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The degree of approximation by Bernstein

operators in the knots 1

Radu Păltănea

Abstract

We prove the inequality
∣

∣Bn

(

f, k
n

)

− f
(

k
n

)
∣

∣ ≤
7
8ω2

(

f, 1√
n

)

, where

Bn is the Bernstein operator of order n ≥ 1, the integer k is such that

0 ≤ k ≤ n and ω2 denotes the usual second order modulus. Also, we

give a better estimate of approximation for the point 1
2 .
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1 Introduction. Main results

Denote by B[0, 1], the space of bounded real functions on the interval [0, 1],

with the sup-norm: ‖ · ‖ and denote by C[0, 1] the subspace of continuous
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100 R. Păltănea

functions. We denote the monomial functions ej(t) = tj, j = 0, 1, 2, . . . and

let Π1 the set of linear functions.

The Bernstein operators Bn : B[0, 1] → R[0,1], n ∈ N are given by:

(1) Bn(f, x) =

n
∑

j=0

pn,j(x) · f
(

j

n

)

, f ∈ B[0, 1], x ∈ [0, 1],

(2) pn,j(x) =

(

n

j

)

xj(1 − x)n−j.

We express the order of approximation in terms of the second order of

continuity, given by:

ω2(f, h) = sup{|f(x + ρ) − 2f(x) + f(x − ρ)|, x ± ρ ∈ [0, 1],

0 < ρ ≤ h}, for f ∈ B[0, 1], h > 0.

The global order of approximation is given, in the following theorem,

see [4]:

Theorem A For any n ∈ N we have

(3) sup
f∈B[0,1]\Π1

‖Bn(f) − f‖
ω2

(

f, 1√
n

) = sup
f∈C[0,1]\Π1

‖Bn(f) − f‖
ω2

(

f, 1√
n

) = 1.

Moreover, if we take into account the result given in [3], we obtain

Theorem B For any irrational number x ∈ (0, 1),

(4)

sup
n∈N

sup
f∈C[0,1]\Π1

|Bn(f, x) − f(x)|
ω2

(

f, 1√
n

) = sup
n∈N

sup
f∈B[0,1]\Π1

|Bn(f, x) − f(x)|
ω2

(

f, 1√
n

) = 1.

On the other hand, for the degree of approximation in the knots, the

following result of Gonska and Zhou, [1] is known:
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Theorem C Let

r =

1 +
∞
∑

j=2

j2e−2(j−1)2

2 + 2

∞
∑

j=2

e−2(j−1)2

≈ 0.68.

Then for any
1

2
≤ a < 1, ε > 0, there is an N(a, ε) ∈ N such that for all

n ≥ N(a, ε), f ∈ C[0, 1],

(5) sup
1−a≤ k

n
≤a

∣

∣

∣

∣

Bn

(

f,
k

n

)

− f

(

k

n

)
∣

∣

∣

∣

≤ (r + ε) · ω2

(

f,
1√
n

)

,

i.e., for any
1

2
≤ a < 1 we have

(6) lim sup
n→∞

sup
1−a≤ k

n
≤a

sup
f∈C[0,1]\Π1

∣

∣Bn

(

f, k
n

)

− f
(

k
n

)
∣

∣

ω2

(

f, 1√
n

) ≤ r.

In connection to Theorem C, we show in this paper that there exists a

constant C < 1 such that the inequality
∣

∣Bn

(

f, k
n

)

− f
(

k
n

)
∣

∣ ≤ Cω̇2

(

f, 1√
n

)

holds uniformly for all n ∈ N and all the knots k
n
, 0 ≤ k ≤ n. More exactly,

we have

Theorem 1 The following inequality

(7)

∣

∣

∣

∣

Bn

(

f,
k

n

)

− f

(

k

n

)
∣

∣

∣

∣

≤ 7

8
ω2

(

f,
1√
n

)

,

for all n ∈ N, 0 ≤ k ≤ n, f ∈ B[0, 1].

