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ON THE BOUNDARY VALUE PROBLEM IN A
DIHEDRAL ANGLE FOR NORMALLY HYPERBOLIC
SYSTEMS OF FIRST ORDER

O. JOKHADZE

ABSTRACT. Some structural properties as well as a general three-
dimensional boundary value problem for normally hyperbolic systems
of partial differential equations of first order are studied. A condition
is given which enables one to reduce the system under consideration
to a first-order system with the spliced principal part. It is shown
that the initial problem is correct in a certain class of functions if
some conditions are fulfilled.

8 1. SOME STRUCTURAL PROPERTIES OF NORMALLY HYPERBOLIC
SYSTEMS OF FIRST ORDER

In the Euclidean space R"*!, n > 2, of independent variables (z,t),

x = (x1,...,2T,), we consider the system of partial differential equations of
first order
n
Aous + Y Ay, + Bu=F, (1.1)
i=1
where A;, i = 0,1,...,n, B are the given real m X m matrix-functions,

m > 2, F is the given and u is the unknown m-dimensional real vector-
function. It is assumed that det Ay # 0.

Denote by p(x,t; A, £) the characteristic determinant of system (1.1), i.e.,
p(x,t; N\, &) = det Q(z, t; N\, £), where

Q(-’L‘,t,)\,f) = AO)\—"_ZAZ'&’L" A€ R? €: (51)"'a§n) e R".
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Since det Ag # 0, we have the representation

p(x,t; N, &) = det Ag

l l
> =
=1 1=1
I=1(z, 1), ki=ki(a,t;€), i=1,...1

System (1.1) is said to be hyperbolic at the point (x,t) if all roots
Az, 658), ..., Nz, t;€) of the polynomial p(z,t; A, §) are real numbers.
One can easily verify that

kz(xataf) >m— rank Q(xvta Al(x7t7€)7£)a i = 17 s 7l'

The hyperbolic system (1.1) is said be normally hyperbolic at the point
(z,t), if the equalities

ki(x,t;€) = m — rank Q(m,t; )\i(;mt;f),g), i=1,...,1,

are fulfilled (see, e.g., [1], [2])-

Note that strictly hyperbolic systems, i.e., when [ = m, k; = 1, i =
1,...,m, form a subclass of normally hyperbolic systems.

Since det Ag # 0, it can be assumed without loss of generality that Ag =
E, where F is the m x m unit matrix. For simplicity, we shall always assume
that (i) n = 2, 1 = x, x5 = y; (il) the matrices A; and A, are constant;
(iil) system (1.1) is normally hyperbolic.

In our assumptions, in the space of independent variables x, y and ¢,
system (1.1) is rewritten as

up + Aqug + Aguy + Bu = F. (1.2)

It is easy to show that since system (1.2) is normally hyperbolic, each
of the matrices A;, i = 1,2, has only real characteristic roots so that the
corresponding eigenvectors of the operator A;, 1 < i < 2, form a complete
system, i.e., a basis in the space R™. Therefore the matrices A4;, i = 1,2,
are diagonalizable, i.e., there exist real nondegenerate matrices C;, i = 1,2,
such that the matrices C[lAiCi, 1 =1,2, are diagonal.

The normally hyperbolic system (1.2) will be said to be diagonalizable if
there exists a real nondegenerate matrix C such that the matrices C~1A4;C,
i = 1,2, are diagonal. We have

Lemma 1.1. The normally hyperbolic system (1.2) is diagonalizable if
and only if the matrices Ay and As are commutative, i.e., Ay As = AsA;.

Proof. The necessity readily follows from the fact that the diagonal matrices
C~1A,C and C7'A4,C are commutative, C 1A4,CC71A4,C =
C'A,CC71AC, ie.,, CT1A1A5C = C71A3A,C. This immediately im-
plies A1A2 = A2A1.
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To prove sufficiency note that since system (1.2) is normally hyperbolic,
we have dim Ry, = k;, where Ry, = Ker (4; — ;E), 1 < i <. Clearly,
Al(R)\i) C Ry, 1 <4 <, where A, stands for the linear transform corre-
sponding to the matrix A;.

Let {v;; }?;1 be an arbitrary basis of the space Ry,,1 < ¢ < [. By the
definition of the space Ry,, the vectors v;1,..., v, are the eigenvectors for
the transform A; and correspond to the eigenvalue \;, 1 < ¢ < [. Therefore,
the matrix of the transform A; in the basis {vij }?;1 of the space Ry, will
be diagonal of order (k; x k;) and written as diag [A;,..., A\, 1 < i < [.

