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g-Extensions for the Apostol-Genocchi
Polynomials'

Qiu-Ming Luo

Abstract

In this paper, we define the Apostol-Genocchi polynomials and g-
Apostol-Genocchi polynomials. We give the generating function and
some basic properties of g-Apostol-Genocchi polynomials. Several

interesting relationships are also obtained.
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1 Introduction, definitions and motivation

Throughout this paper, we always make use of the following notation: N =
{1,2,3,...} denotes the set of natural numbers, Ny = {0,1,2,3, ...} denotes
the set of nonnegative integers, Z; = {0, —1,—2, -3, ...} denotes the set of
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nonpositive integers, Z denotes the set of integers, R denotes the set of real
numbers, C denotes the set of complex numbers.

The falling factorial is {n}o = 1,{n}r =n(n—1)---(n—k+1) (n € N);
The rising factorial is (n)g = 1, (n)ry = n(n+1)--- (n+k—1); The g-shifted
factorial is (a;q)o = 1;(a;q)r = (1 —a)(1 —aq) -+ (1 —ag* 1),k =1,2,..;
(a;¢)0 = (1—a)(1—aq)--- (1—ag®) --- = [Tieo(1—aq"), (l¢| < 1; a,q € C).
Clearly, (a;q)x = (@:9)o

(ag*;q)c0

_ Ha

The g-number or g-basic number is defined by [a], = 11 _q g # 1, (g <
1; a,q € C); The g-numbers factorial is defined by [n],! = [1]4[2],- - [n]s (n €
N). The g-numbers shifted factorial is defined by ([alq)n = [a]gn = [a]q[a +
;- la+n—1]; (n € N, a € C). Clearly, lim,_,[a], = a, lim, ;[n],! =
al, Tings(falg)n = (@)n

The usual binomial theorem

1 = —Q n . - (a)n n .
(11) m:;( n ><—Z> :nz_% oy Z, (Z,O./E(C, |Z| < 1)
The g-binomial theorem
(@D, (a70)w .
(1.2) Z 2" = , (2, € C; |2] <1,]q] <1).

— (€ (25 @)oo

A special case of (1.2), for a = ¢®(« € C), can be written as follows:

RN ) R S N USSR e )P B
) T Goe @ T

(z2,q,a € C; |z] <1,]¢| <1).
The above g-standard notation can be found in [2].
The Genocchi numbers G, and polynomials G, (z) together with their

generalizations G and G (x) (a is real or complex), are usually defined
by means of the following generating functions (see [5, p. 532-533)):

22 \* <& 2"
_ (@)=
(1.4) (ez—i—l) E G\ i (|z] < ),

n=0
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2z \“ 2"
(1.5) (62 1) e = ng . G (x) o (|z] < ).

Obviously, for @ = 1, Genocchi polynomials G, (z) and numbers G,, are
(1.6) Go(z) = GY(z) and G, :=G,(0) (neNy),

respectively.
We now intrduce the following extensions of Genocchi polynomials of
higher order based on the idea of Apostol (see, for details, [1]).

Definition 1.1. The Apostol-Genocchi numbers and polynomials of order

a are respectively defined by means of the generating functions:

1 () =X ey (11 < log(~A)).

n

19 (55) @ =X a NG (el < oA,

Axe? +1

n=0

Clearly, we have

G (x) =G (w:1), G (N) =G\ (0;N),

B9 G e =G0 @) and  G(N) =G0 (),

where G, (), () (A\) and G, (z; \) denote the so-called Apostol-Genocchi
numbers, Apostol-Genocchi numbers of order a and Apostol-Genocchi poly-
nomials respectively.

It follows that we give the following g-extensions for Apostol-Genocchi

polynomials of order a.

Definition 1.2. The q-Apostol-Genocchi numbers and polynomials of order
a are respectively defined by means of the generating functions:
(1.10)

Wi (1) = (2t) fj

n=0

([O(] )n n. n_|njq = a tn )
[n]qq! (=2)"q"elmht = nguq)()‘)ma (g, A€ C; gl < 1),
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a o= ([ g)n o

iy W= ey “{n]]z! (gl

n=0
=Y GR@N 5, (@aAeC g <1)
n=0
Obviously,
lim gfﬁg(a:, )\) = gT(La) (I; )\)7 lim gr(ﬁzq) ()\) _ gﬁa)()o
q : g1 T

and

We recall that a family of the Hurwitz-Lerch Zeta function q),([f ;,U)(z, s, a)
14, p. 727, Eq. (8)] is defined by

(1.12) CD(pU (z,8,a) = Z (1),

VU

3

n=0 )
(neC; a,veC\Zy; po € RY; p<o when s,2€C;
p=oc and s€C when |[z|<1; p=0c and
R(s —p+v)>1 when |z]=1),

contains, as its special cases, not only the Hurwitz-Lerch Zeta function

n

(1.13) CIDI(/?,;”)(z,s,a) = (IDES;,O)(Z,S,G) (z,8,a) = Z CF¥E

n=0
but also the following generalized Hurwitz-Zeta function introduced and
studied earlier by Goyal and Laddha [3, p. 100, Eq. (1.5)]

n

(1,1) L - (/,L)n Z
(1.14) ®,17(2,8,0) = ®u(z,5,0) '_,; nl (n+a)’

which, for convenience, are called the Goyal-Laddha-Hurwitz-Lerch Zeta
function.
It follows that we introduce the following definitions.
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Definition 1.3. The q-Goyal-Laddha-Hurwitz-Lerch Zeta function is de-
fined by
(1.15)

Mzsa:zz [uqnzq (n,s € C; R(a) >0; a e C\Zy).

