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ON THE BIFURCATION OF FLOWS OF A
HEAT-CONDUCTING FLUID BETWEEN TWO ROTATING
PERMEABLE CYLINDERS

L. SHAPAKIDZE

ABSTRACT. Sufficient conditions are found for the bifurcation of flow
of a viscous heat-conducting fluid between two rotating permeable
cylinders.

This paper deals with second stationary flows generated in a heat-con-
ducting fluid contained between two permeable cylinders rotating in the
same direction. Among other papers where similar problems are treated
mention should be made of [1-4] for the case of a noncompressible fluid and
[5] for the case of a heat-conducting fluid. The permeability of the cylinders
changes the character of the obtained operator equations, which results
in nonsymmetricity of the kernels of the corresponding integral equations.
This fact necessitates to another method of investigation of this problem
and this is what we do here.

1. Let a homogeneous viscous heat-conducting fluid fill up the hollow
space between two rotating permeable cylinders heated up to different tem-
peratures. The radii, angular velocities, and temperatures of the internal
and outer cylinders are denoted by Ry, Q1, 01 and Rg, s, 02, respectively.
It is assumed that there are no external mass forces, the velocity of the
flow across the cross-section of the hollow space between the cylinders is
zero, and the fluid inflow through one cylinder is equal to the fluid outflow
through the other. The scales of length, velocity, and temperature will be
denoted by R;, Q1 R;, 61, while the density scale will be understood as
the fluid density at the temperature ;. Under these assumptions, if we
write the Navier—Stokes equations and heat conductivity equation in terms
of cylindrical coordinates (r,p,z) with the axis z coinciding with the axis
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of the cylinders, then they will admit the following exact solution with the
velocity vector Vo (vor, vo,, Vo2 ), temperature Ty, and pressure Ily:

ar™ 4 bfr, s # =2,

0
1)07«:77 Vop = allnr—&—l’ =2,
T
vo, =0, Tp=cy+car™, (1.1)

r

o = /{[1 — B01(c1 + cor™)] (ar” + 7%)27“ + %g}dr;

1

here
. QR? —1 b—l—a 4 _OQR?—1
T R*2-1 © T TR
0 — R™ 1-0 s
Cl:il_Rﬂl’ CQ:il—R"l’ %Ozmv %:;7
=S gt p_ I
X 0:’ Ry’

s is the radial flow per cylinder length unit; 3, v and x are, respectively, the
thermal expansion, kinematic viscosity, and heat conductivity coefficients.
Our task here consists in finding axisymmetric stationary flows which
differ from (1.1), are periodic with respect to z with period 27 /«g, and are
such that the velocity flow across the cross-section of the cylinder cavity is
Zero.
2. To find solutions V’, II', T" of our problem in the form V' = V, +
(v, vp,v:), TV = Ty + coPT, II' = Il + II/A, we obtain the following
system of perturbation equations:

v, OII v2

o Y9 = _ ¥ _
Av, R )\[(’U,V)’UT . 2w1v, +
gy (Ov, U,
+ 2 (G =) + Rawt],
v . Uy ) ov v
A - 7(/): Y A Bt ' ¢
Ve r2 )\[(v,V)v@—i- r gu(r)vr+ r (37’ - r )}7 (2.1)
Av, ~ [CA @6”]
V== g, AV S )
_pliz 7 0T
AT = )\P{(v,V)T—&- B +92(7")Ur]7
8vr+ﬂ+3vz -0
or T 8z
v r=1,R = 0’ T r=1,R = 07 (22)
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where Ra = (c260, P is the Rayleigh number, P = ; is the Prandtl number,

Q1 R? .
A = == is the Reynolds number, wy = %, wy = wir, 3 = »P,

—(+2)ar*, x# -2,
gi1(r) = { ai _ ga(r) = 3”71,
_T727 = _27
- 0 0 9? 10 02
= P —_— A = — _ — o
(V,V) = or + o 0z’ or? + r Or + 022’

and the components v, v,, v, T must satisfy the following conditions:
T
Jv.(r,z)rdr =0, V, T are periodic with respect to z with period 27/ay;
1

Up, Uy, T are odd functions, and v, is an even function with respect to z.
Problem (2.1)—(2.2) is written in terms of the Boussinesq approximation
[6] assuming that the flow velocity through the cylinder walls is such that
it is not influenced by perturbations arising in the fluid between the two
cylinders.
To flow (1.1) there corresponds a trivial solution of problem (2.1)—(2.2)
and we assume that for small A this system has a unique solution v =T = 0.
The linearized problem corresponding to system (2.1)—(2.2)

