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Natural splines of Birkhoff type
approximating the solution of differential
equations !

Ana Maria Acu

Abstract

Let us consider the following initial value problem

{ y") = flz,y,y, .., yY)

(1) | |
y () =y, j=0r—1

and suppose that f : D — R, D C [a,b] x R" satisfies all the condi-
tions assuring the existence and uniqueness of the solution y : [a,b] —

R of the problem (1).
If y is the exact solution of the problem (1), denote by

where 1, 29, ..., z, are distinct knots in the interval [a,b], a < 21 <

To < - < xp < b
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We will give an algorithm to approximate the solution y of (1) by a
Birkhoff-type natural spline interpolation function, s,, corresponding

to the interpolatory set ﬁy.
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1 Introduction

Let us consider the following initial value problem

@ y' = flz,y)
y(z0) = o
and suppose that f : D C R? — R satisfies all the conditions assuring the
existence and uniqueness of the solution y : [a,b] — R of the problem (2).
In paper [2] G. Micula and P. Blaga develop an algorithm to approximate
the solution y of (2) by a spline function of even degree.
Using natural splines of Birkhoff type we will give an algorithm to
approximate the solution of the differential equation problem
y = flzy g yY)
y (o) =y, j=07-1
and suppose that f : D — R, D C [a,b] x R" satisfies all the conditions

assuring the existence and uniqueness of the solution y : [a,b] — R of the

problem.
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Let us consider an arbitrary finite interval [a,b], a < b, on the real line

and the Lebesque space L?[a, b] with the corresponding norm
I = [ P
Denote by
H™[a,b)={f:[a,b] =R | feC™ [a,b], f'" Vabs.cont., f'™ eLa,b]}.

Let us take x1,s,...,x, as distinct knots in the interval [a,b], a < z; <
Ty < ++- < xp, < b, the numbers a; € N, where 1 < a; < m, i = 1,n and

the set I; C{0,1,...,a; — 1}, i =1,n.

Denote the number of interpolation condition by N := Z card(l;).
i=1

Definition 1 The set

A= {)\i,lli : Hm72[a7 b] - R? )\Z,l/z(f> = f(yl)(xl)7 1= 17”7 v € ]Z}
is named a set of Birkhoff-type functionals on H™?[a,b].

Definition 2 For each y = (y1,¥y2,- - ,yn) € RY we define the Birkhoff-

type interpolatory set

U, = {u € H™*[a,b] | u(z;) = Yivi, 1 =1,n, 1; € I,-} ,
where Y = (y17 Yo, ... 7yn) = ((yl,yl)mefm (y2,1/2)1/2612a sy (yn,un)uneln) .
Definition 3 The problem of finding function s € U, which satisfy

(3) Hs(m)H2 - 521[2 Hu(m)HQ

is called Birkhoff-type natural spline interpolation problem, corresponding to

the interpolatory set U,,.
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Lemma 1 For each y € RN, if the set U, is nonempty, then problem (3)

has unique solution s, given by

m—1 2m—1—-v;

b—x)* - T —Ti)y
sy(z) = Zak% + Z Z i ((Qm —)1 — )’

k=0 i=1 v,el;

where the coefficients ax, k =0,m —1, b;,,, i =1,n, v; € I;, are given by

the following linear system

( m—1
b—x )M
ak(—l)m(kil), =Y, M1 € L
k=/.t1 ( - /“’Ll)
m—1 — J—1 2m—1—v; —p;
(b—llfj)k Hj (xj_xz) i M
ag(=1)M ——— + biv; = Yjuy»

=0,1=0,m—1.

Definition 4 For each j =1,n and p; € I, let y;,, € RN be defined by

Yjp; = (6ij6Vi7llj)i=17_n,Vi€Ii = ((517j51/17uj)1/1€11> ceey (5n7j6Vn7Mj)V7L€I7L)
and the corresponding interpolatory set
Uspy = {u € H™[a, 0] | ul" (2;) = 6,36, 4,5 = T,n,vi € L} .

We assume that the sets Uj,., j = 1,n, p; € I; are nonempty. For each
Jj = 1,n and p; € I;, denote by Sju; the unique solution of problem (3)
corresponding to the interpolatory set U; .. The functions s;,. are called

the fundamental Birkhoff-type natural spline interpolation functions.
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Lemma 2 For each y € RY the set U, is nonempty and the problem (3),

corresponding to Uy, has unique solution given by

n
Sy = E : § :y@l/isi,l/w

=1 v, €l;

where Yy = (y1> HE ayn) = ((yl,l/l)l/lejl’ SR (yn,Vn)VnEIn) .

