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Convergence of an iterative algorithm to a

fixed point of uniformly L-Lipschitzian

mapping 1

Nikhat Bano, Nazir Ahmad Mir

Abstract

Let K be a non-empty closed convex subset of an arbitrary Ba-

nach space E. Let T : K → K be uniformly L Lipschitzian with

F (T ) 6= ∅. Let {kn} ⊆ [1,∞) be a sequence with lim
n→∞ kn = 1.For

any x0 ∈ K and fixed u ∈ K, define the sequence {xn} by

xn+1 = αnu + βnxn + γnTnxn,

where {αn} , {βn} , {γn} are real sequences in (0, 1) satisfying some

conditions.Then the sequence {xn} converges strongly to a fixed

point of T.

Asymptotically nonexpansive, Asymptotically pseudocontractive, uni-

formly L-Lipschitzian, Banach space.
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1 Introduction and preliminaries

Let K be the closed convex subset of a real Banach space E with the dual

space E∗. The normalized duality mapping J : E → 2E∗ is defined as

J (x) =
{
f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2 , ‖f‖ = ‖x‖} ∀x ∈ E,

where 〈., .〉 denotes the duality pairing between E and E∗. The single valued

normalized duality mapping is denoted by j. Let F (T ) denotes the set of

fixed points of the mapping T : K → K.

Definition 1 The mapping T : K → K is said to be non-expansive if

‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ K.

Definition 2 The mapping T : K → K is said to be uniformly L- Lips-

chitzian if there exists L > 0 such that ∀n ≥ 1

‖T nx− T ny‖ ≤ L ‖x− y‖ for all x, y ∈ K.

Definition 3 The mapping T : K → K is said to be asymptotically non

expansive if there exists a sequence {kn} ⊆ [1,∞) with kn → 1 such that

∀n ≥ 1

‖T nx− T ny‖ ≤ kn ‖x− y‖ for all x, y ∈ K.

Definition 4 The mapping T : K → K is said to be asymptotically pseu-

docontractive if there exists a sequence {kn} ⊆ [1,∞) with kn → 1 and

j (x− y) ∈ J (x− y) such that ∀n ≥ 1

〈T nx− T ny, j (x− y)〉 ≤ kn ‖x− y‖2 for all x, y ∈ K.
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It is easy to see that every asymptotically nonexpansive mapping is

uniformly L- Lipschitzian and every asymptotically non-expansive mapping

is asymptotically pseudocontractive but the converse is not true. The class

of asymptotically pseudocontractive mappings was introduced by Schu[6]

who proved the strong convergence theorem for the iterative approximation

of fixed points of asymptotically pseudocontractive mappings in Hilbert

space. Chang [2] extended the result of Schu to real uniformly smooth

Banach space. In[8], there has been introduced an iteration scheme as

xn+1 = αnu + βnxn + γnTxn, n ≥ 0,

for given x0 ∈ K and arbitrary but fixed u ∈ K. The result proved in [8] is

as under:

Theorem 1 [8] Let C be a nonempty closed convex subset of a uniformly

smooth Banach space E. Let T : C → C be a non expansive mapping

such that F (T ) 6= ∅. Let {αn} , {βn} , {γn} be three real sequences in (0, 1)

satisfying the following control conditions

(i) αn + βn + γn = 1 for all n ≥ 0;

(ii) lim
n→∞

αn = 0 and
∞∑

n=1

αn = ∞;

(iii) lim
n→∞

γn = 0, for given x0 ∈ C arbitrarily and fixed u ∈ C, let the

sequence {xn} be generated iteratively by

(1) xn+1 = αnu + βnxn + γnTxn, n ≥ 0.

Then the sequence {xn} converges strongly to a fixed point of T.
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Our main motive here is to generalize the result of [8] to arbitrary Banach

space and for uniformly L-Lipschitzian mappings. Our iteration scheme is

a modification of the iteration scheme given in (1) . Our result improves and

generalizes the results proved in [2, 4, 6, 9, 5, 1, 3, 7].

Lemma 1 Let E be real Banach space and J be the normalized duality

mapping. Then for any given x, y ∈ E, we have

‖x + y‖2 ≤ ‖x‖2 + 2 〈y, j (x + y)〉 , ∀j (x + y) ∈ J (x + y) .

