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MODULAR PROPERTIES OF THETA-FUNCTIONS AND
REPRESENTATION OF NUMBERS BY POSITIVE
QUADRATIC FORMS

T. VEPKHVADZE

ABSTRACT. By means of the theory of modular forms the formulas
for a number of representations of positive integers by two positive
quaternary quadratic forms of steps 36 and 60 and by all positive
diagonal quadratic forms with seven variables of step 8 are obtain.

Let r(n; f) denote a number of representations of a positive integer n by
a positive definite quadratic form f with a number of variables s. It is well
known that, for the case s > 4, r(n; f) can be represented as

r(n; f) = p(n; f) +v(n; f),

where p(n; f) is a “singular series” and v(n; f) is a Fourier coefficient of
cusp form. This can be expressed in terms of the theory of modular forms
by stating that

rs f) = B(r: f) + X(7),
where E(7; f) is the Eisenstein series and X (7) is a cusp form.

In his work [1] Malyshev formulated the following problem: to define the
Eisenstein series and to develop a full theory of singular series for arbitrary
s > 2. For s > 3, its solution follows from Ramanathan’s results [2].

In the present paper we work out a full solution of this problem. More-
over, convenient formulas are obtained for calculating values of the function
p(n; f).

Thus, if the genus of the quadratic form f contains one class, then ac-
cording to Siegel’s theorem ([2], [3], [4]), ¥(7; f) = E(7; f) and in that case
the problem for obtaining “exact” formulas for r(n; f) is solved completely.
If the genus contains more than one class, then it is necessary to find a cusp
form X (7).
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A large number of papers is devoted to finding such formulas. Cusp
forms in these works are constructed in the form of linear combinations of
products of simple theta-functions with characteristics or their derivatives
(see, e.g., [5]), products of Jacobi theta-functions or their derivatives (see,
e.g., [6]), and theta-functions with spherical polynomials (see, e.g., [7]). All
these functions are certain particular cases of linear combinations of the
so-called generalized theta-functions with characteristics defined below by
the formula (1). In the present paper, using modular properties of these
functions, we have obtained by the unique method the exact formulas for
a number of representations of numbers by positive quadratic forms both
with an even (forms of such a kind were considered earlier) and an odd
number of variables. Moreover, it is shown that using [8], one can reduce
cumbersome calculations for obtaining formulas for a number of represen-
tations of numbers by the quadratic forms considered earlier and to obtain
new formulas.

§ 1. Let f = %x’Ax be a positive definite qadratic form, let A be an
integral matrix with even diagonal elements, and the vector column = € Z?,
s € N, s > 2. We call u € Z° a special vector with respect to the form
fif Au = 0 (mod N), where N is a step of the form f. Moreover, let
P, = P,(x) be a spherical function of the vth order (v is a positive integer)
corresponding to the form f (see [9], p. 454). Then the generalized theta-
function with characteristics we define as follows:

h'A(z—g) rita! Az
Ion(Tipu, f) > (=1) v py(z)e” ~T (1)

=g (mod N)

here and below, g and h are the special vectors with respect to the form f.

In the sequel, use will be made of the following lemmas (see Lemmas 1
and 4 in [8]).

Lemma 1. Let k be an arbitrary integral vector and l be a special vector
with respect to the form f. Then the following equalities hold:

h' Ak

Vi Nk (T5 00y f) = (1) Dgn (7300, f),
Vg nt2(T5 00, f) = Ogn (T3 00, f)-

Lemma 2. Let F(7) be an entire modular form of the type (—r, N,v(L))
and let there exist an integer | for which (v(L))! = 1. Then the function
F(7) is identically equal to zero if in its expansion in powers of Q = €277
the coefficients ¢, equal 0 for n < (r/12)N [], 5 (1 +p7h).

