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Some properties from Laguerre
polynomials

Ioan Tincu

Abstract

In this paper, we demonstrate some properties of Laguerre poly-
nomials. Using the Beta function we prove a projection inequality
and an inequality of the form \lea)(x)\ < apez, x > 0. The last
)

result consist of the representation of polynomial Lﬁf‘ depending on

Hermite polynomials.
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1 Introduction

Let L%a)(x), a > —1, 2z > 0, n € N Laguerre polynomials on degree n and
order a.

The polynomial L (x) verifies the following equalities:

n n+a —x)k
0 ZACED S I B
) L0 4 y) = 3 L@ LD, (),
k=0
N - P(n+a+1) k(@
@ L) = S (o), L) = e Haa (V).
(5) L) = (;;)(22 ()?Jjj;) [ a-ertim e a s -,

H,(x) being Hermite polynomial on degree n.

From (1) for x = 0 we obtain

Lﬁf‘) (0) _ n -+ o
n
() Ly (x)
We denote I, ' (z) = B (O‘)(O) Laguerre polynomial of o order normalized

through the condition {"(0) = 1
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Using 1\ () and using properties (1)-(5), we proof that 1) (x) verifies:

6 @y = L) o)t
) o n—l—oz)kz% nk) e
M = - T IrTD D@ @iy,
(8) I (tz) = Xn: )tk(l )" (),
k=0
’ -3) ( 1)n'n'
(®) I (w) = B (V).

1
(8") 191 () = B(aﬁ Y / 19 ()19 (1—t)z)t*(1—t)dt (Feld-
) 0

heim)

2 Main results

Theorem 1. If > a > —1 and x > 0 then

1 1
(9) () = Batli—a) / t°(1 — )77 (t) dt,
s M 0

B(z,y) being beta function.

Proof. From (8) we have:

n n
t(1— )77 (t) = ( ) totk (1 — gynRme @) gy
k

k=0
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k=0

1 n 1
10 (1 — )P~ 1@ (t2)dt = T ey [ et
n k
0 k 0

n

(1 — ykemamigy = 3 ) Bla+k+1Ln—k+p—a)l ().

In (7) we consider y =0 and § = — a — 1 and we obtain

(1) lﬁlﬁ)(z)i(n)B(k+a+1)7nk+6al1§a)(‘”)

—~\ i Ba+1,6—«)

From (10) and (11) we write

1 1
15) /t“ 1 — )81 (1) dt
" (x)B(oz—i—l,ﬁ—oz) ; ( )T (tx)dt,

for § > a > —1, and the proof is complete.

Theorem 2. Let f > a > —1 and P,(z;a) = Zakl,ia)(x), x> 0. If
k=0

P.(z;a) >0, (V)x > 0 then
(12) P,(z;8) >0, M)z >0andf >a > —1

Proof. From (9) we write:

1 1
akl](f)(x) = Blat1l7—a) /0 t*(1 — t)ﬁ_o‘_lakl,ia)(tx)dt, we make sum

over the k, and we obtain:

1
(a+1,0—«

T — ' af1 _ 4\B—a—-1 Tt o
P.(x; 5) B )/0 t*(1—1t) P, (xt; a)dt

From P,(z;a) > 0 (V)x > 0 results P,(z;3) >0, (V)z > 0.
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Theorem 3. If l,(f)(x) 1s Laguerre normalized polynomial through

ZSLQ)(O) =1, then for § > —% and ko = 1,086435 we have:

®) (1
(13) 0@ < =

ce2, (V) >0

Proof. In (9) let o = —1

29

1 ! 1
D (x) = >/ 31— 01D (1),
0

B(3.0+3

Using (8') we obtain

(B) () - (=" PR .
19) () (%mBgﬁ+é%At (1 — )52 Hy, (Vtz)dt.

We know that

|Hap (V)| < kor/(2n)12%2 | ko = 1,086435.

It results,

ko2 nlez
19 ()] < ﬁ> (V)x > 0.
Theorem 4. Ifn,m,p € N such that m +n < 2p — 1 then
p
(0 . (—1)"+mn!m! 2k — 1
(14) lm—l—n(x) = lm-i—n(x) = W ; Hgm(\/ECOS 7T)'
2k — 1
-Hyn(\/ - sin i ), (V)z > 0.

1

Proof. In Feldheim formula we consider a = 3 = —3,

zmm@y:%Azg@@wﬁaa1—w@—a%j5.
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From (8') we have

(15) lm+n(x) — (( "+mn|m| / H2m H2n( (1 —t)x)%

We observe that in integral we have a polynomial of m + n degree in ¢t. In

the following we use the Mehler-Hermite cuadrature formula:

/ f Z -f 22p—1 2p) f(2p) (6)7 T =COS

For f € Ily,_1 we obtain:

2k —1

e [-1,1].

! dt
/_1f<t) - fok

P4
Making variable substitution: ¢ = 2u — 1, it results

/f2u—1 Vo fok

We put: f(2u—1) = g(u).

For u = H—Ty we Obtain f(y) == g(#)’

/f “‘1\/7_71 / ﬁ:%;gczxk)

! dt T o 2% — 1
t)— = — cos? m),qg¢€lly 4.
/Og() o Zg( ™ ) g €y

p k=1

Using (15) we have
(=)™ nlm! 1 & 2k —1
lin() =~ T 2N T, 2
enl) n)i2m)!  pe Ty T

o 2k—1 )  (=1)"nlm!
-Hoy, <\/xsm 1 7r> = —(2n) (2m)




Some properties from Laguerre polynomials 137

2k —1
w) H,, (ﬁsin 7T)

4p

2k —1

1 p
= Z H,,, (ﬁ oS
gyt
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