Uy oIl . »g [ Ouy Uy
Aur_ﬁ_ﬁ —A|:_2W1U¢+7< 8r _7> +RCL(U2T1:|,
U [ #o (Oup | e
Aug r2 _/\[ gr(r)ur + r (87" + r ﬂ’
8H1 ) (9’U,Z
Au, — — =12 ; 2.3
Y 0z r Or (2:3)
. ) 8T1
AT = AP| 22 S 4 o)
6ur+&+6uz _o:
or r 8z
ﬁ(uTvutpvuz)|r:17R = 07 T1|7‘=1,R = 0 (24)

and the conjugate problem of (2.3)—(2.4) with respect to the scalar product

R m/ao

[a’,J}:/ / @-Yrdrdz

1 —7/ao
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can be respectively written as

'(/)r _ 8@ A aiﬂr w,«
A — = o +/\[—91(T)¢¢ - ( o + 7) +ng(r)T2},
P o (O (0
sor 5o 20 )
_0Q 7 0Ys
AY: = 0z A r Or’ (2.5)
ATQ—)‘P{_@% %‘*@wr}:
o b O,
Oor + 0 + 0 0
ﬁ(d’rﬂbwﬂ&)ﬁ:lﬂ - Oa T2’7.:17R = O (26)

Let us consider the set M of twice continuously differentiable solenoidal
pairs V{#(vy, v,,v.), T} which are defined in the closed domain {1 < < R,
—00 < z < 400} and which are axisymmetric, vanish for » = 1, R, have a
flow across the cross-section of the hollow space between the cylinders equal
to zero, and are such that v,, v,, T are even functions and v, is an odd
function with respect to z. Denote by Hj the Hilbert space obtained by
completion of the set M with respect to the norm generated by the scalar
product

rator equation
V =AKV. (2.7)

The linearized problem (2.3)—(2.4) and its conjugate problem will respec-
tively satisfy the operator equations

U = MU, (2.8)

U = AA*T. (2.9)

Applying the results of [7, 8], we easily ascertain that the operators K, A,

and A* are completely continuous in the space Hj. The operator A is the

Frechet differential of the operator K at the point V' = 0, and A* is the
conjugate operator of A in the space H;.
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To apply the bifurcation theory of nonlinear operator equations it is nec-
essary to investigate the spectrum of the linear operator A, since, as follows
from Krasnoselskii’s results [9], the bifurcation points of the nonlinear oper-
ator K can be only having the odd multiplicity (in particular, simple ones)
characteristic numbers of its Frechet differential at the point vV =0.

3. Theorem. Let the following conditions be fulfilled: Ra > 0 and the
functions wi(r), gr(r) (kK =1,2) are positive throughout the interval (1, R).
Then for all ag, except some countable set, the operator A has at least one
positive simple characteristic number \g which is the bifurcation point of the
nonlinear operator K. This characteristic number is less than the moduli of
all other characteristic numbers of the operator A.

Proof. Using a Fourier series expansion, the solution of the linear problem
(2.3)—(2.4) can be represented as a linear combination of solutions of the
form

{urau«mHlaTl} = {U(T),U(T),pl(T),T(T‘)}COS az,

u, =wsinaz, a=no nMm=12,...),

which leads us to the spectral problem

r\dr r
wx/d 1 2]
—[L—?(%-l-;)—a}v—)\gl(r)u, (31)
»P d 1
_<L_Tﬂ ol 2>T=—>\P92(T)U,
du
u|r:1,R U’r:LR:%T:LR:TL:LR:O’ (3:2)
where
drd 1 1 d
L=g(gti) wo=—0 g ),
1 d? 1—2d 9
pl——a(ﬁ—k , %—a)w.

We introduce the integral operators

R
Guf = / GE(r ) f(p)pdp (k=1,2,3),
1

where G are the Green functions of the operators on the left-hand sides of
system (3.1) at the boundary conditions (3.2).
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Denote by HY the Hilbert space Lo with the weight o(r) = r on the
segment [1, R] with the scalar product

R

(Y1, %2) o = /wl(r)wz(r)rdr.

1

Lemma 1. The kernels G (k = 1,2,3) are nonsymmetric and oscilla-
tory.

The lemma can be easily proved by the methods of Krein [10]. The
kernels G, and G2, are proved to be oscillatory in [11]. As for G2, the fact
that it is oscillatory follows from the representation

wo dr Odr wy’

_(L_ﬁi_i_l) r”Pirl_%Pw2dl
rodr r
where wg = 1 =p is the modified Bessel function which is a solution of the

equation

»P d 1
L2 2y 2) =0.
( r dr+r2 @ )wo

By inverting the operators on the left-hand sides of system (3.1) we obtain

u = \(20*G 1w (r)v — Ra o®Gws(r)7T),
v = )\Gggl (r)u, (33)
T = —APG3gs(r)u.

