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Note of the constants of Landau

Emil C. Popa

Abstract
We establish an improvement for an inequality of Dejun Zhao for

the Landau constants.
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1 Introduction

The Landau’s constants are defined by
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k=0

and play an important role in complex analysis.
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D. Zhao [5] proved the following several sharp inequalities for G, :
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In this paper we will establish an improvement for the left-hand inequality

of Zhao.

Theorem 1 We have for all integer n > 1
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where ((s) = Z k™% is the Riemann-Zeta function.

k=1
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2 The proof of the Theorem 1

Using [4] and [5] we have
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Let now
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where A is an undetermined constant.

We get for n > 1
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Next we consider the function f(z) defined by
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and we have

o Q) 14
Jla) = 43(x + 13822 + 52 +1)2 (z+1)%

where
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Now we denote
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where

H(z) = (68 —1024A4)x" + (% - 1280A) 2"
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For A = 576 we obtain
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Hence f'(z) > 0 for x > 0 and lim f(z) = 0. It implies f(x) < 0 for
x > 1. Using the Watson asymptotic formula (see [3]) we have z, — 0. In

conclusion x, — 0, x,, > 0 for n — oo and the inequality of the Theorem 1

holds.
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