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A generalization of some classical quadrature
formulas!

Adrian Branga

Abstract

In this paper is obtained a quadrature formula with higher de-
gree of exactness. This formula is a generalization of some classical

quadrature rules.
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1 Introduction

Let [, 5] be an interval on the real axis.
For a positive integer n, a function F € C"[a, 3] and a point § €
[, B] let denote by ©,,(F;0)(x) the corresponding Taylor polynomial, i.e.

0,(F:5)(x) = é %(x ).
Lemma 1. (see [1]) If F € C""a, 5] and § € [, 5] then
. _ F(n+1)(£) n+1
F(x) — On(F;0)(x) = m(fﬁ —0)"", @€ o, f,

where £ is a point between x and §.
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In the sequel we consider a parameter v € (0, 1] and we define the points

+ — + + —
51’7:a26_7/6205762:0425753,'7:&26_’_7&205'

Further we assume that p is a given even integer. Using a remark from

the paper [2] and an idea suggested by Al. Lupas in the paper [3] we consider
the following quadrature formula which depend on parameters v € (0, 1],
peR:

B
1) [ F@ds = AP ) + 9 (F5p), F e Ca
where
(2) Ap(F3v,p) =
B
5 [ Opn(Pis)@de + 51~ p) [(©,(Fi81:)(0) + 6,(Fid, ) (o)

and Q,(F;~, p) being the remainder term.

2 Main result

Theorem 1. The remainder term in the quadrature formula (1) has the

following representation

(3) Qp(F57,p) =
B ] B
5 [(F@) - Opu(Fia)(a))dn + 5(1- p) [(Fla) — O,(Fidu.) @) +
B

1
430 0) [(F) = 8,(Fidu) @)z, F e a5
The proof is obtained directly from the relations (1), (2).

Further we consider the functions e;(z) = 2*, k € N.
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Lemma 2. Q,(gx;7,p) =0 for any k € {0,...,p+1}, v € (0,1] and p € R.

Proof. For k € {0,...,p} using Lemma 1 we have e(x) —©,11(ex; 02)(x) =
0, er(z) — Op(er; 014)(x) =0, ex(x) — Op(ex; 05.,) () = 0, where z € [« 3].
Therefore from (3) it follows that €,(sx;v,p) = 0 for any k € {0, ..., p},
v € (0,1] and p € R.

If k= p+ 1 using Lemma 1 we deduce €,11(x) — Opy1(€pt1;62)(z) =0,
Ept1(2) = Op(Eps1;01) () = (2= 01,7, €pia(2) — OplEpsa; 034) (7) = (-
03, )P, where x € [a, 3], and substituting in (3) we obtain Q,(cp11;7, p) =
0 for any v € (0,1] and p € R.

Lemma 3. Q,(ex;7,9,(7)) = 0 for any k € {p+2,p+ 3} and v € (0,1],
where
Pp(7) =

() = (1)) - (L )P - (1)
Y +3)((A+9) = (A=) =+ )P = (=) +2

The proof is similar with Lemma 2, taking into account Lemma 1 and
Theorem 1.

Theorem 2. The degree of exactness in the quadrature formula (1) for

p = p,(7) is at least p+3 for any v € (0,1], i.e. Q,(Q;7,p,(7)) =0, for
all Q : [a, f] — R polynomials of degree at least p + 3.

The proof follows directly from Lemma 2 and Lemma 3.

Theorem 3. The quadrature formula (1) for p := p,(v) has the following

representation
s P ‘ p/2 ‘
/ F(x)dz = 0pi(7, PN FD (614) + Y 72i(7, ,(7) F®) (52) +
2 i=0 i=0

+ ) 01, 2N FD (55,4) + (F37,5,(7)), F € C" M, ],

=0
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0pi(V:Pp(7)) = !(1 — 2,(M)((1 + 7)o+

2(i + 1)
0 — «

it1
5 ) , 1€40,...,p},

(1)1 = ) (

Bl B0 = G (55) . ie 02

%ﬂ S B+

(7, 0p(7)) =
HeD =) (252) = o0 € 0,

The proof is obtained from the relations (1), (2) considering p := p,(7).
In the sequel we consider the particular case p = 0 and for some values

of the parameter v € (0, 1] we obtain some classical quadrature rules.

For v = 1 one obtains the Simpson quadrature formula

8
/F(x)dx =L g - (F(a) i 4F(a—J2rﬁ) " F(ﬁ)) -
_MF(4>(§), ¢ €la, B

2880

For v = % one obtains the Maclaurin quadrature formula

B
/F(w)dm: 38— a) (F(m;ﬁ)+§F(a;ﬁ)+F(a255)> +
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7 . 5
T A

For v = % one obtains the "open” Newton-Cotes quadrature formula

B
[ Ftarae = 202 (R - Sp RS L ) )

7(8—a)
+WF(4)<§)’ £ €la, B
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