qg+1 ;qq—l—l
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[%] is the integer part of the number 3 ,00=1, a10 =1, ago = 0,5, p1s, Pas
are arbitrary constants. The followmg relatlons hold:

Tys—1) = )TOET“’ To(s—1) = %&TQS-

In the Cartesian coordinate system r = /x2 + y?; in the cylindrical
coordinate system r is one of the coordinates and thus we obtain an ax-
ially symmetric solution; in the cylindrical-elliptic coordinate system r =
c\/ 0, 5(cosh 2p + cos 2a), where ¢ is a scale factor; in the cylindrical-pa-
rabolic coordinate system r = 0,5¢ - (p?> + o?); in the cylindrical-bipolar

: N _ cosh p—cos «
coordinate system r = ¢/ L= PTcosa”
Next, for a thermally homogeneous medium we assume that
0? -

where

=~ ~ ~ t A t A
T:T0+T1=§0(22—ir2) +i(z3—3—0zr2> +

305" (Agpne T+ BTmnemz—zn)W, (17)
n=0m=0 z

It can be easily verified that T satisfies the same equation as T. In the
expression for T, Tj is the polynomial part of T' (i.e., the terms with the
coefficients ty and t1) and Tj is the remaining part of 7.

1.3. To apply the method of separation of variables for solving the con-
sidered boundary value problems, we represent the boundary conditions (9)
as for z = z;:

a)Z:=Fj(p, ), Fl(th,hZ ):F-( o), To(hZa, hZ,)=Fj3(p, ) or
byw=fj1(p; @), Ti(hu, ho)= fia(p, @), Ta(hv, hu) = fis(p, @) or
Jw=fir(p,a), T1(hZphZa) = Fja2(p,), T2(hZa,hZp)=Fys(p,a) or  (1g)
d)Z.=Fji(p, ), T1(hu, hw) = fja(p, @), Ta(hw, hu)= f3(p, @),
%),

where T'1(g1,92) = 7 (%2 + Po(g2,91) = 72 (%2 = %2), 91 = hZ,
or g1 = hu, go = hZy or g2 = hv. It is abbumed that the functions
Ti(p, @), Fja(p, ), and Fj3(p, @), the functions 7;(p, &), Fj1(p, &), fi2(p, @),
and fj3(p, a) with their first derivatives, the function f;1(p, a) with its first
and second derivatives are expanded into absolutely and uniformly converg-
ing Fourier series with respect to the eigenfunctions of problem (13), (14),

(15). The expansion with respect to functions 1,,, can also be assumed

o
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valid, at least formally, when in equation (13) the variables are not sepa-
rated (into cylindrical-bipolar coordinates).

The equivalence of the boundary conditions (9) and (18) will be discussed
below.

The aim of this study is to construct a regular solution of the boundary
value problems (3), (4), (5), (6), (7), (8), (9) or (3), (4), (5), (6), (7), (8),
(18). For this we must define the notion of regularity.

A solution of system (4),(5) defined by the functions u, v, w will be called
regular if the functions u, v, w are three times continuously differentiable in
the domain , where Q is the domain Q with the boundaries p = p; and
o = o on the surface z = z; can be represented together with their first
and second derivatives by absolutely and uniformly converging Fourier series
with respect to the eigenfunctions of problem (13), (14), (15). Moreover, it
is assumed that the equilibrium equations hold for p = p; and o = «;.

1.4. By virtue of the compatibility conditions on the CCP edges we con-
clude that the boundary conditions (9) and (18) will be equivalent if in the
domain Q = {py < p < p1, ap < a < a1} the boundary value problem

991 0g2 992 O

—_ —_— = —_—  — = N 1

Op  Oa 0, dp O 0 (19)
forpzpj:a)ggzﬂ,%—%zOorb)gle,%—sz; (20)
forazozj:a)gle,%z()orb)gg:O,%:O (21)

has only the trivial solution.

According to Keldysh—Sedov’s theorem [10], the boundary value problem
(19), (20), (21), except for problems (19), (20a), (21b) and (19), (20b),
(21a), has a solution

91 =0, g2 =0.
The boundary value problem (19), (20a), (21b) has a solution
g1 = gio = const, gz =0, (22)
while the boundary value problem (19), (20b), (21a) has a solution
g1 =0, g2 = g2o = const. (23)

A difficulty created by the nonzero solution of problem (19), (20a), (21b)
and (19), (20b), (21a) can be overcome as follows: To the solution of the
boundary value problem (3), (4), (5), (8), (6a), (7b), (18) we add the solu-
tion

hu=0, w=0, hv=by+bs-I,, (24)
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while to the solution of the boundary value problem (3), (4), (5), (8), (6b),
(7a), (18) we add the solution

hv=0, w=0, hu=bs+0by-1L,. (25)

In (24) and (25), I, = [c;'dz (for ¢4 = const I, = c; ' - 2); by, b2, bs, by are
constants.

