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Central Extension of Mappings on von
Neumann Algebras!

M. Mirzavaziri and M. S. Moslehian

Abstract

Let 9 be a von Neumann algebra and p : 9T — 91 be a *-ho-
momorphism. Then p is called a centrally extendable x-homomor-
phism (CEH) if there is a maximal abelian subalgebra (masa) M
of the commutant 9 of M and a surjective *-homomorphism ¢ :
M — M such that ¢(Z) = p(Z) for all Z in the center of M. A *-p-
derivation 0 : M — M is called a centrally extendable *-p-derivation
(CED) if there is a masa M of 9 such that ¢ has a norm preserving
extension ¢ : C*(M, M) — C*(9M, M) which is a *-j-derivation for
some #-homomorphism g : C*(9M, M) — C* (M, M) as an extension
of p, where C*(9, M) is the C*-algebra generated by 9t U M. In
this paper we give some sufficient conditions for a x-homomorphism
to be a CEH and prove that § is a CED if and only if p is a CEH.
Thus the study of p-derivations on arbitrary von Neumann algebras

is reduced to the case of type I von Neumann algebras.
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centrally extendable x-p-derivation (CED), modular conjugation operator,

von Neumann algebra, p-derivation.

1 Introduction

Let 2 and B be two algebras, X be a B-bimodule and p : A — ‘B be
a homomorphism. A linear mapping d : A — X is called a p-derivation
if §(ab) = d(a)p(b) + p(a)d(b) for all a,b € A. These maps have been
extensively investigated in pure algebra. Recently, they have been treated
in the Banach algebra theory (see [1, 2, 3,16, /7, 9] and references therein).
Now suppose that 9 is a von Neumann algebra and § : 9t — 91 is a *-p-
derivation, where p : 9T — 901 is a x-homomorphism. Our problem is to find
a maximal abelian subalgebra (masa) M of the commutant 9 of 9t such
that ¢ has a norm preserving extension ¢ : C*(90, M) — C*(90, M) which is
a x-p-derivation for some x-homomorphism p: C*(9, M) — C*(9M, M) as
an extension of p, where C* (9, M) is the C*-algebra generated by 9tU M.
Toward solving the problem, we are naturally interested in finding some
sufficient conditions to ensure us that the x-homomorphism p has the desired
extension. Surprisingly, p has the property if its restriction to the center
3(M) of M is extendable. We therefore deal with the so-called centrally
extendable x-homomorphisms. We shall find some sufficient conditions on
a *-homomorphism p : 9T — 9 to be centrally extendable. Our discussion
concerning centrally extendable x-homomorphisms is interesting on its own
right. We also deal with CEH’s in the next section by using some ideas
from [8] and consider the main problem, i.e. extending a p-derivation on 9t
to C*(9M, M). The importance of our work is to extend a p-derivation on
an arbitrary von Neumann algebra to a type I von Neumann algebra.
Throughout the paper, 9t and 91 denote von Neumann algebras acting
on a Hilbert space $). we denote by 9 the commutant of 9, i.e. the
set of all 7" in B($) such that TA = AT for every A € 9. The double

commutant theorem states that 9 is a von Neumann algebra if and only
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if M" = M. We denote the center 9 N M of M by 3(M). The Tomita—
Takesaki Theorem states that 9" = J9.J, where J is a modular conjugation
on § which satisfies, among many useful properties, J?> = I and J* = .J and
(Jn, JE) = (£, n) for each n,& € H. Moreover, we know that JZ.J = Z* for
each Z € 3(9M). For more detailed information on von Neumann algebras
the reader is referred to [4, 5].

2 Centrally Extendable x-Homomorphisms

Definition 2.1. Let 9 be a von Neumann algebra and p : 9 — M be a
x-homomorphism. Then p is called a centrally extendable x-homomorphism
(CEH) if there is a maximal abelian subalgebra (masa) M of M and a
surjective x-homomorphism ¢ : M — M such that p(Z) = p(Z) for each
Z € 3(M). In this case we say that (M, ) is a central structure corre-
sponding to p.

If p is the identity mapping on 91 then it is obviously a CEH. If 9 is
a masa in B($) then M = M and so each surjective *-homomorphism on
M is clearly a CEH. There are also nontrivial situations as the following

proposition shows.

Proposition 2.2. Let 9 be a von Neumann algebra with a modular con-
Jugation J, p: M — M be a x-homomorphism such that p(3(9M)) C 3(IMN)
and there is a masa N of M with p(N') = N. Then p is a CEH.