Remark 1 For each f € H™?[a,b] can be considered

y= (1)) e = ((F@))nens - (PO @) uner,)

and the corresponding interpolatory set

Uy = {u c Hm’Q[a, b]| u(Vi)(xi) = f(Vi)(xi),/i =1,n,y € Ii} .

Since f € Uy, the interpolatory set Uy is nonempty and the problem (3)

coresponding to Uy has unique solution for each f € H™?[a,b).

2 Main Results
Let us consider the following initial value problem

(4) y(r) = f(x7 y? y/7 AR 7y(r_l)>
v ) =, j =0 =T

and suppose that f : D C R™! — R satisfies all the conditions assuring the
existence and uniqueness of the solution y : [a,b] — R of the problem (4).

If y is the exact solution of the problem (4), denote by

Uy={u € H™[a,5] | w9 (21) =y P (1), j =0,7=T, u(w) =y (1), i=Z )}
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From Lemma 2 follow that there exist, and it is unique Birkhoff-type
natural spline interpolation function, s,, coresponding to the interpolatory

set Uy, namely

s (x1) =y (@), j =071
s (z;) =y (), i =2, n.

The spline function s, has the representation

(5) EﬁwM +Zf%%w“~wf%w@

where the unknown values yi(o), yi(l), e ,yl-(r_l) will be determined.

The functions s;, ., j = 1,n, p; € I;, where I = {0,1,...,r — 1},

I, ={r}, ,n are the fundamental Birkhoff-type natural spline inter-

polation functions and are given by

m—l—r

m—1 r—1
. (b — ;(;)k ; — l’l z
Sy (1) = D @ +Zb§€3 = ;_Z. Zb“ =17
k=0 ’ i=0

where thecoefﬁ(nentsa ,k=0,m—1, b“,Z—Or—l bgr) 1= 2,n are

given by the following linear system

( m—1 .
j i (b —ay)F S
2 o )T = by =0T
k=i :
m-l -r r—1 m—1—r—i
a(j)(_l)r (b B xl’)k + b(]) (LUV - JI1)2 !
: (k—r) &= Y om—1—r—i)
(6) S =0
B L k) A S S
L0 g — L2 e VS
r—1 1—i n I—r
() (0 — 1) W—z)™" _  e——
Wyt 2 ey =0 =0
\ i=0,i<! i=2,r<l
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Theorem 1 If y is the exact solution of the problem (4), y € H™12[a, ]
and s, is the spline approzimating solution (5), then the following estima-

tions
[y® —sW|| < Vm—r+1(m—r)(m—r-1) ... (ktl=r) || A, |52 |y

hold, for k =7m, and ||A,|| := max {z;11 — 2;} .

1=0,n

Proof. Because y")(x;) — s")(z;) = 0, i = 2,n, there exist the points

(xm), x; < xg )

)

< Tip1,% = 2,n — 1, such that

hold.

Now, because y(’"+1)(:c§1)) — syﬂ)(:cgl)) =0, i = 2,n — 1, there exist a

() ()

set of points (:ng)), x; < xgz) < ;1,1 = 2,n — 2 such that

Y+ (2 - Sér+2)(xl(,2)) =0,i=2,n—2.

Continuing in the same manner, from the relations y® (z{* ) —s{ (z#~))

0, for i = 2,n—k+r, there exist a set of points (z\*""), 2 <
xgk_”l) < xfilr) i=2,n—k+r—1, such that

y U+ (Iz(’fﬂ—r)) _ s;k“)(:c,(kﬂ_r)) =0,i=2n—k—1+r

hold. Finally, for & = m — 1, there exist a set of points (xgm_r)), xgm_l_’“) <

M=) ngizl—l—r)’ i = 2,n — m + r such that the relation

2

Y™ (@Y = s (@MY =0, i =T —m T

hold.
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Because

:L"Z(-i)l —xgk)‘ < (k+ 1) [|A,| for £ = 0,m —r, ZBEO) = x; it is
clear that for any = € [a,b] there exist an index i such that

(m—r)

< (m—r+1)[[Aq].