Lemma 2 Let {an} and {bn} be two nonnegative real sequences satisfying

the following condition

an+1 ≤ (1 + λn) an + bn, ∀n ≥ n0,

where {λn} is a sequence in (0, 1) with
∞∑

n=0

λn < ∞. If
∞∑

n=0

bn < ∞, then

lim
n→∞

an exists.

Lemma 3 Let {θn} be a sequence of nonnegative real numbers and {λn} ⊆
[0, 1] be the real sequence satisfying the following condition

∞∑
n=0

λn = ∞.

If there exists a strictly increasing function φ : [0,∞) → [0,∞) such that

θ2
n+1 ≤ θ2

n − λnφ (θn+1) + σn, ∀n ≥ n0,

where n0 is some non negative integer and {σn} is a sequence of nonnegative

numbers such that σn = o (λn) , then θn → 0 as n →∞.
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2 Main results

Theorem 2 Let K be a non empty closed convex subset of an arbitrary

Banach space E. Let T : K → K be a uniformly L- Lipschitzian mapping

with F (T ) 6= ∅. Let {kn} ⊆ [1,∞) be a sequence with lim
n→∞

kn = 1.For any

x0 ∈ K, and fixed u ∈ K define the sequence {xn} by

(2) xn+1 = αnu + βnxn + γnT
nxn,

where {αn} , {βn} , {γn} are real sequences in (0, 1) satisfying the following

conditions

(i)
∞∑

n=0

γn = ∞; (ii)
∞∑

n=0

γ2
n < ∞; (iii)

∞∑
n=0

αn < ∞; (iv)
∞∑

n=0

γnkn < ∞;

(v) αn = o (γn) ; (vi) lim
n→∞

γn = 0.

If there exists a strictly increasing function φ : [0,∞) → [0,∞) with

φ (0) = 0 such that

〈T nx− p, j (x− p)〉 ≤ kn ‖x− p‖2 − φ (‖x− p‖) , ∀x ∈ K,

then the iterative scheme {xn} defined by (2) converges strongly to a fixed

point of T.

Proof. Let p ∈ F (T ) . First we prove that {xn} is bounded. By using

Lemma 6 we have:

‖xn+1−p‖2 = ‖αn (u− p) + βn (xn − p) + γn (T nxn − p)‖2

≤ β2
n ‖xn − p‖2 + 2 〈αn (u− p) + γn (T nxn − p) , j (xn+1 − p)〉
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≤ β2
n ‖xn − p‖2 + 2 〈αn (u− p) , j (xn+1 − p)〉
+2 〈γn (T nxn − p) , j (xn+1 − p)〉

≤ β2
n‖xn−p‖2+2αn‖u−p‖‖xn+1−p‖+2γn‖T nxn+1−T nxn‖‖xn+1−p‖
+2γn 〈T nxn+1 − p, j (xn+1 − p)〉

≤ β2
n‖xn−p‖2+2αn‖u−p‖‖xn+1−p‖+2γn‖T nxn+1−T nxn‖‖xn+1−p‖
+2γn

(
kn ‖xn+1 − p‖2 − φ (‖xn+1 − p‖))

≤ β2
n‖xn−p‖2+2αn ‖u−p‖‖xn+1−p‖+2γnL ‖xn+1−xn‖‖xn+1−p‖
+2γn

(
kn ‖xn+1 − p‖2 − φ (‖xn+1 − p‖))(3)

Now consider

‖xn+1 − xn‖ = ‖αn (u− xn) + γn (T nxn − xn)‖
≤ αn ‖u− xn‖+ γn ‖T nxn − xn‖
≤ αn (‖u− p‖+ ‖xn − p‖) + γn (‖T nxn − p‖+ ‖xn − p‖)
≤ [αn + γn (L + 1)] ‖xn − p‖+ αn ‖u− p‖ .(4)

Substituting (4) into (3)

‖xn+1−p‖2≤ β2
n ‖xn−p‖2+2αn ‖u− p‖ ‖xn+1 − p‖

+2γnL ((αn+γn (L+1)) ‖xn−p‖+ αn ‖u− p‖) ‖xn+1−p‖
+2γn

(
kn ‖xn+1−p‖2 − φ (‖xn+1 − p‖))
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≤ β2
n ‖xn − p‖2 + αn ‖u− p‖2 + αn ‖xn+1 − p‖2

