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Abstract

In this paper, we obtain some inequalities between Greek means
and various means. Further, we deduced the best possible values of
various means with Gn,,,(a,b) and gn,(a,b). Also we studied the
partial derivatives of important means and the value of « of second

order partial derivatives.
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1 Introduction

In ([1]), Ten Greek means are defined on the basis of proportions of which
six means are named and four means are unnamed and some distinguished
results are obtained. In ([5], [6]) authors defined Oscillatory, v Oscillatory
means and its duals and obtained some new inequalities and the best possi-
ble values with Logarithmic mean, Identric mean and Power mean. In ([7])
authors defined Gn, ,(a,b) , gn,(a,b) deduced some important results and
also shown applications to Ky-Fan inequalities. Here we find the best possi-
ble values of the parameters u, r for which Fy, F5 and Fy are satisfied by the
inequalities (15) to (22). Further in ([1]), the partial derivatives of means
and some related results are given, using which we obtained parameter «a
for various means.
Let a, b > 0, then

a+b

(1) A(a,b) = Fi(a,b) = 5

(2) G(a,b) = Fy(a,b) = Vab

2ab
F: b) =
) () = -
a’® + b?
(4> C<a7b> - F4((Z,b) - a+b

(5) F5(a’b>:a—b+\/(c;—b)2+4b2

(©) FG(a’b):b—a+\/(c;—b)2+4a2
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are respestively called Arithmetic mean, Geometric mean, Harmonic mean,
contra Harmonic mean, first contra Geometric mean, second contra Geo-

metric mean. Above are called named six Greek means.
a—>b
——— a#b
(7) L(a,b) =< Ina—Inb 7
a a=1"b

e(alns:glnbil) a% b

(8) I(a,b) =
a a=>o
(55)" r#0
M.(a,b) =
9) (a,b) Vg r—o
(10) H(a,b):M—TM

are respectively called Logarithmic mean, Identric mean and Power mean

and Heron mean.

Definition 1 (/7]) For positive numbers a and b , r be a positive real num-

ber and p € (—2,00). Then Gn,,(a,b) and gn,(a,b) are defined as

2 A(a,b) + L5 M, (a,b) r#0

1) Gnlab={ 7
A ) + Ji5Glab) =0
and

(12) gnur(a,b) =
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Definition 2 (/6]) Let o € [0,1] and r > 0, then r™ Oscillatory mean and
its dual are defined by

(13) O = O(a,b;a,r) = aM,(a,b) + (1 — ) A(a, b)
and
(14) o=o(a,b;a,r) = M*(a,b)A'"*(a,b).

Let us conclude the introduction by a brief description of the contents
of the paper. Section 2 contains new inequalities involving Greek means
and other means and its proof are given. Also, we present tablel contain
the best possible value of important means with Gn,, ,(a,b) and gn, ,(a,b),
power mean, Oscillatory mean and r*® Oscillatory mean.Finally, Section 3
contains partial derivatives and consequences of symmetric mean, « values

for important means are tabulated in Table 2 and two remarks.

2 Some Inequalities

Theorem 1 For py, ps # —2, r # 0,3 and if p; < TfS < o, then

(15) (1) gnps 2 (a,0) < Fi(a,b) < Gy, 1 (a, ).
Furthermore p; = po = —% is the best possible for (15).
(16) (1t) gng,o(a,b) < Fy(a,b) < Gny, o(a,b).

Furthermore py = pp = —3 is the best possible for (16).
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Proof. Applying Taylor’s theorem and by settinga =z =t+1and b= 1,

we have
Fy(z,1) = Fy(t+1,1) = 1+t+t2 r
m - T T T T eee
4 ) 4 2 4 8
t (1-—
g (,1) = G (6 +1,1) = 14 L = 127 U=y
2 (Ml )
t (L—r)ps
Sz, 1) = At+1,1) =1+ — 2+ .
Gy (1) = gny, »(t+1,1) +5 T8 +

Consider gny, »(a,b) < Fy(a,b) < Gny, ,(a,b) — (;2_:)2’;2 <i< E;:-:)Zl;é

with simple manipulation we have p; < E < ug, Hence the proof of

(15) and (16).

Theorem 2 For py, po # =2, 1 # 0,2 and if py < = 2 < o, then

(17) (1) gnu, »(a,b) < Fs(a,b) < Gny,, (a,b).
Furthermore py = pe = == is the best possible for (17)
(18) (1t) gnu,o(a,b) < Fs(a,b) < Gny, o(a,b).

Furthermore puy = pg = —1 is the best possible for (18).

