GEORGIAN MATHEMATICAL JOURNAL: Vol. 3, No. 4, 1996, 319-342

SOLUTION OF TWO-WEIGHT PROBLEMS FOR INTEGRAL TRANSFORMS WITH POSITIVE KERNELS

I. GENEBASHVILI, A. GOGATISHVILI, AND V. KOKILASHVILI

Abstract. Criteria for weak and strong two-weighted inequalities are obtained for integral transforms with positive kernels.

Introduction

In this paper we derive solutions of two-weight problems for integral transforms with a positive kernel. For weak type problems these transforms are assumed to be defined on general spaces with measure and a given quasimetric, while a strong type problem is solved in the case of homogeneous type spaces. Similar problems have been investigated for some particular cases in [1]–[17].

Let (X, d, μ) be a topological space with complete measure μ and a given quasi-metric d, i.e., with a non-negative function d : X × X → R^1 satisfying the following conditions:

(1) d(x, x) = 0 for any x ∈ X; (2) d(x, y) > 0 for any x and y from X;

(3) there exists a constant a_0 such that d(x, y) ≤ a_0d(y, x) for any x and y from X;

(4) there exists a constant a_1 such that d(x, y) ≤ a_1(d(x, z) + d(z, y)) for any x, y and z from X;

(5) the class of continuous functions with a compact support is dense everywhere in L^1(X, μ);

(6) it is assumed that each ball B(x, r) is measurable and there exists a constant b > 0 such that μB(x, 2r) ≤ bμB(x, r) for an arbitrary ball B(x, r), i.e., the measure μ satisfies the doubling condition.

Spaces with conditions (1)–(6) are called homogeneous type spaces [18], [19].

1991 Mathematics Subject Classification. 42B20, 42B25.

Key words and phrases. Homogeneous type space, weak and strong type inequality, two-weighted inequality, integral transform with a positive kernel, Riemann–Liouville and Weyl operators. 319 1072-947X/96/0700-0319$09.50/0 © 1996 Plenum Publishing Corporation

A locally integrable everywhere positive function w : X → R^1 is called a weight function (a weight). For a μ-measurable set E we set wE = ∫ E w(x)dμ. The paper is organized as follows: In §1 the criteria of weak type twoweighted inequalities are established for integral transforms with a positive kernel defined on homogeneous type spaces. In §2 a simple procedure is described for obtaining the corresponding results for the upper space using the theorems formulated in the preceding section.

§3 is devoted to the solution of strong type two-weight problems for integral transforms with a positive kernel for homogeneous type spaces. The main idea underlying the solution of such problems consists in developing the method and conditions proposed in [1], [5], where similar problems were solved in Euclidean spaces using the familiar covering lemma of Besicovich which, as is known (see, for instance, [11]), does not hold in general in homogeneous type spaces. Nevertheless for the general case we have succeeded in finding criteria of two-weighted inequalities which are as simple and elegant as the ones given in [1], [5] for Euclidean spaces.

Note that results similar to ours were previously obtained in [11], [12] (see also [16]) only for spaces having a group structure.

1. A Criterion of a Weak Type Two-Weighted Inequality for integral Transforms with a Positive Kernel

In this section it will no longer be automatically assumed that μ satisfies the doubling condition. We derive a necessary and sufficient condition guaranteeing the validity of a weak type two-weighted inequality for the operator

T (f)(x) = sup_{t≥0} | | ∫ X k(x, y, t)f(y)dμ | |, where k : X × X × [0, ∞) → R^1 is a positive measurable kernel.

For the general case we have the folowing sufficient criterion of a weak type two-weighted inequality.

Theorem 1.1. Let 1 < p < q < ∞, v and μ be arbitrary locally finite measures on X so that μ{x} = 0 for any x ∈ X.

If the condition

c_0 = sup ( vB(x, 2N_0r) ) 1_q × × ( ∫ X\B(x,r) k^{p′} (x, y, t)w^{1−p′} (y)dμ ) 1_{p′} < ∞, (1.1) where the supremum is taken over all t > 0 and balls B(x, r) with μB(x, r) > 0, N_0 = a_1(1 + 2a_0), the constants a_0 and a_1 are from the definition of a quasi-metric, is fulfilled, then there exists a constant c > 0 such that the inequality v { x ∈ X : T (f)(x) > λ } ≤ cλ^{−q} ( ∫ X |f(x)|^pw(x)dμ )^q_p (1.2)

holds for any μ-measurable nonnegative function f : X → R^1 and arbitrary λ > 0. Before we proceed to proving this theorem, we will give a the familiar covering lemma.

Lemma A ([18], Lemma 2). Let F be a family {B(x, r)} of balls with bounded radii. Then there is a countable subfamily {B(x_i, r_i)} consisting of pairwise disjoint balls such that each ball in F is contained within one of the balls B(x_i, ar_i), where a = 3a^2_1 + 2a_0a_1. The constants a_0, a_1 are from the definition of the space (X, d, μ).

This lemma holds for general spaces in the sense discussed at the beginning of the section.

Proof of Theorem 1.1. Let f be an arbitrary nonnegative function from L^p(X, wdμ) and λ > 0. Without loss of generality we assume that (vX)^{− 1q} ( ∫ X f^p(y)w(y)dμ ) 1_p < λ 2c_0

, (1.3)

since otherwise we will have vX < ∞ and v { x ∈ X : T (f)(x) > λ } ≤ vX ≤ (2c_0)^q λ^{−q} ( ∫ X f^p(x)w(x)dμ )^q_p

and the theorem will be proved.

Let x ∈ E_λ = {x ∈ X : T (f)(x) > λ}. Then there exists r > 0 depending on x such that ( vB(x, N_0r) )_− 1_q ( ∫ X f^p(y)w(y)dμ ) 1_p ≥ λ 2c_0

(1.4) and ( vB(x, 2N_0r) )_− 1_q ( ∫ X f^p(y)w(y)dμ ) 1_p < λ 2c_0

. (1.5)

One can easily verify that there exists r > 0 for which (1.5) is fulfilled. However (1.5) cannot hold for any r > 0, since in that case we will have ∫ X\B(x,r) f(y)k(x, y, t)dμ ≤

≤ ( ∫ X\B(x,r) f^p(y)w(y)dμ ) 1_p ( ∫ X\B(x,r) w^{1−p′} (y)k^{p′} (x, y, t)dμ ) 1_{p′} ≤

≤ c_0 ( ∫ X f^p(y)w(y)dμ ) 1_p ( vB(x, 2N_0r) )_− 1_q < λ 2 . If in the latter inequality we pass to the limit as r → 0, then by virtue of the condition μ{x} = 0 for arbitrary x ∈ X we will obtain T (f)(x) ≤ λ 2 < λ, which contradicts the condition x ∈ E_λ.