As regard to the estimate in the point
1

2
we prove:
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Theorem 2 We have

(8) lim sup
n→∞

sup
f∈B[0,1]\Π1

∣

∣Bn

(

f, 1
2

)

− f
(

1
2

)
∣

∣

ω2

(

f, 1√
n

) ≤ 5

8
+

1

2
√

2πe2
≤ 0.652.

Note that the constant given in Theorem 2 is smaller than the constant

r in Theorem C.

2 Auxiliary results

Lemma 1 We have

(9)
1

2
· pn,k−j

(

k

n

)

≤ pn,k+j

(

k

n

)

≤ pn,k−j

(

k

n

)

,

for all integers k ≥ 1, n ≥ 2k, 0 ≤ j ≤ k.

Proof. For the integers k ≥ 1, n ≥ 2k, 0 ≤ j ≤ k, denote

Un,k
j =

pn,k+j

(

k
n

)

pn,k−j

(

k
n

) .

We have

Un,k
j =

(k − j)!(n − k + j)!

(k + j)!(n − k − j)!

(

k

n − k

)2j

.

Then for k ≥ 1, n ≥ 2k, 0 ≤ j < k it follows

Un,k
j+1

Un,k
j

=
(n − k + j + 1)(k − j)

(n − k − j)(k + j + 1)

(

k

n − k

)2

=
(n − k)k + (2k − n)j − j(j + 1)

(n − k)k + (n − 2k)j − j(j + 1)

(

k

n − k

)2

≤ 1.

Since Un,k
0 = 1, for k ≥ 1, n ≥ 2k, we obtain

(10) Un,k
j ≤ 1, for k ≥ 1, n ≥ 2k, 0 ≤ j ≤ k.
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On other hand, in order to prove

(11) Un,k
j ≥ 1

2
, for k ≥ 1, n ≥ 2k, 0 ≤ j ≤ k,

it is sufficient to show that Un,k
k ≥ 1

2
, for k ≥ 1, n ≥ 2k. Put m = n − k.

Then k ≤ m. Denote ak
m = Um+k,k

k . It remains to show that

(12) ak
m ≥ 1

2
, for 1 ≤ k ≤ m.

We have

ak
m =

(k + m)!

(2k)!(m − k)!

(

k

m

)2k

.

Consequently

ak
m+1

ak
m

=
k + m + 1

m − k + 1

(

m

m + 1

)2k

.

If we consider the function ϕk(m) =
k + m + 1

m − k + 1

(

m

m + 1

)2k

, m ∈ [k,∞),

where k ≥ 1, we find

d

dm
ϕk(m) =

2k

(m − k + 1)2
· m2k−1

(m + 1)2k+1
· (m − k2 + 1).

Also,

lim
m→∞

ϕk(m) = 1.

Then one of the following cases is true:

i) ϕk(m) ≤ 1, for m ∈ [k,∞);

ii) There is m0 ∈ (k, k2 − 1) such that ϕk(m) ≥ 1, for m ∈ [k, m0] and

ϕk(m) ≤ 1, for m ∈ [m0,∞).
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Consequently, we have:

inf
m≥k

ak
m = min

{

ak
k, lim

m→∞
ak

m

}

= min

{

1,
k2k

(2k)!

}

.

Finally, in order to show (12) it suffices to show that

(2k)!

k2k
≤ 2, k ∈ N, k ≥ 1.

This inequality is obvious for k = 1. Using the Stirling formula, we obtain

for k ≥ 1:
(2k)!

k2k
≤ 2

√
kπ

(

2

e

)2k

e
1

24 .

Denoting tk = 2
√

kπ
(

2
e

)2k
e

1

24 , we obtain

tk+1

tk
=

√

k + 1

k

(

2

e

)2

≤
√

2

(

2

e

)2

< 1.

So that, for k ≥ 2,

(2k)!

k2k
≤ tk < t2 = 2

√
2π

(

2

e

)4

e
1

24 = 1.42 . . . < 2.

The proof is finished.

Lemma 2 (Sikkema [7]) For any x ∈ [0, 1] and any integers 1 ≤ s ≤ n,

we have:

(13)

n
∑

i=s

pn,i(x)

(

i

n
− x

)

=

(

n − 1

s − 1

)

xs(1 − x)n+1−s.