Setting ;= 1 in (1.15), we have

Definition 1.4. The q-Hurwitz-Lerch Zeta function is defined by

n n+a

(1.16) (z,8,a) i

n=0

s, (s €C; R(a) >0; ac C\Zj).
n—i—a

The aim of this paper is to give another generating function of ¢-Apostol-
Genocchi polynomials. Some basic properties are also studied. We obtain
several interesting relationships between these polynomials and the gener-
alized Zeta functions.

2 Generating functions of the ¢g- Apostol-Genocchi

polynomials of higher order

By (1.3) and (1.11), yields

([a]Q)n (_)\)n n+xe[n+z]qt

)W M) = @)Y

2~ ], !
- et e

(=D ™7t o= ([elg)n
(I—q)F K= [n]!

P (_l)kq(k+1)x 1 ktk
= (2t)%eT-« —.
(2)"e Z(—Aqk“;q)a l—q/) K

(_)\qk-i-l)n

NE

= (2t)%T
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Therefor, we obtain the generating function of G\ (z; A) as follows:
(2.2)

(@) N AR IR T WA < U
Waing(t) = e "2% )\qk—i-l <1—q) g:;g”;q(x; A)E

Clearly,
28) W0 = @ty — R Y
' A — ( )\q"fJrl l—q) kI &7l

Setting A = 1 in and (2.3) respectively, we deduce the generating

functions of G'%)(z) and G as follows:

(2.4)
. o (k+1)x 1 ktk o n
) (¢ B er )*q v @) (e \)
W ( (2t)%er Z 1 q) (1—(]) k! _ZOGn;q(x’)‘)n!

=0 n=

and
K (=1)k 1\ & t
2. @ (t) = (2t)%eT ( L @ (\)
(25) W(e) = (26)% kz:;(—qk“;fﬁa (1—q> k! %G”’Q(A)n!

It follows that we derive readily the following formulas by (2.2) and (2.3)
fora =¢ € N.

2 o0 )k f{k}e
and
20 s () (—)F kgt
O (o)) — =
(27) gn;q($7 )‘> - (1 . q)n—€ — (k> (_)\qk—ﬁ—i-l; Q)Z .

Setting A = 1 in (2.6) and (2.7) respectively, we deduce the explicit formulas
as follows:

o T3 () (DR
(2.8) G (1 —q)n* Z (k‘) (—¢" 1 q)
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k /¢ (k—0+1
) (g {k} q -
(2.9) Ghg(T) = A=t Z ( ) g

3 Some properties of the ¢g- Apostol-Genocchi

polynomials of higher order

In this Section, we shall derive some basic properties of the g-Apostol-
Genocchi polynomials.

Proposition 3.1. The special values for q-Apostol-Genocchi polynomials
and numbers of higher order (n,f € N; a, A € C)

(31) . . 5 5 5
G5 (@i ) = G5 (N) = b0, G N) =0 (0=n<

On i being the Kronecker symbol.

Proposition 3.2. The formula of q-Apostol-Genocchi polynomials of higher
order in terms of q-Apostol-Genocchi numbers of higher order

n

(3:2) Gy (s ) = Z( )g@( Pl

k=0
Proof. By (1.11) and (1.10)), yields

BHVELW = S G0wN S =@

_ (Qt)aqze[m]qt f: ([a]q)n( /\)nqne[n]qq t

- - n o — T n— tn
= Z[Z (k:)gfv;q)@)q““ T

n=0 Lk=0

Comparing the coefficients of % on both sides of (3.3), we lead immediately
to the desired (3.2).
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Proposition 3.3 (Difference equation).

(3.4) MG (1 0) + G (M) = 206 ) (1)) (n 2 1),

n—1;q
Proof. It is easy to observe that

(3.5)

Z CM — 1 q /\)nqn+$€[n+m]qt :/\qa—l Z ([a]q)'n( A)nqn—l-l‘-I-l [n+z+1]4t

i

n=0 q- [

+ Z Q)” n n—i—x [n-‘,—:c]

Tl |

By (1.11)) and (3.5), we obtain the desired (3.4).

Proposition 3.4 (Differential relationship).

0

3_35 7(L;q)(x;/\) :g (m A)logq—kn gn 1q(ac;)\q).

(3.6)

Proof. By (2.7), it is not difficult.