The above arguments imply in particular that there exists r > 0 for which (1.4) holds. If we consider an exact upper bound of such numbers r, then we will find r > 0 for which both (1.4) and (1.5) are fulfilled.

For such numbers r we obviously have ∫ X\B(x,r) f(y)k(x, y, t)dμ ≤ c_0 ( ∫ X f^p(y)w(y)dμ ) 1_p ( vB(x, 2N_0r) )_− 1_q < λ 2 .

Hence for x ∈ E_λ and the corresponding r > 0 we obtain

sup_{t≥0} ∫ B(x,r) f(y)k(x, y, t)dμ ≥ λ 2 . (1.6)

Let us now construct a sequence (r_k )_{k≥0} as follows: set r_0 = r and choose r_k (k = 1, 2, . . . ) such that

vB(x, N_0r_k ) ≤ 2^{−k}vB(x, N_0r_0) ≤ vB(x, 2N_0r_k). (1.7)

Each r_k from r_{k−1} can be obtained by dividing the latter by half as many times as required. The sequence (r_k )_{k≥0} thus chosen will be decreasing and tending to zero by virtue of the condition μ{x} = 0.

Using condition (1.1), inequality (1.6), and the chain of inequalities (1.7) we obtain λ 2 ≤ sup_{t≥0} ∫ B(x,r) f(y)k(x, y, t)dμ =

= sup_{t≥0} ∞∑ k=0 ∫ B(x,r_k)\B(x,r_{k+1}) f(y)k(x, y, t)dμ ≤

≤ sup_{t≥0} ∞∑ k=0 ( ∫ B(x,r_k ) f^p(y)w(y)dμ ) 1_p ( ∫ X\B(x,r_{k+1}) w^{1−p′} (y)k^{p′} (x, y, t)dμ ) 1_{p′} ≤

≤ c_0 ∞∑ k=0 ( ∫ B(x,r_k ) f^p(y)w(y)dμ ) 1_p ( vB(x, 2N_0r_{k+1})

)_− 1_q ≤

≤ c ∞∑ k=0 ( vB(x, N_0r_k ) ) 1_{p −} 1_q ( ∫ B(x,r_k) f^p(y)w(y)dμ ) 1_p ( vB(x, N_0r_k) )_− 1_p ≤

≤ c ∞∑ k=0 2^{−k( 1p − 1q )} ( vB(x, N_0r_0)

) 1_{p −} 1_q ×

× ( ∫ B(x,r_k) f^p(y)w(y)dμ ) 1_p ( vB(x, N_0r_k) )_− 1_p .

Since it is assumed that 1 < p < q < ∞, we have c_{pq} = ∞∑ k=0 2^{−k( 1p − 1q )} < ∞. The latter chain of inequalities implies c^{−1}_{pq} ∞∑ k=0 2^{−k( 1p − 1q )} λ 2 ≤ c ∞∑ k=0 2^{−k( 1p − 1q )} ( vB(x, N_0r_0)

) 1_{p −} 1_q ×

× ( ∫ B(x,r_k ) f^p(y)w(y)dμ ) 1_p ( vB(x, N_0r_k) )_− 1_p .

Hence we conclude that there exist n_0 and c > 0 such that λ ≤ c ( vB(x, N_0r_0)

) 1_{p −} 1_q ( ∫ B(x,r_{n0} ) f^p(y)w(y)dμ ) 1_p ( vB(x, N_0r_{n0} ) )_− 1_p .

Taking into account (1.4) in the latter inequality we obtain λ ≤ cλ^{− qp +1} ( ∫ X f^p(y)w(y)dμ ) 1_{p (}^q_{p −1)} ×

× ( ∫ B(x,r_{n0} ) f^p(y)w(y)dμ ) 1_p ( vB(x, N_0r_{n0} ) )_− 1_p .

which implies vB(x, N_0r_{n0} ) ≤ cλ^{−q} ( ∫ B(x,r_{n0} ) f^p(y)w(y)dμ )( ∫ X f^p(y)w(y)dμ )^q_{p −1} .

To summarize the obtained results, we conclude that for each x ∈ E_λ there exists a ball B_x centered at the point x such that v(N_0B_x) ≤ cλ^{−q} ∫ B_x f^p(y)w(y)dμ ( ∫ X f^p(y)w(y)dμ )^q_{p −1} (1.8)

Since inequality (1.8) is fulfilled for any x ∈ E_λ, the family E_λ covers the set {B_x}_{x∈Eλ} . Let B_0 be an arbitrary ball in X. Due to Lemma A we can choose from the family {B_x} a sequence of nonintersecting balls (B_k)_k such that E_λ ∩ B_0 ⊂ ∞⋃ k≥1 N_0B_k.

Therefore by virtue of (1.8) we obtain v ( E_λ ∩ B_0 ) ≤ ∑ k v(N_0B_k) ≤

≤ cλ^{−q} ∑ k≥1 ( ∫ B_k f^p(x)w(x)dx )( ∫ X f^p(x)w(x)dμ )^q_{p −1} ≤

≤ cλ^{−q} ∫ X f^p(x)w(x)dμ ( ∫ X f^p(x)w(x)dμ )^q_{p −1} . Thus v ( E_λ ∩ B_0 ) ≤ cλ^{−q} ( ∫ X f^p(x)w(x)dμ )^q_p , where the constant c does not depend on B_0, λ, and f. If in the latter inequality we pass to the limit as rad B_0 → ∞, we will find that ineequality (1.2) is valid.

Theorem 1.2. Let 1 < p < q < ∞, μ{x} = 0 for arbitrary x ∈ X. If there exists a constant c_1 such that k(a, y, t) ≤ c_1k(x, y, t) (1.9) for arbitrary t ≥ 0, a ∈ X, y ∈ X\B(a, r), r > 0 and x ∈ B(a, 2N_0r), then conditions (1.1) and (1.2) are equivalent.

Proof. The implication (1.1) ⇒ (1.2) follows from Theorem 1.1 without condition (1.9).