1.5. It follows from (4b,c,d) that

0 01
MoK + o [ers (—K)| =0, 26

2 92 119, Cs (26)
Then the boundary conditions (6), (7) imply that on the lateral surfaces
p = p; and o = a; of the CCP the function K or its normal derivative (see
equations (4b,c,d)) is equal to zero. As for the surfaces z = z;, by (18) we
have

To(hZashZ,) = 64%(éf(), Ty (ho, hut) = éK.
Hence for the function K we obtain a classical problem of mathematical
physics which consists in defining K by equation (26) when either the func-
tion K or its normal derivative is defined on the surface of the domain of
definition of K, or K is given on one part of the surface and its normal
derivative (for ¢5 = ¢5(2)) on the other; the expression é% + (%)’ -K can
be given on z = z;.

Thus a general elastic field corresponding to the considered boundary
value problems can be represented as a sum (superposition) of a solenoidal
field for divU = 0, w =0, T = 0 and a thermoelastic field with a plane
rotor of the displacement vector for rot, U=0.

Using the method of separation of variables the function K can be written
in the form

K = blO + bll . lz + Z Z Kmn(z) : &mn(pv Oé), (27)

n=1m=1

where b1g, b1; are constants and K, (2) is a solution of the equation

d d /1
-5 -5 7Kmn):| - Q'Kmnzov

dz [64 dz <c5 P1

where p1 = p1(m, n). Yma(p,@) is a solution of problem (13), (14), (15).
The function ¥, (p, ) is conjugate to function 1, (p, @) in the sense that

if Yimnlp=p, = 0, then (Fthmn),_, = 0, but if (Fvmn),_, = 0, then

d_)mn|p:pj = 0, and vice versa; we have a similar situation for o = o;.
It might seem that the constants bjg and by in (27) are nonzero when
conditions (6b) are given for p = p; and conditions (7b) for a = «; (in all
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other cases b1g and by; are equal to zero), but in that case we also have
b1 = 0 and by; = 0, since, as can be easily verified,

P1
/K - h2dpda = 0.

PO &0

Finally, for the considered class of boundary value problems of thermoe-
lasticity we obtain

= Z Z mn (p; @) (28)

Without loss of generality the function K can be represented as

0 a1

o= 2t e

0z “ 0z \¢s ¥ (29)
where

0 0 /1

son e (e o
201+ 0z “ 0z \¢s b1

and, with (28) taken into account,

Z Z P1mn(2) - Prmn(p, @), (30)

n=1m=1
where @1, (2) is a solution of the equation
dr dg1 )
dz[ dz( 1 )} pr-en

The convenience of representation (29) will be seen in our further discus-
sion.

1.6.

Theorem 1. For the considered class of boundary wvalue problems of
thermoelasticity, a general solution in the class of reqular functions can
be represented as

P 1 dor D | 1 g,
hu= 5/)(@3_'_%@2)—’— D’ h”_a (<'03+2c @2)—05 op’

1
s
w=—§<<p3+ ) 014%'

(31)
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Here
0 0 /1
A =0
@) 82[ 82( @1)}4— 291 ’
82 1\
b) 9.2 > 1 118203 + 12000 + 2( ) p2 = 1T, (32)
Cq
82
c) 9.2 2+ D202 + 30003 = 35T,
where o= clcQ—SZQ(Z+2(J4)’ S clcQ:L(Cc;Cq;QQ)z7 o 6102;6§7
1
cakio—(c3+2cq)k c —c
g = 210 écz:; 4) 20 e = 2k1oc2 3k20

Proof. By virtue of representation (29) we can rewrite (4b, ¢, d) in the form

8D 0 2 /¢
dp 82 [hZ “Badz (E)} =0,
oD 0 9% o
- 4 = )| = 33
5o 5 et eigg: (o)) =0 (33)
0 02 ©1 0 02 ®1
o (70 + e 8,062’( )] = 5a M2 = cig0gz (5)] =0
from which it follows that there exists a function %g@ such that
s s > ¢
D = — Z = —_— i
0227 hZ, 0pdz to 5‘;)82( ) (34)
hy o s O (@1)
* = 9adz  “Yopoz
By substituting (34) and (29) into (5b,c,d) we obtain
0 0 [¢1 0 1 dyp2 o
8z[hu 8a< ﬂ—i_ap{w_q 82]_0’
0 1 6@2 0 0 @1 o
8a{w_04 8z}+az[hv+8p( )}_0’ (35)
d d (¢ ) 9 rP1V\] _
ool + 55 ()]~ aali - 5a ()] =0
from which it follows that there exists a function ¢3 such that
0 1 9y
= 5o (et 5) + S 5m
9 P2 1 Opy
o = Oa (@3 + 264) B Cy ap ’ (36)
. 1 dp2
Y=o, <(‘03+2c4)+64 0z
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The substitution of (34) and (36) into (4a) and (5a) gives