——

k;—times
Hence, recalling that the decomposition of the space R™ as the direct sum
of subspaces Ry,, i =1,...,[, i.e.,, R® =Ry, & ---® R, is unique, we can
write the matrix D; of the transform A; in the basis {v;;; i =1,...,l; j =
1,...7]{31‘} as D1 :dlag [)\1,...,)\1,...,)\[,...,)\[].
——— ————
k1 —times k;—times

Let Z;Z be the matrix corresponding to the linear transform Ay of the
subspace Ry,, 1 <4 <[ in the basis {v;; }?;1. Since the matrices A; and As
are commutative, the subspace R), is invariant with respect to the linear
transform Ay, i.e., Az(Ry,) C Ry, 1 < i < I (see, e.g., [3]). Therefore,
in the basis {r;;; ¢ = 1,...,l; j = 1,...,k;} of the space R™, the matrix
;4; corresponding tQ\AQ will be block-diagonal and have, on its principal
diagonal, matrices Ag;, i = 1,...,1. It is well known that matrices giving
the same linear transform in different bases are similar. At the same time,
similar matrices have the same characteristic equation. Therefore we have

det(As — AE) = det(Ay — AE) = det(Ag; — AEg1) x -+ x det(Ag — AEj).

Since system (1.2) is normally hyperbolic, the matrix As has only real
characteristic roots. Thus for the linear transform Az : Ry, — R, there
exists a basis {f;; }?;1 which consists of the real vectors of the subspace Ry,
and where the matrix A3, of the above-mentioned transform is of Jordan
form, 1 <4 < [. Therefore, in the basis {u;;; ¢ = 1,...,01; 7 =1,...,k;}
of the space R™, the matrix A} of the transform As will also be of Jordan
form. But, since system (1.2) is normally hyperbolic, in the space R™ there
exists a basis {0;}7, in which the matrix of the transform Aj is diagonal.
Further, as is well known, a Jordan matrix similar to the diagonal one is
diagonal too. Therefore in the basis {u;;; ¢ = 1,...,0; j = 1,...,k;} of
the space R™ the matrix A3 is diagonal, but the matrix of the transform
A is diagonal in any basis of the transform Rj,, in particular, in the basis
{1 }?;1, 1 < i < I. Therefore the matrices of the transforms A; and A
will be diagonal in the basis {p;;; ¢ = 1,...,0; j = 1,...,k;} of the space
R™. O
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8 2. STATEMENT OF THE PROBLEM AND SOME NOTATIONS

In the discussion below the matrices A; and Ay will always be assumed
to be commutative, i.e., the equality

A1 Ay = Ay A, (2.1)

is valid.

After introducing a new unknown function v by the formula v = Cv with
the nondegenerate matrix C' whose existence was proved by condition (2.1)
in §1, system (1.2) takes the form

vt + Dlvx + D?”y + Bov = F‘IO7 (22)

where by virtue of Lemma 1.1 the matrices D; = C~1A4;C, i = 1,2, are
diagonal, i.e., Dy = diag[v1, ..., V], D2 = diag[u1, .. ., ftm], Bo = C~'BC,
Fy = C—1F.

It is obvious that the directions defined by the vectors I; = (v;, pi, 1),
i =1,...,m, are bicharacteristic.

Let Aj be the linear transform corresponding to he matrix A;, 1 < j <
2. Denote by A; an m-dimensional vector which is the eigenvalue of the
transform Al, corresponding to the eigenvalue v;, 1 < i < m. By virtue of
(2.1) the vector A; is also the eigenvector of the transform A, corresponding
to the eigenvalue p;, 1 < i < m. By Lemma 1.1, the vectors A;,i = 1,...,m,
can be chosen such that the (m x m) matrix C = [Aqy,...,A;;], whose
columns consist of these vectors, will reduce the matrices A; and Ao to the
diagonal form, namely, to D; = C~'A4;C, i = 1,2.

Obviously, the vectors l; = (v, i, 1) and I; = (v, j, 1) define the same
bicharacteristic direction if the equalities v; = v, p; = pj, 1 <i# 5 <m,

are fulfilled. In this context, we divide the set of vectors {l1,...,l,,} into
nonintersecting classes {l11,...,l1s,},- s {lmo1,- - -+ limgs,,, } Whose repre-
sentatives with respective “multiplicities” si,...,Sm,, Will be denoted by
li,. oy lmg, mo < m. Now the matrix C' = [Ay,...,A,,] can be represented
as
C - [Alla “. . 7A181; L ;A’mola e 7Am08m0}7

oras C = (6’1,5’;), where

Cl = [All,...,Alsl;...;Aql,... ;Aqsq}a

02 - [Aq+117 e 7Aq+lsq+1; cees Amola e 7Am08m0]

and ¢ will be defined below.
Denote by D* the dihedral angle

D*E{(xayvt)eRgv t_y>0, t+y>0}
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For bicharacteristic directions of system (1.2) we make the following as-
sumption: bicharacteristics passing through any point of the edge I'* =
{(z,y,t) € R® .y =t = 0,7 € R} of the angle D* have no common points
with the set D*\I'*. This is equivalent to the fulfillment of the inequalities

el >1, i=1,...,m. (2.3)