Let us prove the implication (1.2) ⇒ (1.1). First it will be shown that for any x ∈ X, r > 0 and t ≥ 0 we have ∫ X\B(x,r) k^{p′} (x, y, t)w^{1−p′} (y)dμ < ∞. (1.10)

Assume the contrary. Let for some a ∈ X, r > 0 and t_0 ≥ 0 ∫ X\B(a,r) k^{p′} (a, y, t_0)w^{1−p′} (y)dμ = ∞.

Then there exists nonnegative g : X → R^1 such that ∫ X\B(a,r) g^p(y)w(y)dy ≤ 1 (1.11)

and ∫ X\B(a,r) g(y)k(a, y, t_0)dμ = +∞. On the other hand, by condition (1.9) we have T (g)(x) ≥ ∫ X\B(a,r) g(y)k(x, y, t_0)dμ ≥ c^′ ∫ X\B(a,r) g(y)k(a, y, t_0)dμ = +∞.

for arbitrary x ∈ B(a, r). Therefore B(a, r) ⊂ { x ∈ X : T (g)(x) > λ } for arbitrary λ > 0. Thus by (1.2) we obtain vB(a, r) ≤ v { x ∈ X : T (g)(x) > λ } ≤ cλ^{−q} . Recalling that λ is an arbitrary positive number, from the latter inequality we conclude that vB(a, r) = 0, which is impossible. Therefore (1.10) holds. Now we can proceed to proving directly the implication (1.2) ⇒ (1.1).

Let B(x, r) be an arbitrary ball and z ∈ B(x, 2N_0r). By condition (1.9) we have T (f)(z) ≥ ∫ X\B(x,r) f(y)k(z, y, t)dμ ≥ 1 c_1 ∫ X\B(x,r) f(y)k(x, y, t)dμ, t ≥ 0, for an arbitrary nonnegative function f : X → R^1. Therefore from (1.2) we derive the inequality vB(x, 2N_0r) ≤ v { z ∈ X : T (f)(z) > 1 2c_1 ∫ X\B(x,r) f(y)k(x, y, t)dμ } ≤

≤ (2c_1)^q c ( ∫ X\B(x,r) f(y)k(x, y, t)dμ )_{−q} ( ∫ X f^p(y)w(y)dμ )^q_p ,

where the constants on the right-hand side do not depend on x ∈ X, r > 0, and t ≥ 0. If in the latter inequality we write f as f(y) = χ_{X\B(x,r)} (y)w^{1−p′} (y)k^{p′ −1}(x, y, t), this will give us vB(x, 2N_0r) ≤ c ( ∫ X\B(x,r) w^{1−p′} (y)k^{p′} (x, y, t)dμ )_−^q_{p′} ,

where the constant does not depend on x ∈ X, r > 0, and t ≥ 0. The latter implies that condition (1.1) is fulfilled.

In the theorems proved above our consideration is limited to spaces for which μ{x} = 0 for any x ∈ X. Below we will treat a more general case.

Theorem 1.3. Let 1 < p < q < ∞. It is assumed that the condition

sup_{t>0} x∈X μ{x}>0 ( v{x} ) 1_q k(x, y, t)w^{− 1p} (x) ( μ{x} ) 1_{p′} < ∞ (1.12)

is fulfilled along with (1.2). Then the conclusion of Theorem 1.1 is valid, i.e., (1.2) holds.

Proof. After analyzing Theorem 1 we find that in the general case inequality (1.8) holds for any x ∈ E_λ for which (1.4) and (1.5) are fulfilled simultaneously. For the case μ{x} > 0 inequality (1.5) may hold for arbitrary r > 0. Nevertheless it will be shown below that inequality (1.8) remains valid for the general case too. Let x ∈ E_λ, μ{x} > 0 and f(x)μ{x} sup_{t≥0} k(x, x, t) <^λ_2 . Since then we have

lim_{r→0} ∫ B(x,r) f(y)k(x, y, t)dμ = f(x)k(x, x, t)μ{x}, for each t ≥ 0 there will exist r_t such that ∫ B(x,r_t) f(y)k(x, y, t)dμ < λ 2 . (1.13)

Let us show that in that case inequlity (1.5) cannot be fulfilled for arbitrary r > 0. Indeed, if this is so, then by virtue of (1.1), (1.5), and (1.13) we will have

T (f)(x) ≤ sup_{t≥0} ∫ B(x,r_t) f(y)k(x, y, t)dμ + sup_{t≥0} ∫ X\B(x,r_t) f(y)k(x, y, t)dμ ≤

≤ sup_{t≥0} ∫ B(x,r_t) f(y)k(x, y, t)dμ +

+ sup_{t≥0} ( ∫ X\B(x,r_t) k^{p′} (x, y, t)w^{1−p′} (y)dμ ) 1_{p′} ( ∫ X f^p(y)w(y)dμ ) 1_p ≤

≤ sup_{t≥0} ∫ B(x,r_t) f(y)k(x, y, t)dμ +

+ c_0 sup_{t≥0} ( vB(x, 2N_0r_t) )_− 1_q ( ∫ X f^p(y)w(y)dμ ) 1_p ≤

≤ sup_{t≥0} ∫ B(x,r_t) f(y)k(x, y, t)dμ + λ 2 ≤ λ

which contradicts x ∈ E_λ. The contradiction obtained shows that in the case under consideration (1.5) cannot be fulfilled for any r > 0 and therefore, in common with the proof of Theorem 1.1, we can find r > 0 such that (1.4) and (1.5) will be fulfilled simultaneously, which fact leads to (1.8).

Assuming now that x ∈ E_λ, μ{x} > 0 and f(x)μ{x} sup_{t≥0} k(x, y, t) ≥^λ_2 , we obtain λ ≤ 2f(x)μ{x} sup_{t≥0} k(x, x, t) = 2f(x) ( v{x} )_− 1_q ( w(x) ) 1_p ( μ{x} ) 1_p ( v{x} ) 1_q × × sup_{t≥0} k(x, x, t) ( w(x) )_− 1_p ( μ{x} ) 1_{p′} . By virtue of condition (1.12) the latter inequality gives rise to ( v{x} ) 1_q ≤ cλ^{−1}f(x) ( w(x) ) 1_p ( μ{x} ) 1_p . (1.14)

Since μ{x} > 0, the point x is isolated. Therefore there exists r > 0 such that B(x, N_0r) = {x}. Now (1.14) can be rewritten as ( v(N_0B_x) ) 1_q ≤ cλ^{−1} ( ∫ B_x f(y)w(y)dμ ) 1_p ≤

≤ cλ^{−1} ( ∫ B_x f^p(y)w(y)dμ ) 1_q ( ∫ X f^p(y)w(y)dμ ) 1_{q (}^q_{p −1)}

which implies that (1.8) is valid. Thus for almost all x ∈ E_λ, μ{x} > 0 there exists a ball B_x centered at the point x such that (1.8) is fulfilled. In common with the proof of Theorem 1.1 we conclude that (1.2) is valid.