For any a ∈ R, denote by [a], the integer part of a.

Lemma 3 Let the integers k, n, such that 1≤k≤n/2. Put m = min{k, [
√

n]}.
We have

(14)

m
∑

j=1

pn,k+j

(

k

n

)

+
1

2
· pn,k

(

k

n

)

>
1

4
.
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Proof. First we prove the relation

(15)

k+m
∑

i=k−m

pn,i

(

k

n

)

≥ 3

4
.

We consider two cases.

Case 1: m = [
√

n]. We have

∑

|i−k|>√
n

pn,i

(

k

n

)

≤ n
∑

|i−k|>√
n

pn,i

(

k

n

)(

i − k

n

)2

≤ n
n
∑

i=0

pn,i

(

k

n

)(

i − k

n

)2

=
k(n − k)

n2
≤ 1

4
.

Therefore relation (15) is true.

Case 2: m = k. Using the following identity (13) we obtain

n
∑

i=2k+1

pn,i

(

k

n

)

≤ n

k

n
∑

i=2k+1

pn,i

(

k

n

)(

i

n
− k

n

)

=

(

n − 1

2k

)(

k

n

)2k (
n − k

n

)n−2k

=
(n − 1)!

(n − 2k − 1)!
· k2k

(2k)!
· 1

n2k

(

n − k

n

)n−2k

.

Also, we get

(n − 1)!

(n − 2k − 1)!
=

k
∏

j=1

(n − j)(n − 2k − 1 + j)

≤
k
∏

j=1

(n2 − n(2k + 1) + k(k + 1)) ≤ (n − k)2k.

Hence we have
n
∑

i=2k+1

pn,i ≤
k2k

(2k)!

(

n − k

n

)n

.
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From the inequality (1 + 1/t)t+1 > e, t > 0 and from the Stirling formula

we obtain successively:

n
∑

i=2k+1

pn,i ≤ k2k

(2k)!
· 1

ek
≤ k2k

√
4πk

( e

2k

)2k 1

ek

=
1

2
√

πk

(e

4

)k

≤ e

8
√

π
≤ 1

4
.

So, relation (15) is true in Case 2 too.

Now using Lemma 1 we obtain

m
∑

j=1

pn,k+j

(

k

n

)

+
1

2
· pn,k

(

k

n

)

≥ 1

3

m
∑

j=1

(

pn,k+j

(

k

n

)

+ pn,k−j

(

k

n

))

+
1

3
· pn,k

(

k

n

)

=
1

3

k+m
∑

i=k−m

pn,i

(

k

n

)

≥ 1

4
.

We need also of some other results. The following lemma is a simplified

version of an estimate given in [5]

Lemma 4 Let F : B[0, 1] → R be a positive linear functional such that

F (e0) = 1 and F (e1) = y, where y ∈ (0, 1). Then, for any f ∈ B[0, 1] and

0 < h ≤ 1/2 we have

(16) |F (f) − f(y)| ≤
(

1 + h−2F ((e1 − y)2)
)

ω2(f, h).

For the integers 1 ≤ s ≤ n and x ∈ [0, 1), denote

(17) Ψn,s(x) =

n
∑

j=s

pn,j(x)

(

j

n
− x

)

,

and for any x ∈ [0, 1), denote τ(x) = min{i ∈ N | i/n > x}. In [2] it is

proved the following lemma.
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Lemma 5 For any number α > 0 we have

(18) lim
n→∞

Ψ
n,τ

�
x+ α

√

n � (x)/Ψn,τ(x)(x) = exp

(

− α2

2x(1 − x)

)

,

uniformly with respect to x on each compact interval included in (0, 1).

3 Proofs of the main results

Proof of Theorem 1

Let n ∈ N and the integer 0 ≤ k ≤ n. The inequality in (7) is obvious for

k = 0 and k = n. So we consider 1 ≤ k ≤ n−1. Also using the symmetry it

suffices to consider only the case 1 ≤ k ≤ n/2. Denote m = min{k, [
√

n]}.
Consider the positive linear functional F1 : B[0, 1] → R:

(19)

F1(f) =

m
∑

j=1

pn,k+j

(

k

n

)[

f

(

k − j

n

)

+ f

(

k + j

n

)]

+ pn,k

(

k

n

)

f

(

k

n

)

.