0 c3 0%py  crca —c3 0 [0¢3 1 Ops
0 Llaggy - 00 a0=d0 dn 10k
0z c1 0z c1 0z \ 9z 2cy 0z
1\’ c1kog — c3k
4 (7> 802) _ Ci1R20 3 1OT} —0,
204 C1 (37)
1 1 0%py 3 0 /03 1 Opo
b) A —A ——f——(—f——
) Baps + 20y 22 + c1 022 c10z\ 0z  2c4 Oz
1\’ k
NER
204
where the prime is the derivative with respect to z.
After integrating equation (37) with respect to z (37a) we obtain
02 1\ 3+ 2c¢
9023 + 718203 + V2 Aopr + (*) w2 — T = —uf(% @),
0z 2c4 2cocy (38)
02 c
T(p; + 718002 + 130005 — 15T = —— f(p, ),
z Co

where f(p, @) is the function appearing as a result of the integration of (37a)
with respect to z.
A particular solution of system (38) can be written in the form

3 =X", p5= %x*y T =0, (39)
Cq
where x* is in turn a particular solution of the equation Asx = f(p,a).
The substituion of (39) into (36) shows that w* = 0, v* = 0, u* = 0, so
that without loss of generality it can be assumed that f(p, ) = 0.
Therefore 1, @2, and @3 satisfy equations (32). Since (36) and (31)
coincide, this proves Theorem 1. [J

It is interesting to note that if 7= 0 and in (18) Fj; = 0 or f;; =
0, Fjg =0or fjg = 0, then p3 = 0, p3 = 0 and thus the solution of the
problem of elastic equilibrium of the CCP is reduced to finding ¢1, i.e., to
integrating equation (32a) with the corresponding boundary conditions.

1.7. For a homogeneous transtropic medium (which is assumed to be ther-
mally homogeneous) we assume that

w2 =73 Do, p3=P3+73-0a- Py, (40)

where a = \/—v2/73 - i, if 72 < 0, i = V/—1; a = \/72/73, if 72 > 0. On

substituting (40) and (16) into (32) and performing some transformations,
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we obtain
5? 1 9?03 O*T
a) = 4,021 0001 =0, b) ——— "+ Ay D 3*’74 - 9.2
cs 0z Y—ays 022 Ya—ays Oz (41)
1 0%, A, 0?03 s —sya 0T
N +ays 022 i —eys 022 (i — 127s) 022

In the considered case (30) implies

= Z Z (Almneiﬁlz + Blnmeﬁl(Z7Z1))¢_jmn(p7 Oz), (42)

n=0m=0
where p1 = \/¢5/cq - pr(m,n), A1mn and By, are constants.

Let us now construct a general solution of system (41b,c) for different
values of 71,72, ... ,75 (for every value the function ¢; is given by formula
(42)) and denote by @2 and @3 the functions satisfying the equations

1 8 (DQ 1 a (I)S
—_— + APy =0, ———— + Ayds = 0.
Y1 +ays 922 272 1 —avys 022 278

(a) If a # 0, Ao(n1 £ay3) # 1, and 75 # Xo(7175 — 7374), then the
solution of system (41b,c) has the form

By = D3 + GiT, By = By + G2®3 + G3T, (43)
where
Y4—a7s 1 _ 13G1+7175 — V374

TR L e R - N .
I n—ars)” T 2097 0 a(m—avs) 1= Ao( +avs)]

(b) If a # 0, Ao(y1 —ays) =1, 75 # Ao(1175 — ¥374), then the solution
of system (41b,c) has the form

aT aT
@3 = ©3+G12 CI)2+G2(I)3 +G32

G T 44
where
Y4 — ays 1 G Aovs(ve —av1) —
! 2 7 2avs 2avs 2X07273

(c) If a # 0, Xo(71+ay3) =1, v5 # Ao(1175 — 7374), then the solution
of system (41b,c) has the form

