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Subordination by p-valent convex functions :

H. A. Alkharsani, S. S. Alhajry

Abstract

We obtain an interesting subordination relation for analytic p-

valent functions by using subordinating factor sequence (by)5°.
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1 Introduction

Let A(p) denote the class of functions of the form

(1) F2) = 2+ 3,

k=2
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which are analytic in the open unit disk D = {z: z € C;|z| < 1} and p € N.
Consider also its subclasses C(p), S*(p) consisting of p—valent convex and
starlike functions respectivly, where C'(1) = C, S*(1) = S*, the classes of
univalent convex and starlike functions .

For f(z) given by (1) and ¢(z) given by

(2) 9(z) = 2"+ Y geat
k=2

the convolution (or Hadamard product) of f and g, denoted by f * g, is
defined by

(f*xg)(z) =2+ Zakgkszrk_l.

k=2
Let g(z) given by (2) be a fixed function, with g; > g2 > 0 (k > 2),7 < 1,
and let

T,(v) = {f(2) € Ap) : >_ largsl < p(p —7)}-

k=2

Definition 1 A sequence (b,)° of complex numbers is said to be a subor-

dinating factor sequence if for every convex p-valent function f(z) given by

(1)

o0

Z apbp2? TP < f(2) (=< means subordinate).
k=2

Theorem 1 A sequence (b)° of complex numbers is a subordinating factor

sequence if and only if

(3) Re {1 +2) bkzk“’l} > 0.
k=2
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Proof. Assume that the sequence (b;)3° of complex numbers is a subordi-

nating factor sequence. Then

oo oo Py
§ kaerkfl < § :Zerkfl = P . 7
k=1 k=1 (1-2)

Re (i bkzl’+k—1> > Re <<1Z_pz)) ;

p
Re ((12_2)) > (_cos2p7r)’_1 <cospr <1

which is equivalent to

C 1
Re{ g bkzp+k_1} > =5 (2] < 1).
k=2

then

and since

2 Subordination with convex functions

We begin with the following subordination result.

Theorem 2 If f(z) € T,(v) and h(z) € C(p), then

g2
) o () < ),
(5) Re(f(2)) > — 22 “’;f ~) ,cp.

The constant factor
92
2(92 +p(p — 7))

in the subordination result (4) cannot be replaced by a larger number.
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Proof. Let G(z) = z 4+ > 40y g227TF"1. Since T,(y) C Te(y), our result
follows if we prove the result for the class T (7). Let f(z2) € T(y) and
suppose that

h(z) =2 + chzp+k_1 e C(p).
k=2

In this case,

2 (fah)(z) = 72 ( + Z) |

2(g2 +p(p — 7)) 2(g2 +p(p — 7)) pt

Observe that the subordination result (4) holds true if

(%m+ia—vﬁ%>i

is a subordinating factor sequence (with a; = 1). In view of Theorem 2 |

this is equivalent to the condition that

NE

(6) Re (1 + J2 )>akzp+k1> > 0.

“ (92 +plp —

i

Since g > g2 > 0 for k > 2, we have

S 92 ptk—11] _
Pm<1+2;ﬁh+p@—vﬂ%z >__

k=1

1 o
Re (1 + 92 2P+ Z 92ak2p+k_1>
k=2

92 +p(p—7) g2+ pP—")

92 1 - k—1
2 1-— rP + gaQy, Tp+
<m+m@—7) w+Mp—WZ;| |

>1-— <—92 rp+—p(p_7> rp) >0, (lz] =r<1).
g2 +pp—7) g2 +pp—7)




Subordination by p-valent convex functions 67

Thus(6) holds true in D, and proves (4). The inequality (5) follows by

taking
[ ! - +h—1 (2p)k—p
0 =2

in (4).
Now consider the function
F(z) = 2P — ]Mz2, (v <1).
g2

Clearly, F'(z) € T,(y). For this function F'(z), (4) becomes

z

92 p(z) < h(z) = p /

2(g2 +p(p—1))

!
(1—t)»

dt,

[e=]

It is easily verified that

min {Re (g =) } = 3= € P

Therefore,

g2
2(g2 +p(p—))

cannot be replaced by any larger constant.

Corollary 1 If f(z) € T,(j,\, o, n), (Alkharsani and Alhajry [1]); and
h(z) € C(p), then

(7)
2"2p—a)(A(2p—1)+1)
222 —a) A2 -1+ 1)+ (p-a)A(p—-1)+1))

(f *h)(2) < h(z),
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2"2p—a)A2p-D+D)+(p-—a)(Ap-1)+1))
Re(f(z)) > — > (2p—a)A2p— 1 1) z€eD.

The constant factor

2"2p—a)(A(2p—1)+1)
222 —a)AZp -1+ 1)+ (p-a)A(p-1)+1))

in the subordination result (7) cannot be replaced by a larger number.

Corollary 2 If f(z) € T(j,p, N\, «) (Altintas et al. [2]); and h(z) € C(p),
then

®)
(20— a) (A (2p— 1) + 1) e
@ 2D+ D) p—a) (- e =hE),
@) A2 -D+D+ p-a) A1) +1)
Re(#(=)) > @ —a)(\2p— 1) + 1)
The constant factor

,2€D.

2p—a)(A(2p—1)+1)
2(2p—a)(A2p -1+ 1)+ (p—a)(A(p—1)+1))

in the subordination result (8) cannot be replaced by a larger number.

Remark 1 The case A = 1 and p = 1 in Corollary 2 was obtained by
Rosthan et al. [6]

Corollary 3 If f(z) € T*(p,j,«) (Owa [5]); and h(z) € C(p), then

) S B)(E) < )
(3p — 2a) B
Re(f(2)) > T —a) eD.
The constant factor
@p—a)
2 (3p — 2a)

in the subordination result (9) cannot be replaced by a larger number.
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Remark 2 The case « = 0 and p = 1 in Corollary 3 was obtained by
Singh [7].

Corollary 4 If f(z) € p(j, A\, o, n), (Aouf and Srivastava [3]); and h(z) €
C, then

27-1(2 — a) (A +1)

(10) 2r2—a) A+ 1)+ (1—a))

(f +h)(2) < h(z),

2"2—a)(A+ 1)+ (1—a))

D
2 12_a)(Ar1)

Re(f(2)) > —

The constant factor

21 (2 —a) (AN +1)
2r2—a)( A+ 1)+ (1 —a))

in the subordination result (10) cannot be replaced by a larger number.

Remark 3 The case A =0 in Corollary 4 was obtained by Eker et al. [4].
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