Proof. Set M = JNJ. It is easily seen that M is a masa of 9. Define
0 : M — Mby o(M) = Jp(N)J where M = JNJ for some N € N.
Obviously ¢ is well-defined and for M; = JNyJ, My = JNyJ € M we have

(M M) = @(JN1NaJ) = Jp(N1Na)J = Jp(N1)J Jp(N2)J = o(Mi)p(Ms).
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Hence ¢ is a homomorphism. Moreover, for M = JNJ € M we have

(JNJ)*In, &) =

hence (JNJ)*J = JN* and so (JNJ)* = JN*J. Thus
p(M?) = (JN*J) = Jp(N*)J = Jp(N)"J = (Jp(N)J)* = p(M)".

Therefore ¢ preserves *. Furthermore, ¢ is onto. To show this, let

M =JNJ e M. Then N = JMJ € N = p(N) and so there is an N' € N
with N = p(N’). Thus M = Jp(N')J = ¢(JN'J). Furthermore, for each
Z € 3(9M) we have p(Z) € 3(M) and

p(2) =e(JZ"]) = Jp(Z)"] = p(Z).

Thus (M, ) is a central structure corresponding to p.
As a simple result of the arguments stated in Theorem 2.3.2 of [8] we

have

Lemma 2.3. Let M be an abelian subalgebra of .
If ty ot MOM — B(9) is defined by piy, (37 Ai®@M;) = >0 A M;,
then there is an x-isomorphism fiy, . : (MM @min M)/ ker p — C*(IM, M).

Proposition 2.4. Let p : 9t — 9N be a x-homomorphism with

p(3(OM)) C 3(M). Suppose that F is a family of projections of MM whose
closed linear span is M. If p(P) < P for each projection P € F, then p is
a CEH.

Proof. Let M be a masa of M’ C 3(M)’". Then M is an abelian subalgebra
of 3(M)" and so one may consider p = ji; ., 0 3(M) @ M — B(H). We
show that p ® taq 1 3(IM) Omin M — 3(IM) Dpmin M leaves ker p invariant.
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Let K = Z?:l P, ® M, € ker i, where P, € F and M; = N;N}’s are positive

elements of M. Then we have

wp@im)K) = ZP(R’)Mi = Z Nip(P;)N;

= Y NiPN; =Y PM; = p(K)=0.
i=1 i=1
Hence the mapping p; defined on (3(9M) @i, M)/ ker i by

p1(Z@M+kerp)=(p®im)(Z @ M) + ker p,
is well-defined. Define ¢ on M = C*(3(9M), M) by © = jip1i~*. Since p is

surjective on 3(9M), so is p; and hence ¢ is a x-homomorphism on M onto

M. For each Z € 3(9M) and M € M we have
p(ZM) = jipi(Z ® M + ker )
= [(p(Z) © M + ker p)
= p(Z)M.
Taking M = I we have p(Z) = p(Z), for all Z € 3(9M). This shows that
(M, p) is a central structure corresponding to p.

Corollary 2.5. If p: 9 — 9M is a CEH then p(3(9N)) C 3(M).

Proof. Let (M, ¢) be a central structure corresponding to p. Then using
the notations of the above proposition we can define p; by p; = i~ ¢t which
maps 3(9M) into 3(M) and is equal to p on 3(M). Now p(I) € p(3(M)) C
3(90) implies that p(I) commutes with each member of 9.

3 Centrally Extendable p-Derivations

Let M be an abelian *-subalgebra of 9. By the Gelfand representation,
M is of the form C(£2) for some compact Hausdorff space €. It is known
that 9 @upin C(€2) is isometrically x-isomorphic to the C*-algebra C(€2, 91)

of M-valued continuous functions on 2. Let us state the first result.
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Proposition 3.1. Let p : M — IM be a x-homomorphism, 6 : M — M
be a x-p-derivation, M be an abelian subalgebra of M’ and ¢ : M — M
be a surjective x-homomorphism. Then p ® ¢ is a *-homomorphism and
0R¢ : MR min M — M@umin M is a (p® p)-derivation with |0 @ || < ||0]].

Proof. Identifying M with C(2), the character space of C(Q2) with €,
and M Rin C(Q) with C(Q, M), we define oy : C(2,9) — C(2,90) by
do(f)(w) = 6(f(@ o)) where f € C(Q,M),w € Q and & is the character
on C(Q2) defined by w(h) = h(w), h € C(2). Similarly we can define
oo+ C(2,M) — C(LI) by polF)w) = p(F(@09)), f € C2M,w e D
Since ¢ is surjective, w o ¢ is a character on C(2).