Denote

T =
m
∑

j=1

pn,k+j

(

k

n

)

+
1

2
· pn,k

(

k

n

)

.

From Lemma 3, T ≥ 1
4
. From the definition of the second order modulus

we obtain

(20)

∣

∣

∣

∣

F1(f) − 2Tf

(

k

n

)
∣

∣

∣

∣

≤ Tω2

(

f,
1√
n

)

, f ∈ B[0, 1].

Then define the linear functional F2 : B[0, 1] → R, F2(·) = Bn

(

·, k
n

)

−
F1(·). From Lemma 1 we have pn,k+j

(

k
n

)

≤ pn,k−j

(

k
n

)

, for j ≤ k. It follows

that F2 is also a positive functional. Since F1(e0) = 2T and Bn

(

e0,
k
n

)

=

1, it follows F2(e0) = 1 − 2T . Also F1(e1) = 2T k
n

and Bn

(

e1,
k
n

)

= k
n
.
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Consequently F2(e1) = (1− 2T ) k
n
. If we apply Lemma 4, for the functional

F = (1 − 2T )−1F2 we obtain, for any f ∈ B[0, 1]:

(21)
∣

∣

∣

∣

F2(f) − (1 − 2T )f

(

k

n

)
∣

∣

∣

∣

≤
[

1 − 2T +
n

2
F2

(

(

e1 −
k

n

)2
)]

ω2

(

f,
1√
n

)

.

But F2

(

(

e1 − k
n

)2
)

≤ Bn

(

(

e1 − k
n

)2
, k

n

)

= k(n−k)
n3 ≤ 1

4n
. Using relations

(20) and (21) it follows:
∣

∣

∣

∣

Bn

(

f,
k

n

)

−f

(

k

n

)
∣

∣

∣

∣

≤
∣

∣

∣

∣

F1(f)−2Tf

(

k

n

)
∣

∣

∣

∣

+

∣

∣

∣

∣

F2(f) − (1 − 2T )f

(

k

n

)
∣

∣

∣

∣

≤ Tω2

(

f,
1√
n

)

+

(

1 − 2T +
1

8

)

ω2

(

f,
1√
n

)

=

(

9

8
− T

)

ω2

(

f,
1√
n

)

≤ 7

8
ω2

(

f,
1√
n

)

.

Proof of Theorem 2

With the notation given in formula (17) we first prove

(22) lim
n→∞

√
nΨ

n,τ( 1

2
)

(

1

2

)

=
1

2
√

2π
.

We consider two cases.

Case 1: n = 2q. Using formula (13) we have:

√
nΨ

n,τ( 1

2
)

(

1

2

)

=
√

2q

2q
∑

j=q+1

p2q,j

(

1

2

)(

j

2q
− 1

2

)

=
√

2q

(

2q − 1

q

)(

1

2

)2q+1

=
√

2q

(

2q

q

)(

1

2

)2q+2

.

Case 2: n = 2q + 1. From formula (13) we have:

√
nΨ

n,τ( 1

2
)

(

1

2

)

=
√

2q + 1

2q+1
∑

j=q+1

p2q+1,j

(

1

2

)(

j

2q + 1
− 1

2

)

=
√

2q + 1

(

2q

q

)(

1

2

)2q+2

.
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Then

lim
n→∞

√
nΨ

n,τ( 1

2
)

(

1

2

)

= lim
q→∞

√

2q

(

2q

q

)(

1

2

)2q+2

.

Using the Stirling formula we get:

√

2q

(

2q

q

)(

1

2

)2q+2

=
√

2q ·
√

4πq
(

2q

e

)2q
eΘ1(q)

[√
2πq

(

q

e

)q
eΘ2(q)

]2

(

1

2

)2q+2

=
1

2
√

2π
· eΘ1(q)−2Θ2(q)

where limq→∞ Θ1(q) = 0 and limq→∞ Θ2(q) = 0. It follows (22).

