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Convergence of an iterative algorithm to a
fixed point of uniformly L-Lipschitzian
mapping
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Abstract

Let K be a non-empty closed convex subset of an arbitrary Ba-
nach space E. Let T : K — K be uniformly L Lipschitzian with
F(T) # 0. Let {k,} C [1,00) be a sequence with lim k, = 1.For

n—oo

any o € K and fixed u € K, define the sequence {x,} by
Tnt1 = Qpu + B0 + 7,1 Ty,

where {an},{8,}.{7.} are real sequences in (0,1) satisfying some
conditions.Then the sequence {x,} converges strongly to a fixed

point of T.

Asymptotically nonexpansive, Asymptotically pseudocontractive, uni-

formly L-Lipschitzian, Banach space.
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1 Introduction and preliminaries

Let K be the closed convex subset of a real Banach space E with the dual

space E*. The normalized duality mapping J : E — 2Fis defined as

J(2)={f € B (x, f) = =l = lFI”, Ifll = llall} Vo€ B,

where (., .) denotes the duality pairing between E and E*. The single valued
normalized duality mapping is denoted by j. Let F'(T') denotes the set of
fixed points of the mapping T : K — K.

Definition 1 The mapping T : K — K 1is said to be non-expansive if
ITw = Tyl < ||z —y|l for all 2,y € K.

Definition 2 The mapping T : K — K is said to be uniformly L- Lips-

chitzian if there exists L > 0 such that Vn > 1

|T"x —T"y|| < Lz —vy|| forallz,ye K.

Definition 3 The mapping T : K — K s said to be asymptotically non
expansive if there exists a sequence {k,} C [1,00) with k, — 1 such that
Vn>1

|T"x — T y|| < ky ||z —y|| forall x,y € K.

Definition 4 The mapping T : K — K 1is said to be asymptotically pseu-
docontractive if there exists a sequence {k,} C [1,00) with k, — 1 and

j(x—y) € J(x—y) such that Vn > 1

(T = T"y,j (x —y)) < ko llz —y[|* for allz,y € K.
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It is easy to see that every asymptotically nonexpansive mapping is
uniformly L- Lipschitzian and every asymptotically non-expansive mapping
is asymptotically pseudocontractive but the converse is not true. The class
of asymptotically pseudocontractive mappings was introduced by Schu[6]
who proved the strong convergence theorem for the iterative approximation
of fixed points of asymptotically pseudocontractive mappings in Hilbert
space. Chang [2] extended the result of Schu to real uniformly smooth

Banach space. In[8], there has been introduced an iteration scheme as
Tpt1 = apu + B2, + v, T2, n>0,

for given zg € K and arbitrary but fixed u € K. The result proved in [8] is

as under:

Theorem 1 /8] Let C' be a nonempty closed convex subset of a uniformly
smooth Banach space E. Let T : C — C be a non expansive mapping
such that F(T) # 0. Let {a,} , {0}, {7} be three real sequences in (0, 1)

satisfying the following control conditions

(1) an+ B, +7, =1 foralln > 0;

(77) lim o, =0 and ) a, = o0;
n=1

(13i) lm ~, = 0, for given zo € C arbitrarily and fized u € C, let the

sequence {x,} be generated iteratively by
(1) Tpr1 = o+ B2, +v,Tx,, n>0.

Then the sequence {x,} converges strongly to a fized point of T.
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Our main motive here is to generalize the result of [8] to arbitrary Banach
space and for uniformly L-Lipschitzian mappings. Our iteration scheme is
a modification of the iteration scheme given in (1) . Our result improves and

generalizes the results proved in [2, 4, 6, 9, 5, 1, 3, 7].

Lemma 1 Let E be real Banach space and J be the normalized duality

mapping. Then for any given x,y € E, we have
lz+yl* < llel* +2(y. 5 (x+9)), Vil@+y) € J(x+y).

Lemma 2 Let {a,} and {b,} be two nonnegative real sequences satisfying

the following condition
An+1 S (1 + )\n) Qp bna vn Z Ny,

where {\,} is a sequence in (0,1) with Y A\, < oo. If > b, < oo, then
n=0 n=0

lim a,, exists.

n—oo

Lemma 3 Let {0, } be a sequence of nonnegative real numbers and {\,} C

[0,1] be the real sequence satisfying the following condition

i Ay, = 00.
n=0

If there exists a strictly increasing function ¢ : [0,00) — [0,00) such that
9721+1 <02 — X0 (Op41) + 00y VR > g,

where ng is some non negative integer and {o,} is a sequence of nonnegative

numbers such that o, = o(\,), then 6, — 0 as n — oco.
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2 Main results

Theorem 2 Let K be a non empty closed convex subset of an arbitrary
Banach space E. Let T : K — K be a uniformly L- Lipschitzian mapping
with F(T) # 0. Let {k,} C [1,00) be a sequence with lim k, = 1.For any

n—oo

xo € K, and fized u € K define the sequence {x,} by
(2) xn-}—l = QU + ﬁnxn + ’YnTn'I’VH

where {a,}, {6, } . {v.} are real sequences in (0,1) satisfying the following

conditions

(i) Z’yn—oo (i1) 27n<00 (i1i) Zan<oo (iv) Z'ynk < o0;
(v) Oén =0(v,); (vz) hm Y, = 0.