Proposition 3.5 (Integral formula).

b
o / g”+1 ) dx + —! g”Hq(b N - gn+1 (@ /\),
n+1 i log ¢ 7

Proof. It is easy to obtain (3.7) by (3.6).

Proposition 3.6 (Addition theorem).

(3.8) Gielw+y;N) =) (Z) Gio (5 A)gh et [yt

k=0
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Proof.By (1.11), yields

(3. 9)

n |

— (2t>aqye[y]qt Z ([a]Q)n (_/\)nqn+xe[n+z]qqyt

0 [n]g!

_ - - 1L (@), .. k—a+1 n—k "
n=0 [k=0

Comparing the coefficients of %n, on both sides of (3.9), we can arrive at
formula (3.8) immediately.

Proposition 3.7 (Theorem of complement).

(3.10) Gl (a —z;\) = <_1A)a _ qa—(é*)—”gfi—l(:c; A,
(=)

(3.11) Gl o+ ;) =
Proof. It follows that by (2.7).

Proposition 3.8 (Recursive formulas).

(3.12)
(1 — )G 0) = il G (2 3) — Sloloa" 085w + 1),
(3.13)

[a]g" G (2:0) = 20 ([ g™ — [2]y) G, (3 ) + 2(n — @)GL2) (a3 N).

Proof. We differentiate both side of (1.11) with respect to the variable ¢
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yields
(3.14)
d W(a) B o) (@) )\ tn—l
E x)\q(t)_;ngnq(wv ) n
- o n n _n4+x _|n+x o
= 2a(2t)*! Z ([[n]]q)‘ (=A)grtreltalat 4 (20 [+
n=0 a
- «Q n n n+x |n+x
_l_l,]qz ([[n]f| ( )\) q + 6[ +a]qt
n=0 q
@)y S @)y
= azgnq<x7 )‘)_‘ + [‘r]ngnq(xa A)_'_
n=0 n=0
A x - (a+1) !
- §[a]qq Z gn;q (LL' + 17 )‘) ]
n=0
= @ (¢4 /\ x [e% tn_l
- |:O4gr(z,q) (l', )\) + n[x]qgr(z,_)l;q<x; )\) - §[a]qq gr(z;qul) (‘T + 1? )\) n' *
n=0 '

Comparing the coefficients of % on both sides of (3.14), we get the desired

(3.12).

We derive easily equation (3.13) by (3.4) and (3.12). The proof is com-
plete.

Remark 3.1. When ¢ — 1, then the formulas in Proposition|3.1-Proposition|3.8
will become the corresponding formulas of Apostol-Genocchi polynomials
of higher order. Further, letting ¢ — 1, = 1, then these formulas will

become the corresponding formulas of Apostol-Genocchi polynomials.

Remark 3.2. When \ = 1, then the formulas in Proposition|3.1-Proposition 3.8
will become the corresponding formulas of g-Genocchi polynomials of higher
order. Further, letting A = 1,a = 1, then these formulas will become the

corresponding formulas of ¢-Genocchi polynomials.
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4 Some explicit relationships between the ¢-
Genocchi polynomials of higher order and
g-Goyal-Laddha-Hurwitz-Lerch Zeta func-
tion

In this section, we give several interesting relationship between the Genocchi

polynomials and Hurwitz-Lerch Zeta function.

We differentiate both side of (1.11) with respect to the variable ¢, for
a=1[eN.

(4.1)

g (CL )\) S;Wa ()t 0 _ ZIZ Q]q;'k k k+a§; {e[k+a]qttl} _
_olf, (Wadk ok rrar o g m1 — grgy 5 ok (1)
=2/{ }lkzo [k]q'( Nk +al" T =2 }zkzzo oK [kz+a17"’

we obtain the following theorem.

Theorem 4.1. The following relationship
(4.2)
G (a;\) = 2{n}1@uy(—A,l-n,a),  (n,l€N; n2=1 [N\ £1; a€C\Zy),

holds true between the q-Apostol-Genocchi polynomials of higher order and
q-Goyal-Laddha- Hurwitz-Lerch Zeta function.

Taking [ = 1 in (4.2)), yields
Corollary 4.1. The following relationship
(4.3)  Gug(a;X) =2nP, (=N, 1 —n,a), (neN; |A[=1;, acC\Z),

holds true between the q-Apostol-Genocchi polynomials and the q-Hurwitz-

Lerch Zeta function.
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Letting ¢ — 1 in (4.2), we have

Corollary 4.2. The following relationship
(4.4)
G (a;A) = 21{nhi®i(=A,l=n,a), (0,0 €N; n21l; [N £1; a € C\Zy),

holds true between the Apostol-Genocchi polynomials of higher order and
Goyal-Laddha-Hurwitz-Lerch Zeta function.

Setting [ = 1 in (4.4), we deduce the following interesting relationship
Corollary 4.3. The following relationship
(4.5) G, (a;A) =2n®(=\,1—n,a), meN; A =1, aeC\Z),

holds true between the Apostol-Genocchi polynomials and Hurwitz-Lerch

Zeta function.
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