+γnL (αn + γn (L + 1)) ‖xn − p‖2

+γnL (αn + γn (L + 1)) ‖xn+1 − p‖2

+γnLαn ‖u− p‖2 + γnLαn ‖xn+1 − p‖2

+2γn

(
kn ‖xn+1 − p‖2 − φ (‖xn+1 − p‖))

=
(
β2

n+γnαnL+γ2
nL (L+1)

) ‖xn−p‖2+(αn+γnαnL) ‖u−p‖2

+
(
αn+2γnαnL+γ2

nL (L+1)+2γnkn

) ‖xn+1−p‖2−2γnφ (‖xn+1−p‖)
≤ (

β2
n+γnαnL+γ2

nL (L+1)
) ‖xn−p‖2+αn (1+L) ‖u−p‖2

+
(
αn+2γnαnL+γ2

nL (L+1)+2γnkn

)‖xn+1−p‖2−2γnφ(‖xn+1−p‖) .(5)

By (5) we get

(1−σn) ‖xn+1−p‖2≤ (
β2

n+γnαnL+γ2
nL(L+1)

) ‖xn−p‖2+αn (1+L) ‖u−p‖2

− 2γnφ (‖xn+1 − p‖)
≤(

βn+γnαnL+γ2
nL (L+1)

) ‖xn−p‖2+αn (1+L) ‖u−p‖2(6)

where σn = αn+2γnαnL+γ2
nL (L + 1)+2γnkn. By conditions (i) and (ii) it

is obvious that lim
n→∞

σn = 0, therefore there exists a positive integer N such

that 0 < σn < 1
2

for all n ≥ N, which implies 1 − σn > 0, hence γn

1−σn
> 0.

By (6) we have

‖xn+1 − p‖2 ≤
(

1 +
3Lγnαn + 2γnkn + 2γ2

nL (L + 1)

1− σn

− γn

1− σn

)
‖xn − p‖2

+
αn (1 + L)

1− σn

‖u− p‖2 − 2γn

1− σn

φ (‖xn+1 − p‖)
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≤
(

1 +
3Lγnαn + 2γnkn + 2γ2

nL (L + 1)

1− σn

)
‖xn − p‖2

+
αn (1 + L)

1− σn

‖u− p‖2 − 2γn

1− σn

φ (‖xn+1 − p‖)
≤ (

1 + 6Lγnαn + 4γnkn + 4γ2
nL (L + 1)

) ‖xn − p‖2

+2αn (1 + L) ‖u− p‖2 − 2γn

1− σn

φ (‖xn+1 − p‖)
≤ (

1 + 6Lαn + 4γnkn + 4γ2
nL (L + 1)

) ‖xn − p‖2

+2αn (1 + L) ‖u− p‖2 .(7)

By conditions (ii) , (iii) , (iv) we deduce that

∞∑
n=0

(
6Lαn + 4γnkn + 4γ2

nL (L + 1)
)

< ∞,

and ∞∑
n=0

2αn (1 + L) ‖u− p‖2 < ∞.

Hence by Lemma 7 and inequality ( 7), we deduce that lim
n→∞

‖xn − p‖ exists.

Therefore the sequence {xn}is bounded. Let M = min

{
sup

n
‖xn − p‖ , ‖u− p‖

}
,

for a positive constant M. Secondly we prove that xn → p as n →∞.Considering

inequality (7) as n →∞, we have:

‖xn+1 − p‖2 ≤ ‖xn − p‖2 − 2γnφ (‖xn+1 − p‖)
+2γn

(
3L

αn

γn

+ 2kn + 2γnL (L + 1) +
αn

γn

(L + 1)

)
M2.

Let θn := ‖xn − p‖ , λn := γn, δn :=
(
3Lαn

γn
+2kn+2γnL (L+1)+ αn

γn
(L+1)

)
M2,

then by conditions (i) to (vi) δn = o (λn) . Therefore using Lemma 3 it fol-

lows that ‖xn − p‖ → 0. Hence xn → p as n → ∞. This completes the

proof.
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