Theorem 1.4. Let 1 < p < q < ∞. By condition (1.9) the two-weighted inequality (1.2) is equivalent to the set of conditions (1.1) and (1.12).

Proof. As shown while proving the preceding theorem, conditions (1.1) and (1.12) imply inequality (1.2) without condition (1.9).

By virtue of the proof of Theorem 1.2 it remains to show that the implication (1.2) ⇒ (1.12) holds.

Let μ{x} > 0. It is easy to verify that T (f)(x) > 1 2 f(x)k(x, x, t)μ{x}, t ≥ 0. Therefore {x} ⊂ { y ∈ X : T (f)(y) > 1 2 f(x)k(x, x, t)μ{x} } . By the latter inclusion and condition (1.2) we obtain v{x} ≤ v { y ∈ X : T (f)(y) > 1 2 f(x)k(x, x, t)μ{x} } ≤ ≤ 2c ( f(x)k(x, x, t)μ{x} )_{−q} ( ∫ X f^p(x)w(x)dμ )^q_p . (1.15)

After substituting f_t(y) = χ_{{x}} (y)w^{1−p′} (y)k^{p′ −1}(x, y, t) in (1.15), the latter takes the form v{x} ≤ 2c ( w^{1−p′} (x)k^{p′} (x, x, t)μ{x} )_{−q} ( w^{1−p′} (x)k^{(p′ −1)p}(x, x, t)μ{x} )^q_p = = 2c ( w^{1p} (x)k^{−1}(x, x, t)(μ{x})^{− 1p′} )_q . which implies that ( v{x} ) 1_q w^{− 1p} (x)k(x, x, t) ( μ{x} ) 1_{p′} ≤ 2c.

Since the constant x does not depend on x and t, from the latter inequality we conclude that condition (1.12) is fulfilled.

Analysis of the above theorems gives rise to the following two remarks:

Remark 1.1. When X = R^n and d is a Euclidean distance, we can take the constant N_0 in the above theorems equal to unity. This can be done because the Besicovitch covering lemma (see [20]) can be applied instead of Lemma A to Euclidean spaces.

Remark 1.2. When X = R^n and measure v is such that vB(x, r) is continuous with respect to r, we can replace vB(x, 2N_0r) in condition (1.1) by vB(x, r) and, accordingly, weaken condition (1.9) in Theorem 1.2 as follows: there exists a constant c_1 > 0 such that k(a, y, t) ≤ c_1k(x, y, t) for arbitrary t ≥ 0, a, x, and y from X satisfying the condition d(a, x) ≤ d(a, y). Next we will consider the case where k(x, y, t) ≡ k(x, y). It will again be assumed that the measure μ is locally finite. Let K(f)(x) = ∫ X k(x, y)f(y)dμ,

K^∗(f)(x) = ∫ X k(y, x)f(y)dμ.

Definition 1.1. A positive measurable kernel k : X × X → R^1 will be said to satisfy the condition (V ) (k ∈ V ) if there exists a constant c > 0 such that k(x, y) < ck(x^′, y) for arbitrary x, y, and x^′ from X satisfying the condition d(x, x^′) < Nd(x, y), where N = 2N_0.

Theorem 1.5. Let 1 < p < q < ∞, μ be an arbitrary locally finite measure, w be a weight, and k ∈ V . Then the following conditions are equivalent:

(i) there exists a constant c_1 > 0 such that the inequality w^{1−p′} { x ∈ X : K(f)(x) > λ } ≤ ≤ c_1λ^{−p′} ( ∫ X |f(y)|^{q′} v^{11−q} (y)dμ )^{p′}_{q′} (1.16)

holds for arbitrary λ > 0 and nonnegative f ∈ L^p(X, wdμ);

(ii) there exists a constant c_2 > 0 such that ( ∫ X ( K^∗(χ_B w^{1−p′} )(x) )_q v(x)dμ ) 1_q ≤ c_2 ( ∫ B w^{1−p′} (y)dμ ) 1_p , (1.17)

for an arbitrary ball B ⊂ X;

(iii) sup_{x∈X} r>0 ( w^{1−p′} (NB) ) 1_{p′} ( ∫ X\B(x,r) k^q(x, y)v(y)dμ ) 1_q < ∞. (1.18)

Proof. The implication (i)⇔(iii) follows from Theorem 1.2. We will prove (ii)⇒(iii). Applying the condition for the kernel for any y ∈ X\B(x, r), we obtain K^∗ ( χ_{N B} w^{1−p′} ) (y) = ∫ NB(x,r) k(z, y)w^{1−p′} (z)dμ ≥

≥ c^{−1}k(x, y) ∫ NB(x,r) w^{1−p′} (y)dμ.

By the latter inequality and (1.17) we conclude that (1.18) holds.

Finally, it will be shown that the implication (i)⇒(ii) is valid. We have ( ∫ X ( K^∗(χ_B w^{1−p′} )(x) )_q v(x)dμ ) 1_q =

= sup ∫ X K^∗ ( w^{1−p′} χ_B )(x)g(x)dμ, (1.19) where the exact upper bound is taken with respect to all g for which ∫ X |g(x)|^{q′} v^{11−q} (x)dμ ≤ 1. By Fubini’s theorem ∫ X K^∗ ( χ_B w^{1−p′} )(x)g(x)dμ = ∫ B w^{1−p′} (y)K(g)(y)dμ.

Next, assuming σ = w^{1−p′} and applying inequality (1.16) we obtain ∫ B w^{1−p′} (y)K(g)(y)dμ = ∞∫ 0 w^{1−p′} { x ∈ B : K(g)(x) > λ } dλ ≤

≤ (σB)^− 1 p′ ∫ 0 (σB)dλ + c_1 ∞∫

(σB)^− 1 p′ λ^{−p′} = c_2 ( w^{1−p′} B ) 1_p

and thereby prove the implication (i)⇒(ii) and, accordingly, the theorem.