In the main theorem below we formulate modular properties of linear
combinations of functions (1).
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Theorem 1. Let f1 = fi(z) = %x’Alx,..., fi = filz) = %:L'/ij be
positive definite quadratic forms with a number of variables s, let Plgk) =

Py(k) () be the coresponding spherical functions of order v, Ay be the deter-
minant of the matriz Ay, Ny the step of the form fi (k=1,...,7), A the
determinant of the matriz A of some positive definite quadratic form %x’Am
with a number of variables s + 2v and the step N.

Nezt, let g% and h®) be special vectors with respect to fi; moreover,
given 2 4 Nﬂk, let hy, be the vector with even components (k=1,...,7);

L= (3 g) € To(N);

U(L) _ (Z’%T]("/)(Sgné_l))s-"_QV (i(mzl)"’)s-l-Qy(z(SgT(;T)ﬁA) for 2 T s,

, —1)zt¥
— o)t (SR for 21 2

n(y) =1 for v=0,

=—-1 for v<0;
(=DztAN 2(sgnd)BAN . '
—_— the K k bol, | ———— th b bol.
( N ) is .e ronecker symbol, ( 0] > is the Jacobi symbo
Then the function
J
X(1) = Bl (1; PV, fi) (3)

k=1
for arbitrary complex numbers By is an entire modular form of the type
(=(5 +v),N,v(L)) if and only if the conditions
N
NilN. NEfe(g™), ANe| 5 fu(h)
are fulfilled, and for all & and 6 such that «d =1 (mod N) we have

J 1
> Bk§a9<k),h<k)(7—;p£k)vfk)(Sgné)V(i( )|5| k)z
k=1

CDEEREIA J
_ (#> > Bt g (1508, fr).
k=1

This theorem has been proved in [8] for even hy. It can easily be adjusted
to the case 2| Nﬂkhk' From this theorem we obtain the following two theorems
which are analogues of Theorems 4 and 2 from [8].
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Theorem 2. If all the conditions of Theorem 1 are fulfilled and either
v >0, orv=0 and all the g*) vectors are nonzero, then the function (3)
is a cusp form of the type (—(3 +v), N,v(L)).

Theorem 3. Let f be an integral positive quadratic form with a number
of variables s and let A be a determinant of the form f. Then the function
I(; f) defined by the formula

W) =1+ r(m )™ (Imr > 0) )

n=1

is the entire modular form of the type (—5, N,v(L)), where v(L) are defined
by the formulas (2) for v =0.

From the results of [2], [3], [4] and [10] we obtain

Theorem 4. Let [ be a positive quadratic form with a number of vari-
ables s and let A be its determinant. Then the function E(T,z;f), deter-
mined for Rez > 2 — 5 and Im7 > 0 by the formula

7r'i3 (o] o] fh q)
=1 = 5 )
E(r,zf) =1+ 25 A 2; ZOO q% (g7 — H)%|qr — H|*
(H,q)=1

where S(fh,q) is the Gaussian sum, can be continued analytically into the
neighborhood of the point z = 0. Further, having defined the FEisenstein
series E(1; f) by the formulas

E(r; f) = (Tzf)| for s =2
(T7Z;f)|Z:O f07" $>27

we have

E(r;f)=1+ Z 2™ for s =2,
143 o HETT for 5> 2 (5)
n=1

here p(n; f) is a singular series which is calculated as follows:
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(1) If2]s, v=[]pn 0", A= r?w (w is a square-free number), then

pi2A
plns f) = W xzﬂmg(“((_lﬁ)p‘g)_lx
£ (o) T (SER)es

(2) If 2t s, An = 2°TVv10y = r2w, 2%|n, 27||A, P4, p¥|n (p > 2),
v = Hp\n pY = T%wh vy =[] p|An pwH = Tng (w,w1,wsy are square-
pi2A p|A, p>2
free numbers), then

. (5_1)| 2—s —71
p(’n?f): ( )28 27T§_1|B 71|A1X2HXP

plA
p>2
o) - (7))
pl2A plra
p>2
ST (- (S5)),

The values of x2 and x, are given in [11] (formulas (9)-(13), p. 66);

cwro £ (R0 ()
21l p>2

B,_1 are Bernoulli’s numbers.