ot

}y(m) (x) _ S?Sm) (x)‘ — /m [y(m“)(t) _ 8§m+1)(t)] dt

(m—r)
i

/ dt
(m—)

%0

< fm=re 0 a3 ([ s par )

= {(m = DAYy - s

1/2 1/2

IA

/ Ty — s (0] db

(m—r)
i

< ((m =7+ 1) [|A D" [y,

and |[y™ - || < V= FTVIA [y,

In the same manner, for any z € [a, b] there exists an index ¢y such that
(m—r—1)
A E C R
holds, and

‘y(ﬂ%—l)( (m 1) ‘ -

/ _— [y () — s\ (2)] dt

10

< Jly™ = s fo =

<Vm—r+ TV[[A - [y, (m =) - [|A])-

< Vm— 7+ Lm—r) | A2 |y, -

For any x € [a, b] there exist an index iy such that

(m—1) _ Sém—l)

That means Hy

2=l < m—r - 1) A

20




Natural splines of Birkhoff type approrimating... 11

holds, and
’y(m—@ () — sy (:c>’ N / [y () — sy (1)] dt

(m'r2)

o=l <V mr) A [y
(m= = DAl = VAT T~ ) =~ A om0,

namely

(m—r— m

< Hy(’”‘” —sy" Y

Iy = s 2| < Vi =7 Lm = r)m = = DA g0 .
In generally

Hy(k)—sék)Hoo < Vm—r+im-r)(m—-r—1)...(k+1—7)

IRl

k=7 m.

Corollary 1 If the exact solution of the problem (4)y € H™2[a,b] and

sy s the spline approxz’ma,tmg solution, then

Hy —sy H — o) m =+ L(m— ) ||A,]™ T2 Hy(m+1)H2’
k=

Proof. We have

r— r—1 T
@) =@ = | [ 0 - )] at
< (b—a)v/m =1+ L(m — )| A, |72 [y,
From the above relation we obtain
lver =i ™| < 0= apvm = Tm = A" [y
In generally, for £k =0,r — 1

<o |Jy) - s

‘ o0

.

9% = s < (b= a) Vi =7+ Lm — ) A, " [y,
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Corollary 2 If the exact solution of the problem (4)y € H™2[a,b] and

sy s the spline approximating solution then

i (k) _ (k) o B
||Alff||llo ly sy =0 for k=0,m

hold and the order of convergence is

m—k+1/2 for k=rmTm,
m—r+1/2 for k=0,r—1.

Now the problem is to construct effectively the approximating spline

function (5), i.e. to find an algorithm for determination the value s )(xi),

i=2,n, j=0,r— 1, considering that s,(z) ~ y(z), for any = € [a, b].

Let denote the error of the method, as usual by
e(x) =y(x) — sy(z), x € [a,b].
Directly from the Corollary 1, if y € H™"42[a, b], we have

|eD(x)] < (b—a) ™ IVm —r + L(m — r)!|A" 2 ||yt

2

namely e (z) = O <||An||m_r+l/2> (V) z € [a,b].
Writing again

n

r—1
j 0 1 r—1
sy(@) = > yss @) + D2 F (ol ol oY) ()
j=0

k=2

EH

and denoting séj)(xi) = w!, eW(z;) =1¢el, i=2n, j=0,r — 1, it follows
(7)

r—1

. k - y r— r—

w! = ZyA )sgj,)g(x,)jLngq)ﬂ(x,)f (zh, €p + Wi, ep +wpy ..oyt Hwp )
k=0 k=2
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i=2%m, j=07r—1.
We suppose that in (4) the function f: D CR™ — R, D C [a,b] x R"
8f($lf, Ug, Uy - - - ,ur_l)

8ui ’

is a continuous function, and also that derivatives

1 =0,r — 1 are continuous function on the domain D. Thus

0 1 r—1 r—
f(xkvy](g)ay](g)vayl(g )):f(x O—O—wge,lf—l—wi, —|—U)k 1)
—1
- 0 1 k7£k7£k7 )
f ($k>wk>wk>" EO 811/@ )

where min(w}, wi + e}) < & < max(w, wi + ek).

We can write the system (7) in the form

_ j 0 1 r—1 J
w! E yl SlkIz +E SkrIz (zh, wh, wy, ..., wp ) + B}, where

r—1
af( 0 ¢l gl
Zskr'xl Ze f$k’§k’€k’ ok )7 ’i:2,’)’l,, j:O,T’—l

=0 8u2

af(t7 U, U,y - - aur—l)

<M, i=0,r—1on D. Obviously
0ui

supposing that ‘
E! — 0 for ||A,| — 0.