- . - - oT
O3 = O3 + G1T, O = Oy + G2P3 + ngga (45)
where
G, _ 4= 1 _ 3G+ — 137
1=—F—, Go=—+—, G3 = :
2ay3 2ay3 2y3(m1 — avs)
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(d) If a # 0, v5 = Xo(7175 — 7374), then no matter whether any of the
conditions is fulfilled or not the solution of system (41b,c) has the form

Dy = O3+ G1T, By = Dy + God3, (46)
where
_ 1
G oMBwn o 1
V3 2a3

(e) If a =0, (or 72 = 0),dom1 # 1, 75 # Ao(1175 — 7374), then the
solution of system (41b, c) has the form

. . . 9P .
¢)3 = @3 + GlT, (bg = @2 + GQZT;’ + C:?,T‘7 (47)

where

M 1 (1= Aom) + Aovava
=—1—,Ga=-—, G3= 5
1—2Aom 2m Y3(1 = Aom1)

(f) f a=0, (2 =0), 071 =1, 5 # Ao(7175 — ¥374), then the solution
of system (1b,c) has the form

G1

- oT - 0D 02T oT
O3 = Giz—, By = Py + Gaz—2 4+ G32° == + Gyz—, (48
3 3+ 12’82, 2 2+ QZaZ—F 32 822+ 4Zaz, ( )
where
V4 1 V4 dvs — AoY3v4
Gi=—,Gyo=— ,G3=—, Gy = ———"—.
1 23 2 2717 3 8’}/1’ 4 8’}’3

(g) fa=0 (y2 =0),v5 = Ao(1175 — V374), then no matter whether the
condition Agy; =1 is fulfilled or not the solution of system (41b,c) has the
form

. . - 0P
(I)3 = (I)g + GlT, q)g = q)g + G2Z8737 (49)
z
where
— 1
Gy = _Ms 73%7 Go— —.
V3 2m

(h) In the isotropic case with \g =1, k1 = ko =k, 1 =1, 72 =0, 3 =
%, Y4 =0, 75 = %l@ where FE is the elasticity modulus and v is the
Poisson coefficient, the solution of system (41b.c) takes the form
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1.8. By imposing certain restrictions on the nonhomogeneity and anisotro-
py, we can simplify the integration of system (32) in some cases. However we
shall not discuss this here but shall consider an isotropic nonhomogeneous
medium with a constant shear modulus [11], which is interesting from the
standpoint of thermal effects. The elastic equilibrium of the medium will
be expressed in terms of harmonic functions. We assume that

k‘o(doz—l—l)
1 2 const, 1 2 2a02+271/0a
E E()(QO,QZ#’Q*I/()) CL()Z+171/0
= UV =
agz + 1 ’ agz + 1

where ko, Eo, v, and ag, are physically admissible constants, and rewrite
equation (32) in the form

Eg(agz +1) 02 -
Ap; =0, Aps =0, Apy = %@@3 + koT), (51)

where A = 88722‘ + As.
The solution of system (51) can, in turn, be represented as

. . ~ . K 0P 0P -
o1=01, 03 =@3—koT, pa=@Pa+— (aozzisos 42,273 *GOZ%), (52)
41 0z 0z

where @1, p2, ¢3 and T are harmonic functions.

1.9. The expressions for the functions T, T, and 1 are given by the
respective formulas. We shall now write the expressions for the functions
®, and ®3 appearing in Subsection 1.7, and for the functions @, and @3
appearing in Subsection 1.8:

’I”2

2(m1 + (=1)ay3)

(i’j =0+ (i)jl = bﬂ + bjgz + bjg {2’2 —

] +bj4 {zg -

3zr? i _ _
— : + Aipne Pi% 4+ BinePiG=2)) (53
2(m + (—1)Ja'y3)] nz:%mz::() ( jmn€ jmn€ )1/’ s> (53)

where j = 2,3; bj1, bja, bj3, bja; Ajmns Bjmn, and pj = (y1+(—1)7 ary3)*0 x
p(m,n) are constants. Putting a =0, v1 =1, p; = p in (53), we obtain the

representations for the functions ¢ and @3 figuring in (52).
1.10.