Let Py = Py(wo,%0,t0) be an arbitrary fixed point of the set D*\I'*,
and let S; D I'" and Sy D I'* be the two-dimensional edges of D*, i.e.,
OD* = S U8, S; = {(v,y,t) ERP:z e Ryy=1t t e R} S =
{(z,y,t) ER®: 2 € R,y =~t, t € R, }, R, = (0,00). From the point P,
we draw the bicharacteristic beam /I:;(Po) of system (2.2) which corresponds
to the vector E, is directed towards the decreasing values of the ¢-coordinate
of a moving point L;(P), and intersects one of the edges S; or Sy at a
point Pi, 1 < i < mg. It can be assumed without loss of generality that
bicharacteristic beams defined by the vectors ll, e l and passing through
the point P, intersect the edge S, while those defined by l~q+1, . ,leO
intersect the edge Sa.

Below, it will be assumed for simplicity that ¢ = 2 and mg = 3, l
(Di, i, 1), i = 1,2,3, and also rank (Iy,l3,13) = 3.

Through the point Py draw a plane P~ ~, parallel to the vectors ZNZ and

lj, 1 <7< j < 3. We introduce the followmg notation:

Pflv % and P~ ~ are respectively the intersection points of the planes @
and ()2 with the edge T

D is af the domaln formlng a pentahedron with the vertices at the points
POaP027P01aQ23P07Q1a

A; and A, are respectively a triangle and rectangle with the vertices at
the points Q2, P3, Q1 and Q1, P2, P, Q2, respectively.

For system (1.2) we consider the boundary value problem formulated as
follows: Find, in the domain D, a regular solution w(z,y,t) of system (1.2)
satisfying the boundary conditions

BiU’E = fis (2.4)

where B; are the given (m; X m) matrix-functions and f; are the given m;-
dimensional vector-functions, i = 1,2, m; = 81 + -+ 84,M2 = Sg41 + -+
Sme- It is obvious that m; + my = m though we do not exclude the cases
with my = 0 or my = 0, which correspond to the Cauchy problem. Below
it will always be assumed that 0 < m; < m, ¢ =1,2.

A function u(z, y,t) which, together with its partial derivatives g, uy, ut,
is continuous in D and satisfies system (1.2) is called a regular solution of
system (1.2).
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Some analogs of the Goursat problem for hyperbolic systems of first or-
der with two independent variables have been studied in [4]-[8]. A lot of
papers are devoted to general boundary value problems of the Darboux type
for normally hyperbolic systems of second order on a plane (see, e.g., [1],
[2]). Some multidimensional problems of the Goursat and Darboux type
are considered in several papers (see, e.g., [9]-[11]) both for a hyperbolic
equation and for a system of equations in a dihedral angle. For hyperbolic
equations of third order, a boundary value problem in a dihedral angle is
investigated in [12].

Denote by A} the orthogonal projection of the polygons AY, ¢
onto the plane z,t. The restrictions of B; and f; on the sets A}, 4
will be denoted as before.

In the domains D and A}, we introduce the following functional spaces

1,2,
1,2

) )

0 . _
Ca(D)={weCD)iulr =0, s pllw(z,y,1)

rm < OO},
(z,y,t)€D\I™*

0
Ca(A7)

{pec@ v, =0, s, b)llan < oo,
(z,t)EAI\TT

where I'= DNI'*, Ty = ANl i = 1,2, = {(x,t) eR?: 2 € R,t =0}, p
is the distance from the point (z,y,t) € D\I'* to the edge I'* of the domain
D*, the real parameter « = const > 0. For a = (a1,...,am,m) € R™, m > 2,
denote ||al|r,, = |a1]+ -+ |am]-

0o _ 0
Obviously, the spaces Co (D) and Co(Af), i = 1,2, are Banach ones with
the norms

[wllo = sup  p *|jw(z,y,t)|[rm,
Ca(D) (z,y,t)eD\I'*

[¥llo = sup 7 [d(z, 1) |rm.
CalB])  (z)eAn\I;

Remark 2.1. Since the estimate 1 < p/t < /2, (x,y,t) € D*, is uniform,

0o _
the value p in the definition of the space C, (D) below will be replaced by
the variable t.