Since p is a *-homomorphism we easily infer that py is also a *-homomor-

phism. dy is a pgp-derivation since

So(fg)(w) = 6((fg)(@wow))
= 0(f@op)g(@woyp))
(Wow))p(9(@oy))
+p(f(@op))d(g(@op))
= do(f)(w)po(9)(w) + po(f)(w)do(g)(w),

<
(@]

in which f,g € C(Q,9M),w € Q. Furthermore,

1o (A @) = l6(f(@o )l
< oIl lf (@ o)l
< [I6IIAI e o ell,
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for all f € C(Q2,9M),w € Q. Hence

8Dl = sup Iaa(A)

< [l I/ [ sup [l o ]
weN

< 6]l I f[Isup sup [[(wo @)(h)]|
weN heC(N)

< I6l[ If]] sup sup [[p(h)(w)
heC(Q) we

< [l 1171,

for all f € C(£2,90t). Thus [|do] < [|4]].

Now we show that under the isomorphism 7 : 9 @, C(Q) ~ C(Q2, M),
the po-derivation dy is corresponded to d ® ¢. By the same argument one
can prove that pg is indeed p ® ¢. Given A € M, h € C(Q),w € £ we have

(0@ @) (A h))(w) =7(5(A) @ p(h))(w) = p(h)(w)d(A).
On the other hand

So(mA@ )W) = S(r(A@h)@ o) =5(h@op)A)
= (&0 p)d(A)

Hence 7((6 @ ¢)(A® h)) = do(m(A @ h)).
The above Proposition shows the importance of the definition of a CEH.

Definition 3.2. Let p : 91 — 9M be a x-homomorphism and § : M —
M be a *x-p-derivation. 0 is called a centrally extendable x-p-derivation
(CED) if there is a masa of MM such that 6 has a norm preserving ex-
tension & : C*(IM, M) — C*(IM, M) which is a *-p-derivation for some
x-homomorphism p : C*(9M, M) — C*(IM, M) as an extension of p.

The following Theorem determines our motivation for introducing the
notion of CEH.

Theorem 3.3. Let p : M — M be a x-homomorphism and 6 : M — I be
a x-p-deriwation. Then ¢ is a CED if and only if p is a CEH.
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Proof. If § is a CED then p is obviously a CEH. Thus let p is a CEH and
(M, ) be a central structure corresponding to p.
We show that p® ¢ : MR pin M — MR i M leaves ker p invariant. Let
K= ZAi®MZ- € ker i, where A; € 9 and M; € M. Then ZAiMi = 0.
i=1 =1
By Theorem 5.5.4 of [4], there are operators Zy,, 1 < i,k < n in 3(9M)
such that ZAiZik =0for 1 <k <n, and Z ZiM, = M; for 1 < i <n.

i=1 k=1
Since pl; g = ©l5, We have

Z/)(Ai)SD(Zik) =0
and
Z@(ZikW(Mk) = (M)

Using again Theorem 5.5.4 of [4] and noting ¢(Z;) € 3(9M), we conclude
that

Z p(Ai)e(M;) =0

Thus (p ® ) (K) =Y p(As)p(M;) = 0.

Moreover, 0 ® ¢ leaves ker i invariant. To see this, let K be a positive
element of ker . Then there is an S € ker p such that K = S? and we have

(6 ®e)S?) = (@ e)S(pree)S+(p®e)Si®e)S)
= (0@ e)S)u((p @ »)S) + u((p @ ¢)S)u((6 @ ¢)S)

e

Hence the mappings p; and §; defined on (9 @i M)/ ker pu by

H(ARM +kerp) = (pR¢)(A® M)+ kerp
HAQM+kerp) = (0@¢) (AR M) +kerp
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are well-defined. Note that 01| <[]0 @ || < ||4]].
Define g and 6 on C*(9M, M) by jp = fipri=" and § = d; i, respectively.
Then 6 is a p-derivation and for A € 9, M € M we have

S(AM) = [61(A® M +ker p)
— (6(A) ® p(M) + ker p)
— S(AYp(M).

Taking M = I we have 6(A) = 6(A)p(I) = 6(A). This shows that &
extends 0. Similarly one can prove that p is an extension of p. Since p ® ¢

has a norm dense range, p has also a norm dense range. Furthermore,
[ofF < Nlall N1l 127 < [lo]l. Thus [jo]| = [|]].
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