§ 2. In this section we will obtain exact formulas for a number of repre-
sentations of numbers by quaternary quadratic forms:

2 x4+ :c% + 1522 and 2x% + 22,29 + 523 + 2x§ + 2x314 + 5:L’§.

The first form has been considered by Lomadze in [5] who, for the con-
struction of cusp form X (7), used products of simple theta-functions with
characteristics and of their derivatives (some particular cases of the function
(1)) and therefore he had to use modular forms of step 240 instead of 60.
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Theorem 5. Let
f=a?+a5+ a3+ 1523, f1 =323 + 1523,

fo =42t + 2w12y + 423, gV = (§8> W= <(0)) ’

15 0
g? = <0> ;b= (15) , Y =a, P = a4

Then the equality

4 1
I f) = E(r; f) + Tﬁgu)hm(ﬂp(l),fﬁ + Toﬁg(2>h<2> (0%, f2) (6)

holds, where the functions

975 f), Vympa (T3 P ), yrpe (75 PV, fo)

are defined by formulas (4) and (1), while the function E(T; f) by formula
(5).

Proof. By Theorem 3, the function ¥(7; f) belongs to the space of entire
modular forms of the type (—2,60,v(L)), where v(L) is the corresponding
multiplier system. Then, according to Siegel’s theorem (see [2]), E(7; f)
also belongs to this space. Using Lemma 1, we can check that the function

4

X(T):B

1
V1) p (r3pi", f1) + Toﬁg<2>h<2> (m:p17, f2)

satisfies all the conditions of Theorem 1.
Indeed, f7 is the binary form of step 60 and f is the binary form of step

30 (N1 = 60, Ny = 30), ¢V = <§8>, and h(V) = <8) are special vectors
15
are special vectors with respect to the form fo = 423 42z 29 +423. 2 | A,
2| 4R, since N; = N = 60, Ny = 30; but 60 | N, 30 | N, 602 | f1(g'),
30 | f2(g'¥), 240 | f1(h(™), 120 | 2fo ().
If @0 =1 (mod 60), then either

with respect to the form f; = 322 +15z2, and g(®) = <1O5> and h(?) = < 0)

a=d=1 (mod3) or a=d=-1 (mod 3).
Because of Lemma 1,

19g(1>h(1)(7;p§1), f1) for a=46=1 (mod 3),

Dogr o (13917, f1) =
gk ! ﬁ,gmh(l)(T;pgl),fl) for a=d§= -1 (mod 3).
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Due to (1) we have

i 3m%+15z§
LT
Iy (T3p1, f1) = > Tae€ 60
z=g(1) (mod 60)
322 41522
2miT —L 2 L (1)
= — E Toe 602 = —1979(1)]1(1) (T,pl 1)

z=—gM (mod 60)
Thus

199<1)h(1>(7';p§1),f1) for a=6=1 (mod 3),

NG)) e (7)
V_gpm (T5p1 7, f1) for a=0=-1 (mod 3).

D ag) 1) (ripi”, f1)= {
We have
_ _ —1)2 _
sons(Tt) = () () (S) = G (5) ()
Furthermore, we have

(@)_ sgnd for 6 =1 (mod 3),
3/  |—sgnd for §=—1 (mod 3).

We can easily verify that formulas (7) and (8) imply
19a9<1>h<1>(7';p§1)afl)sgnts(_wAl) = (@l)?99<1>h<1>(7';p§1)af1(1))~ (9)
Analogously, we get
Doy (2 (T;p§2),f2)sgn5<_?|2> = (@)ﬂag(’z)h@) (97, fo). (10)
Consequently, according to (9) and (10), the function
= %ﬁgmhm(ﬂpgma fi) + %0199@);1(2) (r; 0%, fo) (11)
satisfies the conditions of Theorem 1 and, due to Theorem 2, belongs to the

space of cusp forms of the type (—2,60,v(L)).
Thus, owing to Lemma 2, the function