0o _ 0o __
It is easy to verify that the fact that w € C(D) and ¥ € C(A}) belong to
0o _ 0o
the spaces C (D) and Cy(AY), respectively, is equivalent to the fulfillment
of the inequalities
lhw(z, y, t)[[rm < ct®, (z,y,t) € D,

. 2.5
||¢(x’t)|Rm SCta7(I7t) GA;kv 2:172 ( )
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We shall investigate the boundary value problem (1.2), (2.4) in the Ba-
nach space

a‘llu 0
Ca(D), li[ <1, |

HMw

911,17 _ .
cl (D)_{u. 5

i1 Qyt2 Ot's <

with respect to the norm

dlily
cl L1 Z H Oz Qy= Ot's (D)

assuming that the matrix-functions B € C(D), B; € C(AY) and the vector-
0o _ 0o
functions F' € Co (D), fi € Co(AF), i =1,2.

§ 3. EQUIVALENT REDUCTION OF PROBLEM (1.2), (2.4) TO A SYSTEM
OF INTEGRO-DIFFERENTIAL EQUATIONS

From an arbitrary point P(x,y,t) € D\I' we draw the bicharacteristic
beam E(P) of system (2.2) which corresponds to the vector /; and is directed
towards the decreasing values of the t-coordinate of a moving point of E(P),
1 <4 < 3. The points of intersection of beams L; (P), i =1,2,3, with the
faces S; and Ss are Pic S1,1=1,2, and P e Ss. Denote by ( l( Y, 1),

w?(w,y,t)) the coordinates of orthogonal projection of the point Pi onto
the plane (x,t), 1 <i < 3. A simple calculation yields

(z,
wz‘1<x’97 ) $+V%<1_:u2) 1(y_t)a
Wi,y t) =t + (1= )"y — 1),
w?l)('r’ya )_x_y3<1+:u3) (y+t>7 w?%(xayat) :t_<1+ﬁ3)_1<y+t)'

Let & = x;(x,y,t;7), n = yi(2,y,t;7), ( = 7 be the parametrization of a
segment E(P) N D, where w?(z,y,t) <7<t 1<i<3.

After integrating the (g; + j)-th equation of system (2.2), where ¢; = 0,
q = S$1+ -+ 8i-1,1>2,5=1,...,8;, along the i-th bicharacteristic

L;(P) drawn from an arbitrary point P(x,y,t) € D\I' and lying between

1=1,2

) 9

the point P(x,y,t) and the point of intersection of L;(P) with the face S;
or S (depending on the index i of L;(P)), we obtain

qu_;,_j(.’li, y7t) = Vq;+j (wil(a:,y,t),wf(x,y,t)) +
t
+ / (Z bwp’vp) xz X yat T) yi(xvyat; T)7T)d7-+
w?(z,y,t)
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where vg,1; are the components of the vector v, b;;,y and Fj; are the well-
defined functions depending only on the coefficients and the right-hand side
of system (2.2).

We set

Lp;i+j(x,t)quiJrj‘A—lquiH(x,t,t), (v, t)EAT,i=1,27=1,...,8;, (52)
‘Piﬂ‘(xat)qui+j|EEqu+j($v —t,t), (e, )€NS,i=3j=1,...,8.
It is obvious that the number of components of the vectors
oz, t) = ((p(lh,ﬂ»(x,t)), (z,t) €AY, i=1,2,j=1,...,8;,
gog(a:,t) = (apiﬂ-(xi)), (z,t) € AL, i=3;j=1,...,s,

is equal to the numbers m; and ms, respectively.
By substituting the expressions of v from equality (3.1) into the boundary
conditions (2.4) and taking into account (3.2) we have

Qtl)(xat)@l($7t)+Q§(xa t)502 (U3(.T,t))+(T17))(CL',t) =f1($7t), (‘T7t) € FL

2
Q3 (@, ) (w,t) + Y Qi (x, )¢ (oi(a, 1)) + (Tov)(w, 1) = (3-3)

i=1
= f(z,1), (2,1) € A3,

where

(Tlv) (x,t) = / (;1;1)) (953(36,15715;7'),y;>,(:E7L‘,t;T),7')c1lT7

w3(w,t,t)

, . (3.4)
(T2v) (z,t) = Z / (Ev) (xl(a:, —t, t;7), yi(x, —t, t;7), T)dT,

=1
w?(w,—t,t)

and Q3, As, Q?, A;, fi,i = 1,2, are respectively the well-defined matrices
and vectors.

It is obvious that Qf from (3.3) are matrices of order (m; x m;) which
can be represented as the product

Q,=B;xC;, i=1,2, (3.5)
and the functions o; are defined by the equalities

o (x,t) — (wil(:c,—t,t),wiz(x, —t,t)), 1=1,2,
ot (z,t) = (0 (2,t,1),w} (2,t,t)), i = 3.
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Assuming that
det Qb|z=#0, i=1,2, (3.6)
where the matrices Qf are given by (3.5), we rewrite system (3.3) as
2 E—
o' (x,t) —Z Gz, )" (J} (z,t))+(T5v) (2, t) = f3(2, 1), (z,t)€AT,
i=1

(3.7)
2
(1)~ 3 G )0 (72, )) + (Tww) (1) = £, 0), (1) € B,
i=1
where G? are the known matrix-functions of order (m, xm,), p=1,2, fi*2

are the known vector-functions,

le(xvt) =0 (03(1‘775))7 ($,t> € Kika
Ji(z,t) = o3(0i(z,t)), (x,t) €A, i=1,2.