Summarizing the proofs of the above theorems, we have the right to claim that the following result is valid.

Theorem 1.6. Let 1 < p < q < ∞, μ and v be locally finite measures, μ{x} = 0. It is assumed that the kernel k ∈ V . Then the following conditions are equivalent:

(i) there exists a constant c_1 > 0 such that v { x ∈ X : K(f)(x) > λ } ≤ cλ^{−q} ( ∫ X |f(x)|^pdμ )^q_p

for arbitrary λ > 0 and a nonnegative measurable weight f;

(ii) there exists a constant c_2 > 0 such that ( ∫ X ( K^∗(χ_B dv)(x) )_p′ dμ ) 1_{p′} ≤ c_2(vB)^{1q′} for any ball B from X;

(iii) sup_{x∈X} r>0 ( vB(x, 2N_0r) ) 1_q ( ∫ X\B(x,r) k^{p′} (x, y)dμ(y) ) 1_{p′} < ∞.

In [5] (see also [7], Theorem 6.1.1) the two-weight problem was solved for integral transforms with a positive kernel in Euclidean spaces, in particular for Riesz potentials. By virtue of the above theorems and Remark 1.2 we obtain, for instance, a solution of the problem for one-sided potentials.

Consider the Riemann–Liouville transform

R_α(f)(x) = x∫ 0 (x − t)^{α−1}f(t)dt and the Weyl transform

W_α(f) = ∞∫ x (t − x)^{α−1}f(t)dt, where 0 < α < 1, x > 0.

As a consequence of Theorems 1.1 and 1.2 we conclude that the following statements are valid.

Theorem 1.7. Let 1 < p < q < ∞, 0 < α < 1. For the validity of the inequality v { x ∈ (0, ∞) : |R_α(f)(x)| > λ } ≤ cλ^{−q} (^∞∫ 0 |f(x)|^pw(x)dx )^q_p

with the constant not depending on f it is necessary and sufficient that the condition sup_{a,h} 0<h<a (^{a+h}∫ a−h v(y)dy ) 1_q (^{a−h}∫ 0 w^{1−p′} (y) (a − y)^{(1−α)p′} dy ) 1_{p′} < ∞

be fulfilled.

Theorem 1.8. Let 1 < p < q < ∞, 0 < α < 1. Then the following two conditions are equivalent:

(i) there exists a constant c_1 > 0 such that the inequality v { x ∈ (0, ∞) : |W_α(f)(x)| > λ } ≤ c_1λ^{−q} (^∞∫ 0 |f(x)|^pw(x)dx )^q_p

holds for any λ > 0 and f ∈ L^p(X, wdμ);

(ii)

sup_{a,h} 0<h<a (^{a+h}∫ a−h v(y)dy ) 1_q (^∞∫ a+h w^{1−p′} (y) (y − a)^{(1−α)p′} dy ) 1_{p′} < ∞.

By Theorem 1.2 we obtain as a particular case a solution of a weak-type two-weight problem for more general operators, for instance, for

N^+_{α,β}(f)(x) = sup_{c>x} 1 (c − x)^β c∫ x |f(s)| (s − x)^{1−α} ds,

M^+_{α,β}(f)(x) = sup_{c>x} 1 (c − x)^β c∫ x |f(s)| (c − s)^{1−α} ds,

N^−_{α,β}(f)(x) = sup_{c<x} 1 (c − x)^β ∞∫ c |f(s)| (x − s)^{1−α} ds,

M^−_{α,β}(f)(x) = sup_{c<x} 1 (x − c)^β ∞∫ c |f(s)| (s − c)^{1−α} ds.

These operators were investigated in [17]. As an example we will give one of the corollaries of Theorem 1.2.

Theorem (J. Martin-Reyes [17]). Let 0 ≤ β ≤ α ≤ 1, α > 0, 1 ≤ p < q < ∞. Then the following conditions are equivalent:

(i) there exists a constant c_1 > 0 such that v { x : M^+_{α,β} (f)(x) > λ } ≤ c_1λ^{−q} ( ∫ R^1 |f(x)|^pw(x) )^q_p

for any λ > 0 and measurable f;

(ii) there exists a constant c_2 > 0 such that (^b∫ a v(x)dx ) 1_q (^c∫ b w^{1−p′} (s) (c − s)^{(1−α)p′} ds ) 1_{p′} ≤ c_2(c − a)^β

for arbitrary a, b, and c satisfying the condition a < b < c.

2. A Two-Weight Problem In Upper Half-Space For a space (X, d, μ) with a given quasi-metric and complete measure μ (not necessarily satisfying the doubling condition) we will consider an upper half-space of the product space X × R. We set ^X = X × [0, ∞) and give, in the space ^X, a quasi-metric ^d((x, t), y, s)) = max {d(x, y), |s − t|} and a measure d^μ = dμ ⊕ δ_0, where δ_0 is the Dirac measure concentrated at zero.

Let k : X × X × [0, ∞) be a positive measurable kernel satisfying the condition: there exists a constant c > 0 such that k(x, y, t) ≤ ck(x^′, y, t^′) (2.1) for x, x^′, y from X, t ≥ 0, t^′ ≥ 0, satisfying the condition d(x, x^′) + t^′ ≤ 5N_0(d(x, y) + t).

Consider the integral operators T (f)(x, t) = ∫ X k(x, y, t)f(y)dμ and T^∗(gdv)(y) = ∫ ^X k(x, y, t)g(x, t)dv(x, t), y ∈ X,

where v is some locally finite measure in ^X.

Consider the kernel ^k defined on ^X × ^X as follows: ^k((x, t), (y, s)) = k(x, y, |t − s|). We readily obtain T (f)(x, t) = ∫ ^X ^k((x, t), (y, s))f(y)d^μ(y) = ^K(f)(x, t)

and T^∗(gdv)(y) = ∫ ^X ^k((x, t), (y, s))g(x, t)dv(x, y).