The spectral problem (3.3) is equivalent to an integral equation
u = pBu, (3.4)
where p = 2a?)\?, B = By + By,
B; = Giwi(r)Gagi(r), By = %Ra PGwy(r)Gsgsa(r).

Lemma 1 implies that the kernels of the integral operators By and Bs
are nonsymmetric oscillatory ones.

Similarly, in finding a solution of the conjugate problem (2.5)—(2.6) in
the form

{r, 0y, Q, To} = {ui(r),vi(r),q(r), 71(r)} cos az,

¥, = wy(r)sin az,
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we come to the problem of defining the eigenfunctions:

d 1
(L — a?) [L + z(— + 7) - az} up = Aa?g1(r)vy — Aa?Pga(r)T1,

r\dr r
d 1
1201 o= 2o,
r\dr r (3.5)
(+ 722 L4 2 )m = ARawn(r)
r dr 2 1 = aws(r)uy,
du1
ul’r:l,R = W r=1,R = Ul’r:l,R =N r=1,R = 0’ (36)
where
__l(di 1+%1_2) R NP,
1= a \dr? r dr o )jwn W= ar dr T,

Thus the linearized problem (2.3)—(2.4), equivalent to the operator equa-
tion (2.8) in the Hilbert space Hy, can be reduced, after separation of vari-
ables, to the integral equation (3.4). The characteristic numbers of the
operators A and B are related by the relation u = 2a2\2.

Lemma 2. If »Ra > 0 and the functions wi(r), gr(r) (k = 1,2) are
positive throughout the interval (1, R), then the operator B is ug-positive in
the cone of non-negative functions.

The proof of this lemma follows from the results of [12] and Lemma 1.
Similar statements for the corresponding operator represented as the sum
of oscillatory operators can be found in [13].

Lemma 2 implies that for any value of g the operator B has at least one
positive simple characteristic number g [12]. In particular, this means that
the rank of g (i.e., dim(Ker (B — pol)), where I is the identical operator)
is equal to unity (see [7]).

Lemma 3. Let p > 0 be the characteristic number of the operator B
whose rank is equal to unity. Then A\ = +\/u/2a2 is the characteristic
number of the operator A whose rank is also equal to unity.

To prove a similar lemma for the case of solid cylinders and a noncom-
pressible fluid [1, 2] it is essential to assume that the operator B is symmet-
ric, since the operators contained in it are symmetric. Then the correspond-
ing operator B is a symmetric oscillatory operator. In the presence of the
parameter s, i.e., when the cylinder walls are permeable, the symmetricity
of the operator B is violated and the corresponding operator B is a non-
symmetric oscillatory one [11]. In the case of a heat-conducting fluid and
permeable cylinder walls the corresponding operator B is, as shown above,
a nonsymmetric, ug-positive one in the cone of non-negative functions.
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Proof. We calculate the scalar product (U’ \I_)), where U , U are the eigenvec-
tors of the operators A and A*. Multiplying the equations of system (2.3)
by ¥y, ¥y, V., Ta, respectively, and taking into account (3.1) and (3.5),
also performing integration by parts and some simple transformations we
obtain

(TSI

<
\*_6/1
z
|
>
,_.\ -

1 d
+(2w1 (r)v — Rawsa(r)T)uy — e ? (% %) (L — o®)u —
) dr _
—(7 = + QQ(T))PTl}T dr =

r \dr r

R
=X 1/{(91(7")11 - @(dv T B))Ul + (2w1(r)v = Raws(r)r)us +
1

-i-i @(i - 1)(L —a®)u-uy — (? dr + gg(T‘)U)PTl}TdT =

a2 r \dr r o
R . 1
T
:070 {?(L_az)%'ul_(L_O‘Q)U'Ul_(L‘Fﬁ_O‘Q)T.Tl}TdT.

Denote by HY the Hilbert space of square-summable vector-functions

—

V (u,v,7) with the scalar product
R
(‘7 . VI)HS = /(U UL VvV T Tl)Td’f’, ‘71(’[1,1,’[}177'1) € HS
1

Since the characteristic number g > 0 of the operator B is simple, one
can easily verify that V(u, v,7) € HY, where (u, v, 7) is a solution of problem
(3.1)—(3.2), is also a simple eigenvector of this system.

Let us consider the linear space N of the vector-functions defined on
the segment [1, R] and satisfying the following conditions: w are continu-

ously differentiable functions on the segment [1, R] up to the fourth order

. . . .. du .
inclusive with the condition u|,—1 g = df|7«=17R = 0; v, 7 are continuously
r

differentiable functions up to the second order inclusive with the boundary
condition v|,=1,r = T|r=1,r = 0.