It is easy to verify that by virtue of equalities (3.4) the linear integral
operators T3 and Ty can be represented as

2
(T5v) (z,t) = Z / (Ev) (zi(wi(z,t,t), —wi (2, t,t), w3 (z, L, t); 7),

Yi (w%(x, tt), —wi(z,t,t),ws(z,t,1); 7') , T)dT +
¢

+ / (/BSE‘U) (I‘g(.T,t,t;T),y:;(l‘,t,t;T),T)dT,

wg(x,t,t)
9 w?(z,—t,t)
(T4U) (l‘,t)zz / (Eﬂ}) (.133 (wil(x7 _t7t)awi2(xa —t,t),w?(x, _tvt);7->7
=t @2 (1)
Y3 (wzl (z,—t, 1), w2 (z, —t, 1), w?(z, —t,1); T) , T)dT +
9 t
+Z / (HZU) (I’L(Ia _t7t;7)7yi('ra _tvt;7)77—)d7—a
izlw?(z,—t,t)
where @2(x,t) = w? (w%(m, t,t), —wi(z,t,t), wi(z,t, t)), w3 (x,t) =

w%(w}(x, —t,t), wi(z, —t,t), w?(m,—t,t)), and E;, H;, 1 = 1,2, B;, j =
1,2, 3, are the well-defined matrices.
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For the functions JF : A7 — A} we have the formulas
JE o (zt) — (x+ 88t mt),  (x,t) € A,

where 6%, 7;, i,k = 1,2, are the well-defined constants written in terms of
Dia /jiv 1= 17273'

Remark 3.1. Note that by virtue of condition (2.3) it is easy to establish
that 0 <y < 1,1=1,2.

Remark 3.2. Tt is obvious that when conditions (3.6) are fulfilled, prob-

0 _
lem (1.2), (2.4) in the class CL11(D) is equivalently reduced to system
. 0o ___

(3.7) for the unknown vector-function ¢* of the class Cn(A¥), i = 1,2.

0 _ 0
Furthermore, if u € CL1(D), then ¢! € C,(A}), i = 1,2. Vice versa, if

) 0o __
" € Co(A}), i = 1,2, then with regard to inequality (2.5) equalities (3.1),
0 _
(3.2) and u = Cw readily imply that u € CL1(D).

§ 4. INVESTIGATION OF THE SYSTEM OF INTEGRO-FUNCTIONAL

EQUATIONS (3.1), (3.7) AND THE PROOF OF THE MAIN RESULT

Let us consider the system of functional equations

(Epp?)(, ) =" (x, 1) = Z GY (@, )" (J] (x,1)) =gp(. 1), (2, t)€AF, (4.1)

and introduce the notation

2
ho(p) =D miptl, mp = max  sup_||GF(z,1)],
i=1

== @ nesy (4.2)
np=_suwp [|G7(,0)], ip=1,2 peR.
2€[Q1,Q2]
Here and in what follows by ||.|| we understand the norm of a matrix

operator acting from one Euclidean space into another.

If all values n;, = 0, then it is assumed that p, = —00,i=1,2,1 <p < 2.
Let now for some value of the index i the value n;,, 1 < p < 2, be different
from zero. In that case, by Remark 3.1, the function h, : R — Ry is
continuous and strictly decreasing on R; also, lim,_,_ hy(p) = +00 and
lim,— o hp(p) =0, 1 < p < 2. Therefore there exists a unique real number
pp such that h,(p,) =1, 1 < p < 2. It is assumed that py = max (p1, p2).
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Lemma 4.1. If a > pg, then equation (4.1) is uniquely solvable in the
0o ___
space Ca(A%) and for the solution ¢P = K 'gP the estimate

e (0, ) [lrems = [[(B,  gp) (0, ) [l <

< Cogpt® . (z,t) € A%, 4.3
S Cogp H9p||8a(rzn{t1§t}) (z,t) P (4.3)

holds, where Ca4p is a positive constant not depending on the function gp,
1<p<2.