V(r) =9(r; f) — E(7; ) — X(7),

where X (7) is defined by (11), will be identically zero if all coefficients for
Q" (n < 24) are zero in its expansion in powers of Q = €77,
Next, let n = 2°3%15524, (u,30) = 1. Then by Theorem 4,

X(7)

E(rf) =1+ pn: Q" (Q = ¢, (12)

n=1
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where

11 = 2 0 () 0 - e (2))

X (5ﬁ2+1 + (—1)%&#&(%)) Z (%)dQ. (13)

102=u

Having calculated the values p(n; f) for all n < 24 by formula (13), we
obtain because of (12):

E(;f) =143Q + 2—??@2 + gcf’ +9Q" +24Q° + 15Q° +
+ ?cf + %Qg +39Q° + 63—5Q10 +24Q" + 5—366212 +24Q" +
+48Q" + %Q“’ +33Q" +72Q' + %ng +18Q" +
+72Q%° +96Q°" +24Q% + ?Q% +75Q% 4. (14)
Formulas (4) and (1) yield

I f) =14 6Q + 12Q°% 4 8Q> + 6Q* + 24Q° + 24Q° +
+12Q8% + 30Q° + 24Q° + 24Q" + 8Q™ + 24Q*3 +
+480Q™ + 2Q'° + 18Q + 72Q' + 52Q'® + 36QY +

+72Q%° + 96Q% + 24Q% +24Q% +84Q* +... . (15)
4 16
T lwnn (Tt 1) = Q0+ Q0 - QT - 20 + Q1 -

72Q12 72Q15+Q187Q23+4Q27+”.)’ (16)
1 3
Eﬁgwm(z) (), fa) = 5(262 —2Q* - 6Q° —6Q° —

_ 2@10 _ 6@15 _ 10Q16 + 12@19 + 6Q24 4. ) (17)

Taking into account (14)—(17), we can easily verify that all coefficients
for @™ (n < 24) in the expansion of the function 1 (7) in powers of @ are
zero. Thus identity (6) is proved. O

Theorem 6. Let f = 2% + 23 + 23 + 1523, n = 22351552y, (u,30) = 1.
Then

e =4 (3)

() 2 (e

d1 d2 =Uu
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3 o
+ ) Z (_1)171(381 +2x9) for m=1 (mod 4),
n:a:f+m1x2+4x§
2tz

(e () - 3)
(e (D) 3 (e

102=U

3 231
+3 > (=1) 77 (@1 4 222) +

n=x24z2xo+43
21’:61

16
+ — Z To otherwise.

3
3n=a2+5z3
r1=x2=1 (mod 3)

Proof. Equating coefficients of the same powers @) in both parts of identity
(6), we get

16 3
r(n £) = p(n; f) + 5 vi(n) + 5va(n), (18)
where v (n), v2(n) denote respectively the coefficients for @ in the expan-
sions of the functions

1

1
% V@ e (r:0, f2)

19g<1>h<1>(7517§1),f1)7 '
in powers of Q.
From (1) we have

27iT((3z14+1)2+5(3xg+1)2)
3

1
%ﬁgu)hu)(ﬂpgl),fﬂ = ) Butle ;

T1,L2=—0Q
ie.,

vi(n) = > . (19)

3n:w%+5w§
z1=x2=1 (mod 3)

It follows from (4) that

Vg ne (i f2) =

15
27riT[(2:cl+1)2+(2w1+1)12+41’§]
= ) (-1)"(2z1 + 1+ 2m9)e T :

T1,L2=—00
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ie.,
zq1—1
va(n) = > (=1)77 (21 + 2a22). (20)
n:w?+az1x2+4w§
2J(I1

From formulas (18), (13), (19), (20) we obtain the desired exspression for
r(n; f). O
Theorem 7. Let f = 222 + 22119 + 523 + 223 + 2x324 + 523, f1 =

31‘% +9‘T%7 g= <168>7 h = (8); P1 = T2. Th@n

9(rs ) = B(r: f) ~ g9an(ripn, o),

where the functions V(t; f), E(7; f) and 945 (7;p1, f1) are defined respec-
tively by the formulas (4), (5) and (1).