It is easy to verify that if the kernel satisfies condition (2.1), then ^k ∈ V . Therefore Theorem 1.6 may give rise to

Theorem 2.1. Let 1 < p < q < ∞, μ and v be locally finite measures on X and ^X, respectively. Further assume that the kernel k satisfies condition (2.1). Then the following conditions are equivalent:

(i) there exists c_1 > 0 such that v { (x, t) ∈ ^X : | T (f)(x, t)| > λ } ≤ c_1λ^{−q} ( ∫ X |f(x)|^pdμ )^q_p

for any λ > 0 and f;

(ii) there exists a constant c_2 > 0 such that ( ∫ X ( ∫ ^B k(x, y, t)dv(x, t) )_p′ dμ(y) ) 1_{p′} ≤ c_2(v ^B)^{1q′}

for any ball ^B from ^X;

(iii) sup ( v ^B(a, t) ) 1_q ( ∫ X\B(a,t) k^{p′} (a, y, t)dμ(y) ) 1_{p′} < ∞,

where ^B(a, t) = B(a, t) × [0, 2t). An idea similar to the one discussed in this section but in a slightly different interpretation was used in [12].

3. Solution of a Strong Type Two-Weight Problem for Integral Transforms Defined on Homogeneous Type Spaces

In this section X is assumed to be a homogeneous type space, which means that (X, d, μ) satisfies conditions (1)–(6) given in the introduction.

Let further k : X × X → R^1 be a positive measurable kernel. Our purpose is to give a complete description of kernels k and pairs of weights (v, w) which provide the validity of a strong type two-weighted inequality for the transform K(f)(x) = ∫ X k(x, y)f(y)dμ under certain assumptions for k.

In what follows it will be assumed that k^∗(x, y) = k(y, x).

Definition 3.1. A kernel k satisfies condition (V^′) (k ∈ V^′) if there exists positive constant c_1 > 1 and c_2 > 1 such that

k(x, y) ≤ c_1k(x^′, y) (3.1)

for arbitrary x, x^′, and y from X satisfying the condition d(x^′, y) ≤ c_2d(x, y).

In what follows X will be assumed to be a space such that B(x, R)\B(x, r) ≠ ∅ for arbitrary r and R satisfying the condition 0 < r < R < ∞.

Proposition 3.1. Conditions (V ) and (V^′) are equivalent.

Proof. In the first place we note that condition (V^′) implies that for any c^′_2 > 1 there is c^′_1 > 1 such that

k(x, y) ≤ c^′_1k(x^′, y) (3.2)

for any x, x^′, and y from X satisfying the condition d(x^′, y) ≤ c^′_2d(x, y).

Let now k ∈ V^′. Let x, x^′, y be arbitrary points from X which satisfy the condition d(x, x^′) < Nd(x, y). Obviously, d(x^′, y) ≤ a_1d(x^′, x) + d(x, y) ≤ ≤ a_1 ( Na_0d(x, y) + d(x, y) ) = a_1(Na_0 + 1)d(x, y).

For the number c^′_2 = a_1(Na_0 + 1) there exists c^′_1 > 0 such that condition (3.2) will be fulfilled and therefore k ∈ V .

Let further k ∈ V . Choose a constant c_2 =^{1+4a0}_{a0} , where N = 2a_1(1 + 2a_0). Obviously, c_2 > 1. Let x, y, and x^′ from X be such that d(x^′, y) ≤ c_2d(x, y). Then we will have d(x, x^′) ≤ a_1 ( d(x, y) + d(y, x^′) ) ≤ ≤ a_1 ( d(x, y) + a_0d(x^′, y) ) ≤ a_1(1 + c_2a_0)d(x, y).

Therefore d(x, x^′) ≤ Nd(x, y) and condition (3.2) will be fulfilled by virtue of condition (V ). We thus conclude that k ∈ V^′.

Theorem 3.1. Let 1 < p < q < ∞, k and k^∗ satisfy condition (V ). Then for the inequality ( ∫ X |Kf(x)|^q v(x)dμ ) 1_q ≤ c_3 ( ∫ X |f(x)|^pw(x)dμ ) 1_p (3.3)

to hold, where the constant c_3 does not depend on f, it is necessary and sufficient that the following two conditions be fulfilled simultaneously: sup_{x∈X} r>0 ( vB(x, 2N_0r) ) 1_q ( ∫ X\B(x,r) k^{p′} (x, y)w^{1−p′} (y)dμ ) 1_{p′} < ∞, (3.4)

sup_{x∈X} r>0 ( w^{1−p′} B(x, 2N_0r) ) 1_{p′} ( ∫ X\B(x,r) k^q(y, x)v(y)dμ ) 1_q < ∞. (3.5)

The proof of Theorem 3.1 will be based on Theorem 1.2 and the following result of Sawyer and Wheeden.

Theorem A ([11]). Let 1 < p < q < ∞, k and k^∗ satisfy condition (V ). Then (3.3) holds if and only if the conditions ∫ X ( K(χ_B w^{1−p′} )(x) )_q v(x)dμ ≤ c ( ∫ B w^{1−p′} (x)dμ )^q_p < ∞, (3.6) ∫ X ( K^∗(χ_B v) )_p′ w^{1−p′} (x)dμ ≤ c ( ∫ B v(x)dμ )^{p′}_{q′} (3.7)

are fulfilled sumultaneously, where the constant c does not depend on B. Proof of Theorem 3.1. By virtue of Theorem 1.1 conditions (3.4) and (3.5) imply the following weak type inequalities: v { x ∈ X : | |K(f)(x) | | > λ} ≤ c_4λ^{−q} ( ∫ X |f(x)|^pw(x)dμ )^q_p (3.8) and w^{1−p′} { x ∈ X : | |K^∗(f)(x) | | > λ} ≤

≤ c_5λ^{−p′} ( ∫ X |f(x)|^{q′} v^{11−q} (x)dμ )^{p′}_{q′} . (3.9)

By Theorem 1.5 we obtain the implications (3.9) ⇒ (3.6) and (3.8) ⇒ (3.7). Therefore due to Theorem A we conclude that (3.3) holds.

Let now (3.3) be fulfilled. Then (3.8) will obviously be fulfilled too and so will (3.4) on account of Theorem 1.2. On the other hand, the validity of (3.3) implies ( ∫ X | |K^∗(f)(x) | |^{p′} w^{1−p′} (x)dμ ) 1_{p′} ≤ c_6 ( ∫ X |f(x)|^{q′} v^{11−q} (x)dμ ) 1_{q′} . (3.10)

Indeed, ( ∫ X | |K^∗(f)(x) | |^{p′} w^{1−p′} (x)dμ ) 1_{p′} ≤ sup ∫ X K^∗(|f|)(x)|g(x)|dμ,

where the supremum is taken with respect to g for which ∫ X |g(x)|^pw(x)dx ≤ 1.