Theorem 2. The homogeneous boundary value problems (3), (4), (5),
(6), (7), (8), (9) have only the trivial solution in a class of reqular functions.
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Proof. Let us prove the theorem for the boundary value problem (3), (4),
(5), (6a), (7a) when 7;, = 0, 7; = 0 and f;; = 0, F;; = 0. The energy
equality for such a boundary value problem can be written in the form

P1 a1 21

oh cs Oh
h2dpdadz = (S25he?) 52,2 =
///W pdadz = // h(’?p pp0+<h8p )p:pjdadz
PO o
"7t on oh
Cs 2 Cy 2
// h 8& a (o) + <h 80& )a:a1:|dde7 (54)

where W is the potential energy accumulated by unit volume of the CCP,
%%2 > 0 05 dh >0. O

Equation (54) implies that the considered homogeneous boundary value
problem has only the trivial solution. Therefore the boundary value problem
(3), (4), (5), (6a), (7a), (8), (9) admits one regular solution at most. In a
similar manner one can prove that other homogeneous problems also have
only the trivial solution, which completes the proof of Theorem 2. Therefore
the boundary value problems (3), (4), (5), (6), (7), (8), (9) admit one regular
solution at most.

§ 2. AN ANALYTIC SOLUTION OF SOME BOUNDARY VALUE PROBLEMS
OF THERMOELASTICITY

2.1. The representation of thermoelastic problems by the functions ¢1, D,
Ps, Pa2, 93, and T (see §1) enables us to write analytic solutions of quite a
number of boundary value problems. For simplicity, this will be illustrated
on homogeneous isotropic bodies.

Using formulas (50) and (40), we write the following expressions for dis-
placements

2Dy 0D; 0D, o1 T
2(1 — —-— - —— —
(1 -v)hu= Z628p+2(1 v) o +2 o +4vy D0 2(1- )kap’

o 6 @3 8‘1)3 8<I>2 6@1 @ 55
AL-v)hw=zp 2 +2(1-v) 2 +2 2 —dy 9 —2(1-1P)k (55)
2®; 3 a% T

where 7 = I’E”Q;

a) Ap; =0, b) ADy =0, ¢) A®3 =0, d) AT =0. (56)
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By virtue of (17), (53), and (42) the functions T', @5, @3, and ¢, take the
form

e T th/ 5 3zr?
a) o+ 11 5 z 5 + 6 z 5 +

+ Z Z (ATmne_pZ + BTmnep(Z_Zl))pimena
T

n=1m=0

H.— 5 y 17 5 3zr?
b) ‘I>j:‘I>j0+@j1:bj1+bj22+bj3<z 75> +bj4(z - )+ (57)
+ Z Z (Ajmne_pz + Bjmnep(z_ZI))wmn7 .7 = 2737
n=0 m=0
oo oo .
C) Y1 = Z Z (Almneiplz + Blmnepl(z_zl))wmn.
n=0m=0

The necessity of replacing conditions (9) by conditions (18) in the case
of a homogeneous isotropic body is confirmed by the formulas

z 82(§3 1 0 N 5 ) _

z 83(§3 1 82

Iy (hu, hv) = R V@[a —v)®3 + Oy — (1 — v)KT],
_ 2(1 + V) (92@1 - E z 63(i)3 82<i>2
PQ(hU,hu) — E 82'2 ) z 1 — l/(§ 82’3 + 822 )7
E 0 (2003  9°0, B
Fl(hZ,tha) = —ma(iﬁ + W)’ FQ(hZa,th) =55

Using similar formulas, one can show that it is also necessary to replace
conditions (9) by conditions (18) in the case of both transtropic and non-
homogeneous bodies.

Naturally, when considering boundary value problems admitting a rigid
displacement of the elastic body, it is required of the boundary condition
that the principal vector and principal moment be equal to zero. This will
always be assumed in what follows.

2.2. Let a temperature field T" act on the CCP occupying the domain
Q={pg<p<p,o<a<a,0<z<z}, and, on the CCP surface, let
the following conditions be given: (8a), (6b) with j = 0, (6a) with j = 1,
(7b) with j =0, (7a) with j = 1, (9a). Then to find an elastic equilibrium
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of the CCP we write the functions T, ®,, ®3, and 1 in the form

0 SDILEERURSIE I 35 Sr ST
n=0m=0 n=0m=0
(58)
Z Z Hl 1pmn pu )7
n=0m=0

where j = 2,3; Hj(2) = Appne P 4 BineP*~%) with p = p for | = T, 2,3,
and p = py for Il =1 p = p1; Ymn(p, @) are the eigenfunctions of problem
(13), (14a) with j = 0, of (14b) with j = 1, and (15a) with j = 0, of (15b)
with j = 1. In the considered case, in (57) Ty = 0, ;o = 0.