We have o solve the following nonlinear system:

(8)

0 1 r—1 L <
E yl slkxl—l—g serl (xh, wi, Wy, ..., wyp ), i=2,n, j=0,r—1,

Denote by
w’ = (wy wy n)
wh = () wd - w))
wr—l — (wg—l wg—l w;—l)



Zyl Sl'kz () +ZS§33~(%)J“

k=2
HOV) = (HYOV) .. HOV), H)
(H;(W))]:O,r—l,i:ln
and
OHYW) —  OHI(W)
0wy owl
9Hp(W) . 9Hp(W)
ow) owld
A= :
AHT Y (W) OH (W)
8w8 T ow?d
oHy ‘(W)  AH, '(W)
0wy owl

We remark that A = SF, where

So.r(2) Snr(T2)

S2,T(xn) Sn,r(xn)
S —

s (w2) o s (@)

r—1 r—1

sy V(@) o s Y ()

0 1
(xk, wk, wk, ...

CHN(W), Hy YW

OHI(W)
ows

SHI (W)
Ows,

oH; (W)

r—1
ows

OHL Y (W)
Owy B

Sz,r(1'2)
52,r(xn)
55 (w2)

T

r—1
sy ()

AM. Acu

7w]2_1>7

OHI(W)

Ows,

OHO (W)
ows,

OHy (W)

Awh !

OHL (W)

w1t

Sn7r(x2)
Sn,r(xn>
r—1

sia ) (22)

s ()

HI (W)
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and

af(xz,wgéw%...,w;"l) o 0 o 0

Wy
8 s 07 17"" w
0 B f(z wnazzé wn ) 0
F=
0 0 0
af(xnvw'%vw'rlw“"wzil)

0 . 0 ce wh !

To obtain our results we will use the following theorem

Theorem 2 Let () C R"be a bounded domain and let H : €2 — €) be a vector
function defined by (wy,...,w,) — (Hi(wy,...,wy),..., Hy(wy, ..., wy,)).
Denote by A(w) the following matric

A(w) = A(wn, ws, . wy) = <6H"(“’))i’jzm.

0w]~

[5]% P — . . .
If the functions H and a—,l,j = 1,n are continuous in §2, then there exist
wj
in Q a fiz-point w* of the application H, i.e w* = H(w"), which can be
found by iteration w* = lim w™, w® = H(w* D) k=1,2,..., w® € Q

(arbitrary).
If in addition ||A|| < q < 1, for any iteration w™®, the following estima-
tion holds

k
T, L0
< u® - 0.

Ju

Theorem 3 Suppose that
af(‘r7 Ug, Uy - - - 7u7“—1)
8Ui
|f(z, uo, ury ..oy up1)| < N (V) (2,00, ug, ... tup—q) € D.

\gM,izo,Tl,
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If M < ||S||”", then the system (8) has a solution which can be deter-

mined by iteration.

Proof. From (8) we can write

w!| < (k)’ ‘ () +Z‘skTIZ flap,wp, ... wy Y|
k=0
r—1 ' .
<y y§’“’) : \sg{;@i) +NZ)S,§{7{(@) =%, j=07—1
=2

Now we can apply the Theorem 2, where the domain €2 is defined by

— 0 1 1 r—1 r—l r(n—1
Q= {wQ,...w Wy, ..., W w2 soswh) C R

, ] = O,T—l,iZQ,n},
It is clear that
[Al = [ISF[ < [ISI - 1F[l < ||S]| - M <1,

and therefore all the conditions of Theorem 2 are satisfied. There exist a

solution w* of (8), which can be found by iteration.

Remark 2 In the above considerations, for the matriz A = (a;;); j—1, we

can use one of the following norms

AL, —maX{Zlaml} 1Al —maX{Zlaml}

The algorithm for obtaining of numerical solution of the differential
equation problem (4) has the following steps:

1. The determination of fundamental spline functions s, ;, s;,, 7 = 0,7 — 1,
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i = 2,n which are obtained from system (6).

2. The starting iteration point W© can be chosen using a numerical method
for differential equation.

3. From Theorem 2.3 follow that the solution of differential equation (4)
can be found by iteration W* = lim W where W® = H(W*=1),

n—oo
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