Next, applying the Hölder inequality and (3.3) we obtain ∫ X K^∗(|f|)(x)|g(x)|dμ ≤ c_3 ( ∫ X |f(x)|^{q′} v^{11−q} (x)dμ ) 1_q .

Thus we have obtained the implication (3.3) ⇒ (3.10). Inequality (3.10) further implies (3.9) and therefore we conclude by virtue of Theorem 1.2 that condition (3.5) is fulfilled.

In some particular cases the criteria for strong type two-weighted inequalities take a simpler form.

By definition, the measure ν satisfies the reverse doubling condition if there exist constants β_1 > 1 and β_2 < 1 such that νB(x, r) ≤ β_2νB(x, β_1r) (3.11) for arbitrary x ∈ X and r > 0. We set h(B) = sup{k(x, y) : x, y ∈ B, d(x, y) ≥ cr(B)}, where r(B) is the radius of the ball B and c is a sufficiently small positive constant depending on a_1.

Theorem 3.2. Let 1 < p < q < ∞ and the measures v and w^{1−p′} satisfy the reverse doubling condition. Then for inequality (2.3) to hold it is necessary and sufficient that the condition

sup_B h(B) ( ∫ B v(x)dμ ) 1_q ( ∫ B w^{1−p′} (x)dμ ) 1_{p′} < ∞ (3.12)

be fulfilled.

Proof. By the reverse doubling condition we have vB(x, Nr) ≤ β_2vB(x, β_1Nr), where N = 2N_0. Assuming that β_1 > N, we obtain ( vB(x, Nr ) 1_q ( ∫ X\B(x,r) w^{1−p′} (y)k^{p′} (x, y)dμ ) 1_{p′} ≤

≤ ∞∑ k=0 ( vB(x, Nr) ) 1_q ( ∫ β^k_1 NB(x,r)\β^{k−1}_1 NB(x,r) w^{1−p′} (y)k^{p′} (x, y)dμ ) 1_{p′} ≤

≤ ∞∑ k=0 β^{kq}_2 ( vB(x, β^k_1 Nr) ) 1_q ( w^{1−p′} B(x, β^k_1 Nr) ) 1_{p′} hB(x, β^k_1 Nr) ≤

≤ c ∞∑ k=0 β^{kq}_2 < ∞.

Hence in that case (3.12) implies (3.4). If the function w^{1−p′} satisfies the reverse doubling condition, in a similar manner (3.12) implies (3.5). It remains to apply Theorem 3.1.

Theorem 3.3. Let 1 < p < q < ∞ and there exists r > 1 such that

sup h(B)(μB)^{1q + 1p′} ( 1 μB v^rB ) 1_{rq} ( 1 μB w^{(1−p′ )r}B ) 1_{rp′} < ∞. (3.13)

Then (2.3) holds.

Proof. Using the Hölder inequality and (3.13) we obtain

sup h(B)(μB)^{1q} ( 1 μB ∫ B v^r(y)dμ ) 1_{rq} ( ∫ B w^{1−p′} (y)dμ ) 1_{p′} < ∞ (3.14) and

sup h(B)(μB)^{1p′} ( ∫ B v(y)dμ ) 1_q ( 1 μB ∫ B w^{(1−p′ )r}(y)dμ ) 1_{p′r} < ∞. (3.15)

Now we will show that (3.14) implies (3.4). Setting X\B(x, r) = ∪_k(B_k\B_{k−1}), B_0 = B, B_1 ⊃ NB, B_k ⊂ B_{k−1}, and μB_k ≤^1_2 μB_{k+1}, we have ( ∫ NB(x,r) v(y)dμ ) 1_q ( ∫ X\B(x,r) w^{1−p′} (y)k^{p′} (x, y)dμ ) 1_{p′} ≤

≤ ∞∑ k=1 ( ∫ B_1 v(y)dμ ) 1_q h(B_k) ( ∫ B_k w^{1−p′} (y)dμ ) 1_{p′} ≤

≤ ∞∑ k=1 (μB_1)^{1r′ q} ( ∫ B_1 v^r(y)dμ ) 1_{rq} h(B_k) ( ∫ B_k w^{1−p′} (y)dμ ) 1_{p′} ≤

≤ ∞∑ k=1 ( μB_1 μB_k ) 1_{r′ q} h(B_k)(μ(B_k)^{1q} ( 1 μB_k ∫ B_k v^r(y)dμ ) 1_{rq} ( ∫ B_k w^{1−p′} (y)dμ ) 1_{p′} ≤

≤ c ∞∑ k=1 ( 1 2^k ) 1_{r′ q} .

In a similar manner (3.15) implies (3.5). The remaining proof follows from Theorem 3.1.

Before obtaining by Theorem 3.1 a solution of strong type two-weight problems for a number of specific integral operators, we would like to make some remarks about conditions to be imposed on the kernel k which will be used in the theorems of this sections.

Definition 3.2. The kernel k will be said to satisfy condition (V_1) (k ∈ V_1) if there exists a constant c > 0 such that condition (3.1) is fulfilled for any x, y, and x^′ from X satisfying the condition d(x, x^′) < d(x, y).

Definition 3.3. The kernel k satisfies condition (V^′_1 ) (k ∈ V^′_1 ) if there exists a positive constant c_1 suuch that (3.1) holds for any x, y, and x^′ from X satisfying the condition d(x^′, y) < d(x, y).

In contrast to conditions V and V^′, conditions V_1 and V^′_1 are the uncomparable ones. For instance, the kernel k(x, y) = { (x − y)^{γ−1} for x > y, 0 for x < y

satisfies condition V^′_1 but does not satisfy condition V_1.

For the kernel k(x, y) = e^{−|x−y|} we have k ∈ V_1 but k ∉ V^′_1 . For R^1 these two conditions can be combined into one condition: k ∈ ~V if there exists a constant c > 1 such that (3.1) holds for any x, y, and x^′ satisfying |2x^′ − x − y| ≤ 3|x − y|. Note that by taking into consideration a simple geometrical character of the straight line and following the proof of Theorem A we can ascertain that it remains valid in R^1 also for kernels k satisfying the condition k ∈ ~V , k^∗ ∈ ~V . Using further Remark 2 from §1 and the fact that the kernels to be considered below satisfy the above requirement we obtain the following statements.