By virtue of (8a), (18a), (55) and (58) the constants Ajmn, Bimn are
defined by the following systems of linear algebraic equations:

HT(O) = Tomn, HT(Zl) = Tlmn, (59)
d3 _ d3 .
|:d 3H1( ):| 0 = FOanv {@Hl(z)} oy = Flenv (60)
rz d3 d?
S H) + 5 ()] = Y Fotn,
rz d3 d?
773H3(Z)+72H2(Z):| :’YFllmnv
L2 dz dz 2=z (61)
{i(fcﬁH (2)+i2H (z))} — R
dz\24dz3" "3 d2"? =0 VHo2mn,
rd 2z d3 d? -
e (iﬁHs(Z) + @Hz(z))}zzn = —vFiamn,

where Tomns Timmns Formmns Fiimmns Fozmmns Fi2mn are the Fourier coefficients of
the functions 79(p, @), 71(p, @), Fo1(p, @), F11(p, @), Fo2(p, @), F12(p, @), re-
spectively, expanded in a Fourier series with respect to the functions ¥,
Fosmn and Fismn, are the Fourier coefficients of the functions Fos(p, ) and
Fi3(p, a), respectively, expanded in a Fourier series with respect to the
function ¥, [7].

It readily follows that (59) and (60) are systems with a second-order
matrix and (61) is a system with a fourth-order matrix.

It is not difficult to prove that the corresponding functional series con-
verge in a closed domain € if we construct a uniformly converging numerical
series majorizing these functional series in Q. Indeed, for definiteness, let us
consider the above problem in the Cartesian coordinate system in the do-
main @ = {0 <z <21,0 <y <y;,—2 <z<z} forT=0. It is assumed
that Zz = F11(1‘7y), Fl(Zx,Zy) = —F12(.I,y), F%(Zy,Zx) = —F13($,y)
for z = —Z1, and ZZ = Fll(.’I,‘,y), F1<Z$,Zy) = —Flz(.'lf,y), FQ(Zy,Z$> =
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—Fi3(x,y) for z = z (the load is symmetrical with respect to the plane
z = 0). In this case, too, the functions <I>2, (I>3 and ¢, will take the form

By = 32 3 A cosh(pe)sin [Ty gy [T21=1), )

m=1n=1 T Y1
3 2m —1 on —1
Y1= mzz ;Almne P21 cosh(pz) cos [%m] . coS [W(;Lyl)y}’

where j = 2,3, p = \/[”(227;"1_1)]2 + [”(2221_1)]2, and equations (60), (61)

will be rewritten as
p3 - Aipne” P Sinh(pzl) = F13mn;

pz1 sinh(pz1) Agpn +2 cosh(pz1) - Ao =p~2 - 27y - €P** - Fiypn,
[pz1 cosh(pz1)+sinh(pz1)] Agmn +2sinh(pz1) - Agmn ==~ 327€P* Fiomp.

Using these equalities we obtain

ep*1 3 =
A = by 7 P
Asmn = _4;7 eP?1 cosh(pz1) - Flan + eP#1 - sinh(pz1) - p - Flimn
" sinh(2pz1) + 2pz
ryepzl 9
A2mn )p : Fllmn - 0, 5- th(pzl) - p2y - ASmn

- cosh(pzy

The latter equalities imply that there exists a positive constant Ag such
that the uniformly converging numerical series

oo o0

>N Ao(|Fismnl + [Frzmn| + plFiimnl)

m=1n=1

will majorize, in Q, the functional series representing displacements and
stresses by formulas (55) (in Q the displacements u, v, and w are the analytic
functions of each coordinate).

We have thus obtained a regular solution of the considered boundary
value problem (we think it reasonable that such solutions are sometimes
called exact solutions [2]). Applying a similar technique, one can solve
any of the boundary value problems (11), (4), (5), (6), (7), (8), (9) for a
homogeneous isotropic CCP.

If the domain 2 is infinite, then in some cases the solution of the problem
can be constructed by an integral transformation [1, 2].

To conclude this subsection, note that although the coordinate surfaces
of this system of coordinates or another make it possible to consider a ther-
moelastic equilibrium of bodies of various shape, the mathematical tool of
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the solution remains the same. The geometric shape of an elastic body is de-
fined only by the form of the parameters h, r and of the functions ¥,y , Ymn-

2.3. In the previous subsection, the solution of the boundary value prob-
lems was reduced to defining the constants A, and Bj,, by means of
two systems of linear equations with a second-order matrix and a system of
linear equations with a fourth-order matrix. It appears that in most cases
the solution of boundary value problems can be reduced to defining Ay,
and By, by equations and systems of linear equations with a second-order
matrix. We can illustrate this for a homogeneous isotropic medium by solv-
ing the boundary value problem (11), (4), (5), (6b), (7b), (8a), (9a) in the
domain Q = {pg < p < p1,0 < @ < a1,—21 < z < 21}. It is assumed that

for z = —z; we have the conditions that are fulfilled in (9a) for z = 0. Let
us denote this problem by [ and write it in the form
I=5L+1D.