From Lemma 5 we obtain

lim
n→∞

Ψ
n,τ

�
1

2
+ 1
√

n �
(

1

2

)

/Ψ
n,τ( 1

2
)

(

1

2

)

= e−2.

Combining with relation (22) we derive the relation:

(23) lim
n→∞

√
nΨ

n,τ

�
1

2
+ 1
√

n �
(

1

2

)

=
1

2
√

2π e2
.

Using the symmetry we can define, for n ≥ 4

Tn =
∑

n

2
+
√

n<j≤n

pn,j

(

1

2

)

=
∑

0≤j<n

2
−√

n

pn,j

(

1

2

)

.

We have

Tn ≤
√

n
∑

n

2
+
√

n<j≤n

pn,j

(

1

2

)(

j

n
− 1

2

)

=
√

nΨ
n,τ

�
1

2
+ 1
√

n �
(

1

2

)

.

From (23) we deduce

(24) lim sup
n→∞

Tn ≤ 1

2
√

2π e2
.
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For f ∈ B[0, 1], n ≥ 4, consider the decomposition

Bn

(

f,
1

2

)

= F 1
n(f) + F 2

n(f),

where

F 1
n(f) =

∑

n

2
−√

n≤j≤n

2
+
√

n

pn,j

(

1

2

)

f

(

j

n

)

,

F 2
n(f) =

∑

0≤j<n

2
−√

n

pn,j

(

1

2

)

f

(

j

n

)

+
∑

n

2
+
√

n<j≤n

pn,j

(

1

2

)

f

(

j

n

)

.

The linear positive functionals F 1
n and F 2

n satisfy the conditions F 1
n(e0) =

1 − 2Tn, F 1
n(e1) = (1 − 2Tn)

1
2
, F 2

n(e0) = 2Tn and F 2
n(e1) = 2Tn · 1

2
.

For f ∈ B[0, 1] we have
∣

∣

∣

∣

Bn

(

f,
1

2

)

− f

(

1

2

)
∣

∣

∣

∣

≤
∣

∣

∣

∣

F 1
n(f) − (1 − 2Tn)f

(

1

2

)
∣

∣

∣

∣

+

∣

∣

∣

∣

F 2
n(f) − 2Tnf

(

1

2

)
∣

∣

∣

∣

.

Using the symmetry we obtain successively:

∣

∣

∣

∣

F 1
n(f) − (1 − 2Tn)f

(

1

2

)
∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑

n

2
−√

n≤j≤n

2
+
√

n

pn,j

(

1

2

)[

f

(

j

n

)

− f

(

1

2

)]

∣

∣

∣

∣

∣

∣

≤
∑

n

2
<j≤n

2
+
√

n

pn,j

(

1

2

)
∣

∣

∣

∣

f

(

j

n

)

+ f

(

n − j

n

)

− 2f

(

1

2

)
∣

∣

∣

∣

≤
∑

n

2
<j≤n

2
+
√

n

pn,j

(

1

2

)

· ω2

(

f,
1√
n

)

≤ 1

2

∑

n

2
−√

n≤j≤n

2
+
√

n

pn,j

(

1

2

)

ω2

(

f,
1√
n

)

=
1

2
(1 − 2Tn)ω2

(

f,
1√
n

)

.
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Also, Applying Lemma 4 to the functional G = (2Tn)−1F 2
n we obtain

∣

∣

∣

∣

F 2
n(f) − 2Tnf

(

1

2

)
∣

∣

∣

∣

≤
(

2Tn +
n

2
F 2

n

(

(

e1 −
1

2

)2
))

ω2

(

f,
1√
n

)

≤
(

2Tn +
n

2
Bn

(

(

e1 −
1

2

)2

,
1

2

))

ω2

(

f,
1√
n

)

=

(

2Tn +
1

8

)

ω2

(

f,
1√
n

)

.

Consequently it follows:

∣

∣

∣

∣

Bn

(

f,
1

2

)

− f

(

1

2

)
∣

∣

∣

∣

≤
(

5

8
+ Tn

)

ω2

(

f,
1√
n

)

.

Finally, using relation (24) we obtain relation (8).
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