Corollary 1 For py, o # =2, 7 # 0,2 and if pp < o, then

_7,‘2_

(19) (1) gng,r(a,b) < Fg(a,b) = F5(a,b) < Gny, ,(a,b).

Furthermore py = pp = =25 is the best possible for (19).

(20) (ii) gn,,o(a,b) < Fg(a,b) = F5(a,b) < Gny,, o(a,b).

Furthermore py = po = —1 is the best possible for (20).
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Theorem 3 Let oy, as € [0,1], r £ 0,1, if g < 73_1 < g, then

(21) O(a,b;on,1) = Fi(a,b) = ofa, by oz, 7).

Furthermore oy = oy = -2 is the best possible for (21).

Proof. Applying Taylor’s theorem and by settinga =x =t+1and b= 1,

we have
Fy(x,1) = Fy(t+1,1) 1+1ﬁ+t2+t3
€T = = — — - — ...
4\ 4 ) 9 4 ]
t 1—
O(a,b;a,r)zl—l———utz—i—...
2 8
t a(l—r),
b; =14+-——7t"+ ..
o(a,b; a,r) —1—2 3 +
Consider a; < 7"%1 < ay. With simple manipulations we get
co(l=r) o 1y a(-r)
8 - 4 8
t 1-— t 1—
PR k) POV AU S I 1 Ul VI

5 2 51 > 5 2
O(a,b;a1,7) > Fy(a,b) > o(a,b;a,1).

Furthermore a; = ap = —2; is the best possible (for 21).
Theorem 4 Let o, oz € [0,1], 7 # 0,1, if oy < = < ay, then
(22) O(a,b;aq,7r) > Fs(a,b) > o(a, b; ag,r).

Furthermore oy = oy = —= is the best possible for (22).

1
Corollary 2 Let oy, ag € [0,1], 7 #0,1, if oy < T%l < aw, then
(23) O(CL, b7 041,7") > F5<a7b) = F6<a7b) > 0<a7b; 042,7’).

Furthermore oy = ag = T_Ll is the best possible for (23).
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The proofs of the following remarks are obvious.

Remark 1

F3 < Fy <L < My <My <H<Myz<F <Fg<Fs<UFy

Remark 2
F3<F <L<I<F <F;<F;<Fy

The following table gives the best possible value of important means with
Gn,,.(a,b) and gn,, ,(a,b) power mean, oscillatory mean and 7 oscillatory

mean.

Table 1

Important means Gnyuo(a,b) | Gnyr(a,b) | O(a,b;o,7) | O(a,b;a) | Mr(a,b)
Arithmetic mean 0 0 0 0 1
Geometric mean 00 _72 li'r 1 0
Contra Harmonic mean _74 TfS 721 -2 3
I Contra Geometric mean -1 732 lir -1 2
II Contra Geometric mean -1 TEQ 1ir -1 2
Logarithmic mean 4 ﬁ ﬁ % %
Identric Mean 1 2%37« 3= % %
Heron Mean 1 T 3= % %

Power Mean -1 M 1 1—r - ——.

3 Partial Derivatives and Consequences

For a symmetric mean M (a,b) the partial derivatives are exist, then we

have

(24) M,(c,c) + My(c,c) =1
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(25) M,(c,c) > 0 and My(c,c) >0

(26) 0 < M,(c,c) <1and 0< My(c,c) <1

(26) property does not hold for arbitrary point.

(27) Mo(c,c) = My(e, c) = %

(28) Ma(c,¢) + 2My(c, ¢) + My(c,c) =0
(29) Ma(c,c) = —Ma(c, ¢) = My(c,c)
(30) Moa(e,c) = < where o in R.

C

The proofs of the above results are obtained by simple direct computa-

tions.
Table 2
Important means Notation The value of ’a’
Arithmetic Mean Fi(a,b) 0
Geometric mean Fy(a,b) %
Harmonic Mean F3(a,b) %1
Logarithmic Mean L(a,b) _Tl
-1
Heron Mean h(a,b) 12
. -1
Identric Mean I(a, b) I
Power Mean M (a,b) 711
Contra Harmonic mean Fy(a,b) %
First Contra Geometric mean Fs(a,b) i
Second Contra Geometric mean Fs(a,b) i
Oscillatory mean o(a, b; a) =
rth Oscillatory mean o(a,b;r, ) #
s —u(1—
Definitionl. Gny,r(a,b) and gn,,r(a,b) (r =0) 4‘5Ii+2;)
Definitionl. Gny,r(a,b) and gng,r(a,b) (r #0) 4(;7_&2)
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