Problem I; can be obtained from problem I if in the latter we set
T =0,5(r +70) =71, Z, =0,5(Fi1 + Fo1) = F",
hZ, =0,5(Fiy — Foo) = F{", hZ, = 0,5(Fy3 — Fo3) = F{"
for z = z; and
T =0,5(r +70) =71, Z, =0,5(Fi1 + Fo1) = F\",
hZ, = —0,5(Fi5 — Foo) = —F\", hZy = —0,5(Fy3 — Fo3) = —F"

for z = —z;. Problem Iy can be obtained from problem I if in the latter we
set

for z = z; and
T=-0,5(r1 — 1) = -3, Z, = —0,5(Fy; — Foy) = —F?,
hZ,=0,5(Fis + Foa) = F\?, hZo = 0,5(Fy3 + Fo3) = F{”
for z = —2z1.

For problem I

oo oo

o1 = Z Z Atmn - €7 P1% cosh(py 2) - ’(Z}mn(p7 @),

m=1n=1

‘I)j — Z Ajmn .ePF. COSh(pZ) . wmn(pv Oé),

m=1n=1
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where j = T, 2,3 and the constants Armn, Aimn, Aomn, and Az, are de-
fined by the equations

Apmn - €7P? - cosh(pzy) = 7',(,}7)17 p‘;’ - Aymn - €7PY* - sinh(prz) = Z:"?E},Zm

pz1 - sinh(pz1) + Asmn + 2cosh(pzr) - Agpn = 27 - p 2. el P

Imn>

[p21 . cosh(pzl)—l—sinh(pzl)} - Azmn+2sinh(pz1) - Agmn =
=2 p_?’epzll:_'z(l) .

In the case of Problem I

1= 33 B s 1),

m=1n=1

®; = 3" 3" Bjmne?™ sinh(p2)tn(p, ),

m=1n=1
where j = T,2,3, and the constants Brun, Bimn, Bomn, and Bsp,, are
defined by the equations

Brmne Pt sinh(pzy) = TT(,?,)L, p:f  Bimn - € P** cosh(pr121) = F’égzn,

pz1 cosh(pz1) - By + 2sinh(pz1) + Bopn = 2'yp*26p21}7”(2)

1Imn>
[pzl sinh(pz1)+cosh(pz1 )] Bsynn+2 cosh(pz1) Agpn =27 - p el FQ(izn

The homogeneous conditions (9¢) and (9d) provide a continuous exten-
sion of the solution [12] and therefore problem I is equivalent to the bound-
ary value problem (11), (4), (5), (6b), (7b), (8a) for z = 0 and 7 = 0; to
(8a) for z = z; and fo; =0, Fpa =0, Fyz =0, to (9a) for z = z;. Problem
I, is equivalent to (8a) for z = 0, 79 = 0; for z = 21, to (9d) for z = 0 and
F01 == 0, f02 =0. f03 = 0, to (9&) for z = Z1.

The method considered simplifies the investigation and solution of bound-
ary value problems. It can be used (1) if the boundary conditions for z = 0
are of the same type as for z = z;; (2) if the homogeneous conditions (9¢)
or (9d) are fulfilled for z = 0 or z = z1; (3) if one of conditions (9¢), (9d) is
fulfilled for z = 0, and the other for z = z;.

The above arguments also hold for a nonhomogeneous transtropic CCP
occupying the domain Q@ = {pg < p < p1,0 < @ < a1,—21 < z < 21}
provided that Ai(z), A2(z), and ¢;(z) (j = 1,2,3,4,5) are even functions of
the coordinate z.

2.4. Consider a CCP having layers along z and occupying the domain €2,.
Here Q, is the union of the domains Q,, = {po < p < p1, 00 < @ < 1,0 <
z< 2}, Oy ={po<p<pra<a<a,z<z<z}..., L, ={p <
p < pr,0ap < @ < aq,23-1 < z < zg} contacting one another along the
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planes z = z;, where j = 1,2,...,6—1, and 3 is the number of layers. Each
layer has its own elastic and thermal characteristics. For p = p; (j = 0,1)
some of conditions (6) are fulfilled for all layers simultaneously, and for
a = a; some of conditions (7).