Proof. We shall consider the case p = 1, since the case p = 2 is considered
analogously. The condition a > py and the definition of the function hy
from (4.2) imply

2
hi(a) = ZnilTia <L (4.4)
i=1

By inequality (4.4) and the continuity of the functions G}, i = 1,2, there
exist positive numbers 1 (g1 < to) and &1 such that the inequalities

IGHa, )| < mia + 61, i=1,2, (4.5)
2

Z(ml +o)r =<1 (4.6)
i=1

hold for (x,t) € AN{0<t<e )
By Remark 3.1 there is a natural number ry such that for r > rq
TiyTip_y Tt <1, 0<t <t (4.7)

where 1 <13 <2,s=1,...,r.
We introduce the operators A; and K L acting by the formulas

2 [e%e]
(A" (2, 1) = ZG}(x,t)sol(J}(x,t)), (z,t) €A, Kyl =T+ Af,
i=1 r=1

where I is the identical operator. Obviously, the operator K !is the for-
mally inverse operator to the operator K; defined by equality (4.1). Hence

[U N —
it is sufficient for us to show that K, ! is continuous in the space C, (AY).
As is easily seen, the expression Ajg; is the sum consisting of terms of
the form

Ly (2,8) = Gj, (2, 6) G, (], (2, 4)) G, (T3, (], (2,8))) -+

Gy (T T G (T () )))gn (T3 (T, (- (T (2, 1)) -+-),
where 1 <4, <2, s=1,...,r.
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Hence, using (4.2), (4.5), (3.7) and Remark 3.1, we obtain: for r > rg,

91 € 8a(§)
iy (2, ) [l <
<G, @A) IGL (L (Lo (L (@) )] %
xHG%H(J}m(J}m o L @) )
NG (T (5, G (i () )] ¢
< Ngr(J5, (i, _, G- (T3 (2, 8) -+ ))) e <

g

< 77{0 (77%+11 + 51)

- 7‘0( 1+ )( 'O‘)ta
<n( I ma+o0)( I = ||91”5a(r;n{t1sﬂ>

s=ro+1 s=ro+1

=l i1+ 0 )t“ g
A (82111(77 o)l

and for 1 <r <rg

iy i (2, ) IRy < 0y (7, 7,y Ty £) ¥ Nl gl o
Ca(ATn{t1<t}) —

< mtlgilly,
a(Bdin{t<t})
By (4.8), (4.9), and (4.6) we have: for r > 7

[Afo0G Dl = | 3 Ls @), <

U1yeeeylr

2 —
= ( Z ) [Z M1+ o) } o Hngc (Brin{t<t})
D15eeeylrg i=1
< G577t gl o & Ernin<ey (4.10)

<

and for 1 <r <y
Algr)(x, t)||gm: < Cot®||g ,
”( 1 1)( )HR 1 =V6 || 1||8'a(7m{t1<t})

To
where Cs = 1] ’y_”’(zih_“,% 1) , Cs = n{(Zil,..wir 1)'
Inequalities (4.10) and (4.11) finally imply

lo* (@, ) s = [|(K7 g1) (@, ) e <

oo
rer D (ATgn) (@, t)l|rem <
r=ro+1

(4.11)

70
< lgr (@ )llrm + ) [(ATgr)(a,1)]
r=1
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< (14 Coro + Cs70 (1 — 1) 1)@ -
< 670 5710 (1 =) ”91H8n(r;n{t1§t})

= C3t*[|g1llo __ ;
Cu@in{ti<t})

where C3 = 1 + Cgrg + ny{““(l —~1)~ L. Hence we conclude that the

0o
operator K; ! is continuous in the space C\,(A}) and therefore Lemma 4.1
is true. [J

On the basis of this lemma we have

Theorem 4.1. Let conditions (3.6) be fulfilled. If o > pg, then problem
0 _
(1.2), (2.4) is uniquely solvable in the space CLV1(D).

Proof. First we solve the system of equations (3.1), (3.7) with respect to

0 _ 0
the unknown functions v € CLH (D) and ¢? € Co(Af), p = 1,2, using the
method of successive approximations.

Let

vo(z,y,t) =0, (2,y,t) € D; ¢p(x,t) =0, (x,t)eAf, p=1,2;

U‘Zrﬁ‘j,k(x’ Y, t) = Pqi+j.k (wzl (.13, Y, t)a wiz (.TJ, Y, t)) +
t

+ / ( Z bijp’vp’,kfl) (xi(x7y7t;T)vyi(‘rayvt;T)a T)dT + (412)

Wy P
+F’Z—(m7yat)a 1<:<3, 1< < sy,

where

<)0q7:+j,k(wi1 (.’b, Y, t)v w?(x7 Y, t)) =

Lo (wl t), w? t 1<i<2 1<j<s; —
_{‘pqm,k(wzl(x’y’ )Wy, ), 1<i<2 1<j<s;, (z,y,t) € D.