Proof. Let n = 2%3Py, (%6) = 1. Then by Theorem 4, E(7;f) = 1 +
Sooey p(n; [)Q™ (Q = €*™7), where

p(n;f):12(35_1—1)2ﬂ for a>0, 8>0,

wlu
:4(357171)Zu for a=0, 8>0,
wlu
:4Zu for a>0, >0,
plu
4
:§Zu for (n,6)=1. (21)
plu

Formulas (5) and (21) imply

E(T;f)zl-l-%Q-i-..., 19(7'§f):1+4Q2+""

22)
1 4 (
—§?99h(T;P17f1):—§Q+~- :

By Theorem 3, the function ¥(r; f) belongs to the space of entire modular
forms of the type (—2,36,1). Then by Siegel’s theorem (see [2]), E(7; f)
also belongs to this space. Using Lemma 1, we can easily verify that the
function Y4, (7;p1, f1) satisfies all the conditions of Theorem 1. Therefore
by Theorem 2, it belongs to the space of cusp forms of the type (—2,36,1).
It is well known that this space is one-dimensional (see [12]). Therefore
from (22) we obtain the above assertion. [

From Theorem 7 immediately follows



MODULAR PROPERTIES OF THETA-FUNCTIONS 395

Theorem 8. Let n = 2°3u, (u,6) =1, f = 223 + 2x125 + 523 + 223 +
2z3x4 + 523. Then

r(n;f):12(35_1—1)ZM for a>0, >0,

wlu
:4(3’8_1 —l)z,u for a=0, 8>0,
wlu

:4Zu for a>0, =0,

plu

4 2

:ng"g Z xo for (n,6)=1.

plu 4n=3z3+z3

z1=1 (mod 2)
z2=1 (mod 6)

Remark to Theorem 8. Let

v(n) = % Z Za.

An=3z3+x3
z1=1 (mod 2)
z2=1 (mod 6)

It can be easily shown that

1
v(n) =5 S (w1 + ).
4n:3w%+w§
z1=1 (mod 2)
z2=1 (mod 6)

Further, arguing as in [12] (p. 233), we can easily show that
(1) v(ning) = v(ni)v(ng) if (n1,n2) = 1;
_ g
(2) ¥(0°) = Socpe g T ) +5(5) 5,
where 7(p) is the Frobenius endomorphism of a curve y? = 23 +1 reduced in

modulo p, 6(r) is equal to one or to zero according to whether the number
r is an integer or not. In particular, if n = p is a prime number, then

where (

%) is the Legendre symbol.
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§ 3. In this section we obtain formulas for a number of representations of
numbers by quadratic forms with seven variables

s 7
f=2) a3+ > 27 (1<s<6). (23)
j=1 j=s+1

The cases s = 0 and s = 1 are considered earlier (see, e.g., [13], Vol. II,
pp- 305, 309, 335 and Vol. III, p. 237). In these cases the corresponding
forms belong to one-class genera. The case s = 3 was considered in [6].

Theorem 9. Let f be of the kind (23), f1 = 223 + 223 + 23, fo =23 +

4 9 2 j
22 +222, g = 4], D = [2], po = 2120, ¢@ = 4], h® = [ 4
0 4 i :
Then the following equality holds,
9 f) = B(ri f) + X(r:) (21)
where
1
X(r; f) = 37219g(1)h(1)(T;p2’f1) for =24,
1
= mﬁg(zm(a) (:p2, f2) for s=3,5,
=0 otherwise. (25)

Proof. By Theorem 3, the functions ¥(7; f) belong to two different spaces
of modular forms (—%, 8,v(L)), where v(L) is a system of multipliers corre-
sponding to the form f. This system is the same for all s with the same even-
ness. Then, according to Siegel’s theorem (see [1]), the functions E(7; f)
also belong to appropriate spaces of modular forms. It can be easily verified
that functions (25) satisfy all the conditions of Theorem 1 and, by Theorem
2, they belong to two different spaces of cusp forms depending on s.