If the body occupies the domain 2, then conditions (8), (18), (6), (7)
are fulfilled on its boundaries after replacing z; by z3 in (8) and (18). On
the contact surfaces z = z; (j =1,2,...,8—1; z = z; is the contact surface
of the jth layer contacting the (j + 1)th layer) we give the conditions

T; T;
o T o0 (62
Wi — Wj41 = qjl(pv a)7 ZZj - ZZj+1 = le(p7 a)7
Iy (hug, hog) = Tr(hugr, hoje) = Gia(p, ),

(

Uy(hZp, ha,;) =Ti(hZp g,y hiag, ) = sz(p, a), (63)
(
(

T — Tjy1 = 1j1(p, @),

Lo(hvy, hug) — To(hvjy, hujir) = @3(p, @),

F2 hZozja hZﬂj) - FQ(hZa(j+1) ) hZP(j+l)) = Qj3(p7 a)

or
w; — w1 = q1(p,a), Z., — Z.,,., = Qj(p, ),
T'1(hZy,, hZa,) = Qja(p, (}), Ty(hZa, hZ,,) = Qj3(p, av), 60
Fl(th(j+1)’ hZa<j+1>) = Q@+1)2(p; a),
Po(hZa iy hZp i) = Qu+13(p, @),
where 71 (p, @), Tj2(p, @), . .. ,Q(j+1)3(p, «) are the known functions.

To find a thermoelastic balance of the multilayer CCP, for the jth layer
we must write, using conditions (6), (7), the expressions of the functions
TG, ééj), é’?é]), gpg]). Applying the arguments of Subsection 2.2, similarly to
systems (59), (60), and (61) we obtain two systems of 20 equations with
28 unknowns and one system of 43 equations with 40 unknowns. Then
we prove the solvability of the systems, convergence of the corresponding
series, and uniqueness of the obtained regular solutions of the corresponding
boundary-contact problems of thermoelasticity (solutions for the multilayer
CCP are called regular if each of the solutions u;,v; and wj is such).

In addition to the above contact conditions, we can consider some other
contact conditions enabling us to solve boundary-contact problems of ther-
moelasticity with the same effectiveness.

2.5. All the arguments we used in this section for the homogeneous isotro-
pic CCP or the multilayer CCP with isotropic homogeneous layers can be
applied to transtropic bodies (see formulas (43)—(49) from Subsection 1.7)
and to bodies with a special nonhomogeneity (see formulas (52)). As for
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composite bodies, we can find a thermoelastic equilibrium of the multilayer
CCP every layer of which has its own thermal and transtropic characteristics
(a piecewise-transtropic body) or its own elastic and thermal nonhomogene-
ity (a piecewise-nonhomogeneous body).

Note that if the multilayer CCP with transtropic layers is considered
in the Cartesian coordinate system, then the class of solvable boundary-
contact problems of thermoelasticity will become much broader. This is,
in fact, the only coordinate system in which the problems can be solved
using the boundary conditions (6), (7), (8), (9) and natural (but not of type
(64)) contact conditions, i.e., without performing any transformations of
the boundary and contact conditions. In that case, we shall have a greater
number of possible contact and boundary conditions for z = z;.

2.6. If the CCP is subjected only to the action of a thermal field and the
condition v5 = Ag(y175 — Y374) is satisfied, then by virtue of formulas (31),
(2), (40), (46), (49), and (52) one can easily verify that the following two
remarks are true.

Remark 1. When 5 = Ag(7175 — 7374) and the boundary conditions (8),
(6), (7), and (9a) are fulfilled for F;; = 0, the thermoelastic equilibrium of
a transtropic homogeneous CCP has the form

Y5 GT Y5 8T o Y5 3T

w= , hv=— , hu=— .
Aoz Oz Aoz Oa Aoy3 Op
Lo =k(1+v).
Remark 2. When the boundary conditions (8), (6), (7) and (9a) are ful-

filled for Fj; = 0, the thermoelastic equilibrium of the nonhomogeneous
CCP described in Subsection 1.8 has the form

T T T

=ko—, hv=—ko—, hu= —ko—.

w 05, v e U 0 ap

For an isotropic body

The function 7' figuring in both remarks is defined by formula (17) when
To = 0.

If the thermoelastic equilibrium of the CCP is considered when the
boundary conditions (8), (6a), (7a), (9a) are fulfilled for Fj; = 0, then
the theorems hold only provided that

pP1 a1 P1 Q1
//rj (p,a)h*dp doo =0 or //?j (p,)h*dp dow = 0, (65)
PO &0 Po &o

where j =0, 1.

Remark 1 implies that if (65) and the equality 5 = Ao(7175 — V374) are
satisfied, the boundary value problem (11), (41), (8), (6), (7), (9a) can be
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represented by combining the boundary value problem (11), (41), (8), (6),
(7), (9a) for Fj; = 0 and the ordinary (T' = 0) boundary value problem
(41), (6), (7), (9a). Remark 2 leads to a similar conclusion.
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