SD(QH-‘,-_j,k(wi (xay7t)7wi2(m7y7t))a 2237 1 S] S Si,
The values ¢} (z,t) are defined by the equations

(KPSDZI;)($> t) + (T2+pvk*1)(m> t) = f2+p(5(:, t)’ (4'13)
(l’,t) GF;? b= 1,2> k> 13

where the operators K, p = 1,2, act by (4.1).
For convenience, system (4.12) is rewritten as

Uk(xayat) = @k(‘rayat) +
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3 i
+> / kal xz(ﬂc,y,t;T),yi(m,y,t;T),T)dT+

Zzlw (z,y,t)

+F(x,y,1), (v.y,1) €D, (4.14)
where the (¢; + j)-th component of the vector ¢i(z,y,t) is equal to
Caitik (Wi (@, y, 1), w(z,y,1), 1 <i<3,1<j<s, k>1;Q,i=1,23,

and F' are respectively the well-defined matrices and vector-functions.
We shall now show that the following estimates are true:

MF —
Rm™ S M* ]{?' thraa (l’,y,t) € D7 (415)

||vk+1(xa Y, t) - vk(‘ra Y, t)|
MYy AF
||<,DZ+1($,75) - @g(%t)HR% < M Wt a’ (.’L‘,t) € A;’ (4'16)
where M, and M* are well-defined sufficiently large numbers not depending
onk, k>1,p=1,2.
Indeed, by the assumptions for f, and F we have f**? EC o(A%), Fe
0o
C «(D), p = 1,2. Hence, on account of inequalities (2.5) from §2, we
conclude that the estimates
HF( z,Y, )| Rm < eltaa (:C?yvt) € 57 (417)
1722 (. ) [rme < Or4pt®,  (z,1) € A, (4.18)
p=12, ©;,=const >0, i=1,2,3,

are fulfilled.
By v9 =0, ¢ =0, p=1,2 and the conditions of Theorem 4.1 estimate
(4.3) is true so that (4.13), (4.18) imply

et (@, 8) = g (@, ) [eme = 7 (2, D) [[eme < C504t%, p=1,2,

07 = Imax (03, 04), @4 = max (@2, @3)

(4.19)

which in turn gives rise to

o1 (z,y,t) — wolz, y,t)l rm = [|p1(z,y,t)||Rm =

Z Z |(p‘11+]7 (2,9, ),w?(x,y,t)ﬂ

1<i<31<5<s;

< DY CrOs(wia,y, 1) < mCrO4t°, (4.20)

1<i<31<5<s;

IN

since Y. > 1=m and, as shown in §3, 0 < w?(z,y,t) <t,i=1,2,3.
1<i<31<5<s;
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By virtue of (4.17) and (4.20), from (4.14) we have

H’Ul (.’IJ, Y, t) - UO(£7 yat R™ = Hvl (.’IJ, Y, t) ||Rm < H(Pl (.TJ, Y, t) ||Rm +
H|F (2,5, t)|[rm < mCrO4Y 4+ O1t% = (mC70,4 + ©1)t%.  (4.21)
Now, assuming that estimates (4.15), (4.16) are fulfilled for k, & > 0, we
shall show that they hold for £ + 1 when M, and M™* are sufficiently large.
Using (4.13), for p = 1 we have
{K1 (02 — @ha) Mz t) = ~{Ta(vern — w) Hz, 1), (2,t) € AL (4.22)

It is obvious that for the right-hand side of equation (4.22) we have the
estimate

{T5(vrs1 — vie) H, 8) || gy <
wg(z,t,t)

<

2
HBi H Hkarl - Uk”Rm (xl (wé (:L‘7 t, t)v _w?%(xﬂ L, t)7

i=1

;?(z,t)
w3 (2, t,1):7), yi (w3 (2, t,), —wi (2, £, 1), w3 (@, 8, 8);7), 7)dT +
t

+ / ||§;,||Hvk+1 — vg||lrm (;vg(w,t,t; 7),ys(z, L, t; 7')7T)d’7'. (4.23)

w2 (x,t,t)

Denote by & the largest of the numbers max ||E(x, t,7)|, i =1,2,3. Since
0 < @2(x,t) <wi(z,t,t) <t, by (4.15) we find from (4.23) that

{T5 (vrs1 — vie) Ha, 8) || gy <
Ak 9 wj(z,t,t) t
<aM =3 (Z / T 4 / edr) <
=1 Z?(m7t) w2 (w,t,t)

t
< M*—Mf 3 1+1 ktagr <
<& x (Z + ) T T <
=1 0

Mk 1 Mk
STV g R——L L R TV *__ghtlta 4.24
S M e =3 (k+1)! (4.24)

Now (4.22), (4.24), and (4.3) (for p = 1) imply

My k+1+
<30 M Gt . (4.25)

nglle—‘rQ (Jj, t) - 90]%:—"-1 (x’ t)| R™1
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Similarly, (4.13) (for p = 2), (4.15), and (4.3) (for p = 2) give

k
M tk+1+o¢

] . (4.26)

llotia(@,t) = Qi1 (@,8)|| gmy < 4C4EM*

where &; denotes the largest of the numbers m?X”Ei(iC,t,T)”,
x,t,T

max | H;(z,t,7)|, 7 =1, 2.