Let n = 2% (24 u, a > 0), 2°n = r2w,, u = r’w (s = 1,2,...,6) and let
w and wy be square-free numbers. Then by Theorem 4 we have

E(r; f)=1+Y p(n; £)Q" (Q =e*™7), (26)
n=1

where

p(n; f) = 2%‘*+97§‘ﬂ-*3w%£(3; —ws)X2 Z;ﬁ H (1 — <7ws)p73).

p
plr plp
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By Lemma 27 from [14] we have

3 33

LB:-1) =5, LB-2)= PYWii (27)
L(3;—w) = ﬂ:{ (w? — 16h2)(ﬁ) + 3w? Z (ﬁ> +
16w?> 1<h<e w o lnes Y
h
+16 h(h—w)(—)¢, if w=1 (mod4), w>1,
2 -G}
= ﬂ-i h(w — 2h) (E), if w=3 (mod 4),
2w? 1<hey w
_ ”35{ (3w2—256h2)(1ﬂ)+
32wz 1<he & W
+dw (w— 8h)(%) +130 Y (%) -
f5<h<ig 2 fg<h<y 2
128 h(w—2h)(1i)}, if w=2 (mod 8), w> 2,
s h<e 2%
3 h h
= 32w h{—) — w? — | +
32w%{ 1<he e <%w) &gﬁ(éw)
h h
+64 3 h(w—4h)(%—w>+8w3 S (w—4h)(%—w)},
#<h<i $g<h<y
if w=6 (mod 8). (28)

Using formulas (33) of [9], after calculation of values x2, we obtain

x2=1 for 2¢s, a=0, orfor 2|s, a=0, u =1 (mod 4),
or 2|s, a =1,

w21

=14 (=1)"7 237° for 2|s, a =0, u=3 (mod 4),
2573(1-27% . 63
=1+ = ( 31 - ) for 2|s, 2|a, u =1 (mod 4),
29(1 - 2% + (-1)*F 2% 2 3)
=1+ for 2|s,
31
2|o, v =3 (mod 4)
2573(1 - 27%+3 .63
=1+ G P )for 2ls, 2ta, a>1,

31
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2573(1-2"% .63
=1+ G 31 ’ )for 2¢s, 2a, a>0,
253(1—-2"%"% .63
=142 “( 312 - ) for 2ts, 24, u=1 (mod 4),
RS TC T S el G Vi i BF. )
31
for 215, 24a, u=3 (mod 4). (29)
By (1) we have
Dy (T3p2, 1) =16 D (1) H5 (20 4 1)(2m + 1) X
Z1,T2,L3=—00
2mit[(2014+1)% 4+ (229 +1)2 +207]
X e 2 ) (30)
Dyape (Tp2, f2) =16 > (1) 20y +1)(225 + 1) x
T1,L2,L3=—00

2miT[(2214+1)2+(2wo+1)242(223+1)?]
4

X e (31)

Taking then into account (26)—(31) and arguing as in the proof Theorem
5, we obtain the above assertion. [

From Theorem 9 we have

Theorem 10. Let n = 2% (21 u, a > 0), 2°n = riws, u = r’w, and let
w and ws be square-free numbers, s =1,2,...,6,

s 7
f= 22:16]2 + Z x?
Jj=1 j=s+1

Then

r(n; f) = 2 739033 L(3; —wy)xa X

<> [ (1 - (%)pig) +v(n; f),

ulr plp
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where

v(in; f)=0 for s=1,6,
1 rq1IT—
- 5 Z (_1) = 1+$3$1.’172 fO’f’ s = 2743
2n:m?+mg+213
2fxq, 2fzs

1 ryxrg—1

=35 3 Z (=1)" 2 x129 for s=3,5.
4n:xf+z§+2z§
2tx1, 2txo, 2txs

The values L(3; —w3) and x2 can be calculated by formulas (27)—(29).
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