Theorem 3.4. Let 1 > p < q < ∞, 0 < α < 1. For the inequality (^∞∫ 0 | |R_α(f)(x) | |^qv(x)dx ) 1_q ≤ c_1 (^∞∫ 0 |f(x)|w(x)dx ) 1_p

with the constant c_1 not depending on f to hold it is necessary and sufficient that two conditions

sup_{a,h} 0<h<a (^{a+h}∫ a−h v(y)dy ) 1_q (^{a−h}∫ 0 w^{1−p′} (y) (a − y)^{(1−α)p′} dy ) 1_{p′} < ∞,

sup_{a,h} 0<h<a (^{a+h}∫ a−h w^{1−p′} (y)dy ) 1_{p′} (^∞∫ a+h v(y) (a − y)^{(1−α)q} dy ) 1_q < ∞

be fulfilled simultaneously.

Theorem 3.5. Let 1 < p < q < ∞, 0 < α < 1. For the inequality (^∞∫ 0 | |W_α(f)(x) | |^q v(x)dx ) 1_q ≤ c (^∞∫ 0 |f(x)|w(x)dx ) 1_p with the constant c not depending on f to hold it is necessary and sufficient that two conditions

sup_{a,h} 0<h<a (^{a+h}∫ a−h v(y)dy ) 1_q (^∞∫ a+h w^{1−p′} (y) (y − a)^{(1−α)p′} dy ) 1_{p′} < ∞,

sup_{a,h} 0<h<a (^{a+h}∫ a−h w^{1−p′} (y)dy ) 1_{p′} (^{a+h}∫ 0 v(y) (y − a)^{(1−α)q} dy ) 1_q < ∞

be fulfilled simultaneously.

For the case α > 1 the two-weight problem for R_α and W_α was previously solved by many authors while for 0 < α < 1 it remained open (see, for instance, [21], [22]) until this paper.

References

1. M. Gabidzashvili, Weighted inequalities for anisotropic potentials. (Russian) Trudy Tbiliss. Mat. Inst. Razmadze 82(1986), 25–36.

2. E. T. Sawyer, A characterization of two-weight norm inequality for maximal operators. Studia Math. 75(1982), 1–11.

3. E. T. Sawyer, A two-weight weak type inequality for fractional integrals. Trans. Amer. Math. Soc. 281(1984), 339–345.

4. E. T. Sawyer, A characterization of two-weight norm inequalities for fractional and Poisson integrals. Trans. Amer. Math. Soc. 308(1988), 533–545.

5. V. Kokilashvili, Riesz potentials in weighted Lorentz spaces. Continuum mechanics and related problems in analysis. Proc. of intern. symposium, 1991, 382–389, Metsniereba, Tbilisi, 1993.

6. V. Kokilashvili, Weighted estimates for classical integral operators. Nonlinear analysis, function spaces and appl., vol. 4. Proc. of spring school, 1990, 86–103, Teubner-Verlag, Leipzig, 1990.

7. V. Kokilashvili and M. Krbec, Weighted inequalities in Lorentz and Orlicz spaces. World Scientific, Singapore etc., 1991.

8. M. Gabidzashvili, I. Genebashvili, and V. Kokilashvili, Two-weighted inequalities for generalized potentials. (Russian) Trudy Mat. Inst. Steklov 194(1991), 89–96.

9. I. Genebashvili, A. Gogatishvili, and V. Kokilashvili, Solution of some weight problems. Function spaces, differential operators and nonlinear analysis. Teubner-Texte zur Math. B. 133, 264–273, Teubner-Verlag, Stuttgart, Leipzig, 1933.

10. I. Genebashvili, A. Gogatishvili, and V. Kokilashvili, Criteria of general weak type inequalities for integral transforms with positive kernels.

Georgian Math. J. 1(1994), No. 1, 9–29.

11. E. T. Sawyer and R.L. Wheeden, Weighted inequalities for fractional integrals on Euclidean and homogeneous type spaces. Amer. J. Math. 114(1992), 813–875.

12. R. L. Wheeden and S. Zhao, Weak type estimates for operators of potential type. Preprint, Rutgers University, 1994.

13. A. Gogatishvili and V. Kokilashvili, Criteria of weighted inequalities for integral transforms defined on homogeneous type spaces. Topological vector spaces, algebras and related areas. Pitman Research Notes in Mathematics, vol. 316, 251–362, Longman, Harlow, 1994.

14. K. F. Andersen and E.T. Sawyer. Weighted norm inequalities for the Riemann–Liouville and Weyl fractional operators. Trans. Amer. Math. Soc. 308(1988), No. 2, 547–555.

15. K. F. Andersen. Weighted inequalities for maximal functions associated with general measures. Trans. Amer. Math. Soc. 326(1991), No. 2, 907–920.

16. K. L. Wheeden, Poincaré–Sobolev and isoperimetric inequalities, maximal functions and half-space estimates for the gradient. Nonlinear analysis, function spaces and applications, vol. 5, Proc. of spring school, 1994, 231-266, Prometheus, Prague, 1994.

17. F. J. Martin-Reyes, Weights, one-sided operators, singular integrals, and ergodic theorems. Nonlinear analysis, function spaces and appl., vol. 5, Proc. of spring school, 1994, 103-138, Prometheus, Prague, 1994.

18. J. O. Strömberg and A. Torchinsky, Weighted Hardy Spaces. Lecture Notes in Math. vol. 1381, Springer-Verlag, New York, 1989.

19. R. R. Coifman and G. Weiss, Analyse harmonique non-commutative sur certains espaces homogenes. Lecture Notes in Math. vol. 242, Springer- Verlag, Berlin and New York, 1971.

20. M. de Guzmán, A covering lemma with applications to differentiability of measures and singular integral operators. Studia Math. 34(1970), 299–317.

21. H. P. Heinig, Weighted inequalities in Fourier Analysis. Nonlinear analysis, function spaces and appl., vol. 4, Proc. spring school, 1990, 42–85, Teubner-Verlag, Leipzig, 1990.

22. K. F. Andersen and H. P. Heinig, Weighted norm inequalities for certain integral operators. SIAM J. Math. Anal. 14(1983), No. 4, 834– 844.

(Received 31.01.1995)

Author’s address:

A. Razmadze Mathematical Institute of Georgian Academy of Sciences 1, M. Alexidze St., Tbilisi 380093, Republic of Georgia