Since the operators r(L — a?)?, —r(L —a?), —r(L+ -5 — o) are positive
definite, by closing the linear space N in the norm generated by the scalar
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product

R
Lo 1 1
(V~VI)H2:/[?(L—042)21L-uI—(L—a2)v-vI—<L+T—2—a2)T-TI}rdr,
1

‘7(“71)77.)7 ‘71(“171)177-1) € H27

we obtain the complete energetic Hilbert space Hy (see [14]).
Rewrite problems (3.1)—(3.2) and (3.3)—(3.4) in the space Hs in the op-
erator form:

V=\K\V, Vi=AKVy, V,VieHo,

where K7 and K{ are completely continuous operators acting in the space
Hj and satisfying an additional requirement that the integral identities

(K, V- @)y, = A /R{{Zwlv—kr};;(d —1)(L—a2)u—
1

dr r
—Rawy’} D, — [? (dii" + %)v - gl(r)u] o, —
- [ng(r)u + %TP dir] @Z}r dr,
R
(Kfvl . <f’)H2 =\ /{[gl(r)vl — g(L - a%%(% + %)ul —
1
—ng(r)ﬁ] D, + [le(r)ul + ? (d%‘ - %)} D, +
- {Rawg(r)ul — %T—P %] @Z}r dr

be fulfilled for any vectors V, Vi, ® € Hy (see [7]).
Performing integration by parts, we readily obtain the equality

(Kfvlv q_;)HQ = (‘717 Kl(i;)Hz'

Therefore K is the conjugate operator of K7 in the space Hs.

We use the results of [14], in particular the theorem stating that to each
element from Hj there may correspond only one element from HY. Note
that in that case to different elements from Hs there correspond different
elements from HY. Hence it is not difficult to show that if the equations

— -

V=KV, W=\W+V, V,WeH,
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where K7 is a completely continuous operator in Hy, are fulfilled, then in
the space HY the equations

—

V=AK\V, W=MW+V, V,WeH),
will also have solutions.

Indeed, let us be given the equation
‘7 = /\Kl ‘7, ‘7 € HQ-

Let us consider a sequence Vn € Hy such that

IV =Vallz, = 0, [V =Valgg — 0.

The existence of such a sequence follows from the proof of the above-
mentioned theorem from [14].
We write the equality

V=V, =AK (V= V,)) + 6, (3.7)

where Vn € Hy, 0, = )\Kﬂ_/'n — Vn
Then we have

18l 22 < IV = Vil + A KL (V = Vo) 1z
Using the inequality from [14]
VIlae < IV,
we find that [|6, |z, — 0 implies [|6,[| g9 — 0.

Passing in (3.7) to the limit in HY, we obtain

— —

V-V =\KV - EKV)
which gives

= \K,V,

<u

where V € HY.
By a similar reasoning one can ascertain that if the equation

W:AK1W+‘7, V,W€H27
has a solution, then the corresponding equation

W= W+V, V,WeH)Y,
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will be fulfilled in HY, which is impossible because Ve HY is a simple
eigenvector and, accordingly, A is a iimgle characteristic number of problem
(3.1)=(3.2). Hence it follows that (V - Vi)y, # 0 [7]. Now we obtain

(V- Vi)m, #0.

B 0
U-0)y = —
( )Hl @

Therefore the rank of the characteristic number A of the operator A is
equal to unity. [

Next, using the arguments from [1], we show that Ay = % is the
simple characteristic number of the operator A. ’

Since the operator B is ug-positive, the characteristic number g is less
than the moduli of all other characteristic numbers of the operator B [9).
But in that case \g is less than the moduli of all other characteristic numbers
A=/ of the operator A. O

202

Thus we have shown that under the conditions of the theorem the opera-
tor A has at least one simple characteristic number which is the bifurcation
point of the operator K. In that case the main flow (1.1) gives rise to
secondary axisymmetric stationary flow bifurcations.

One can easily verify that the conditions of the theorem are fulfilled
when the temperature of the internal cylinder exceeds the temperature of
the external cylinder (# < 1) in the case of fluid inflow through the external
cylinder (> < 0), and, conversely, when the temperature of the external
cylinder exceeds the temperature of the internal cylinder (# > 1) in the
case of fluid inflow through the internal cylinder (3¢ > 0), while the angular
velocities and radii are related through the relation 0 < 2 < %.

Note that if Ra = 0 then for any s the condition 0 < < % is the
sufficient one for secondary axisymmetric stationary flows to arise in the
noncompressible fluid between two rotating permeable cylinders. Moreover,
for each oy we have a sequence of simple characteristic numbers of the
operator A, each of which is the bifurcation point of the corresponding
nonlinear operator [11].
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