If there exists a strictly increasing function ¢ : [0,00) — [0,00) with

¢ (0) = 0 such that
(T"x = p,j (x=p)) < kallz = pl* = (lz —pll), Vo€ K,

then the iterative scheme {z,} defined by (2) converges strongly to a fixed
point of T.
Proof. Let p € F(T). First we prove that {z,} is bounded. By using

Lemma 6 we have:

e —#l* = llvn (u = p) + B, (20 = ) + 7, (T2 — )|

< B2 ||z — plI? + 2 {an (u—p) + 7, (T"T0 = p) ,j (Tns1 — P))



86 N. Bano, N. A. Mir

< B Jn = plI* + 2 {an (u—p), j (Tny1 — p))
+2 (v, (I"zn — p), J (Tnt1 — p))

< Balln =l 20 Ju—pl |2 n =Pl 427, | T s =T 2| |20 1|
+29, (T"Tp11 — P, J (Tn1 — p))

< B |wn —plI* + 200 lu—pl [ €nn —pIH- 27, T Tnia = T" | | 242 — |
+27,, (kn 1201 = plI* = ¢ (|01 — 1))

< Ballen —pll*+ 20 lu—plllzns —pll+27, L |20 — 2ol | 200 —pll

3) 427, (ka 201 = 2" = & (|20 — 2I))

Now consider

[zni1 = znll = llam (u = 2n) + 7, (T"20 — 22|
< anlu— @]l + 7, | T" 20 — 2
< an ([Ju=pll + llzn = pll) + 7, 1T 20 = pll + ll2n = pl])
(4) < an 47, (LA D] lzn = pll + an flu = pll -

Substituting (4) into (3)

|2 —pl* < 67 lln —all*+20 lu — pll 21 — pl]
27, L ((an+7 (L+1)) [0 —pll + an lu = pl]) |2n1—p

+27, (kn ”xn-l-l _p”2 -9 (”mn-i-l - p”))
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< B2 Nl = plI* + i [lu = plI* + o [|2ns1 — pll?

7L (0 + 7, (L + 1)) [l — pl®

7L (o + 7, (L4 1)) lznsr — pl®

+yn Lo, || = pll* + v, Lay, |2 — plf?

+27,, (kn |21 = pI° = ¢ (|2nss — pl))
= (B2 +7v0n LYo L (L+1) |z =+ (an 7,00 L) [lu—p]”

+ (20,0l AL (LA+1) 427, kn) [T — 1> — 27,0 (|21 — )
< (B2 4700 LAY2L (L+D) [ —pl* +au (14 L) [Ju—p||*

(5) +(ozn—|—2ynaﬁL—|—7er (L+ 1)+2%J€n) T —p||2—27n¢(||95n+1 —1)-
By (5) we get

(1=00) |2ns1 —01°< (B +7,0m LA72 LILA+D) |20 —pl|* +an (14 L) [lu—p||*
= 29,0 ([[zns1 — pll)
(6) (B 7m0 LA72L (LA+1) ||z —pl* +am (14 L) [[u—pl|*

where 0,, = a, +27,,a, L+72L (L + 1)+27, k,. By conditions (i) and (i) it
is obvious that lim o, = 0, therefore there exists a positive integer N such

that 0 < 0, < % for all n > N, which implies 1 — o,, > 0, hence 7’;” > 0.

1—
By (6) we have

3Ly, 0 + 27,k + 272 L (L 41 Tn
s =pl* < (14 o AP LEAD - e Y g,
02l e 2

¢ ([lzn1 = pl)



88 N. Bano, N. A. Mir

1—0,

3L, 0 + 29, k0 + 292 L (L + 1

an, (1+L 29,
+1<_—an) lu—pl* - T Uncb(l\wnﬂ —nl)

< (14 6Ly,00 + 47,k + 492 L (L + 1)) [l — plf”

29,
+2a, (1 + L) [Ju — p||* - - ¢ (||[zns1 — pl|)

< (14 6Lan + 47,kn + 492 L (L + 1)) |z, — p|?

(7) +200, (1+ L) [lu—p|*.
By conditions (i7), (iii) , (iv) we deduce that

> (6Low + 4y, ki + 472 L (L + 1)) < o0,

n=0
and

Z 20, (14 L) ||lu — p||* < oo.

n=0

Hence by Lemma 7 and inequality ( 7), we deduce that lim ||z, — pl| exists.

Therefore the sequence {z,, }is bounded. Let M = min {sup zn —p|| s [Ju — p||} ;

for a positive constant M. Secondly we prove that x,, — p asn — co.Considering

inequality (7) as n — oo, we have:

|#nes =2l < 2w = plI* = 29,6 (2ns1 — pll)
42y, <3L% 42k, + 2y, L(L+1) + 2 (L + 1)) M2,
Y

n n

Let 0 = |2 — plls An =, 0 = <3L2‘—“+2kn+2fynL (L+1)+2 (L+1)> M2,
then by conditions (i) to (vi) 0, = o(\,). Therefore using Lemma 3 it fol-
lows that ||z, — p|| — 0. Hence x,, — p as n — oo. This completes the

proof.
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