x,t, T

Using the same arguments as in deriving estimate (4.20), from (4.25) and
(4.26) we obtain

k+14+a
CED

||@k+2(x7y7t) - L)Ok-i-l(mv:%f')H]R"" < £4M* (427)

where §4 = 4mC7&s, &3 = max (1, &2).
We denote by 7 the largest of the numbers max [|€2;||, where the matrices
D

Q;, i = 1,2,3, are defined by (4.14). By (4.27) and (4.15), from system
(4.14) we have

||Uk+2(x7yat) - ’Uk+1($,y,t)||Rm < H‘Pk-{-Q(xvyat) - @k-‘rl(xvyvt)”Rm +
3 t
+Z / ||Qi||H'Uk+1 _Uk?”Rm(xi(x7y7t;7—)7yi(‘r7y7t;7—)77—)d7— <

=1
w?(z,y,t)

k: k
< M* tk+1+a /M* k:+ozd <
<& Uit 1) +3n T
MF _
S (54 + 37])M*7*tk+1+a7 (33, Y, t) € D? (428)

(k+1)!

since 0 < w?(z,y,t) <t,i=1,2,3.
If we set

M* =mC70, + 01, M, =max (3C3&, 4Cs&a, &4 + 3n),

then by (4.19), (4.21), (4.25), (4.26), (4.28) immediately imply that esti-
mates (4.15), (4.16) hold for any integer k > 0.
It follows from (4.15), (4.16) that the series

S
'U(.’E,y, )_ hm Uk x ya Z vk x Z/, 7vk71(1’7y3t))7 (x,yvt) Gﬁv
k=1

® (l’ t) = hm (pk Z, t Z Sak; Z, t @i_l(zvt))a (Qj,t) GKZ, p= 1327
k=1
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converge in the spaces 8’ SVHD), C o(A3), p=1,2, and by (4.13), (4.14)
the limit functions v, P, p = 1,2, satisfy system (3.1), (3.7). Finally, since
problem (1.2), (2.4) is equivalent to system (3.1), (3.7) and the equality
u = Cv holds, we conclude that the obtained function u(x,y,t) is really a

0 _
solution of problem (1.2), (2.4) in the class C L11(D), a > po.
Now we shall show that under the conditions of Theorem 4.1 prob-

0 —
lem (1.2), (2.4) has no other solutions in the class ¢ L%!(D). Indeed,

0 _
if u €C L11(D) is the solution of the homogeneous problem corresponding
to (1.2), (2.4), then the corresponding functions v, ©P, p = 1,2, satisfy the
homogeneous system of equations

Vqi+j ('r’ Y, t) = Pqi+j (wzl (377 Y, t)vw?(xv Y, t)) +
m

+ / ( bijp/vp’) (xi(xvyvt; T)vyi(xay»t;7)77-)d7—7 (xvyvt) € 57
e 7T (4.29)
1<:<3, 1<) < sy,

(Kpe?) (2, t) + (Toypv)(2,t) =0, (z,t) € A, p=1,2.

We apply the method of successive approximations to system (4.29), as-
suming that v, o', p?, are zero approximations. Since these values satisfy
system (4.29), each next approximation will coincide with it so that we shall
have vy (z,y,t) = v(z,y,t), (x,y,t) € D, o} (x,t) = pP(x,t), (z,t) € A for
k > 1 and p = 1,2. Recalling that these values satisfy estimates of form
(4.17), (4.18) and arguing as in the case of deriving estimates (4.15), (4.16),
we obtain

— MF _
H’U(.’L‘, Y, t)HRm = Hkarl(xv Y, t)HRm < M*ki;ktk-i_av (1'7 Y, t) €D,

o) e Mf « A%
6P (, t)||rme :||<p§€+1(3;,t)||Rmp <M th (T t)eAs, k>1, p=1,2,

whence, as k — oo, we find in the limit that
U(':L" y7 t) = 0’ (x7 y’ t) E E? (pp(l’v t) = 07 (x7 t) G F;? p = ]‘? 2' D

Next, using inequality (4.15) and recalling that the value M* is defined
by ©;, i = 1,2, 3, which are given by the right-hand sides F' and f;, i = 1,2,
of problem (1.2), (2.4), we can readily show that for a regular solution of
the considered problem the estimate

2
u gc( : +I||F ) 4.30
PO oV L (430



138 O. JOKHADZE

holds, where the positive constant ¢ does not depend on f;, ¢ = 1,2, and
F'. Estimate (4.30) implies that a regular solution of problem (1.2), (2.4) is

0 _
stable in the space CL11(D), a > po.
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