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Elliptic analogue of the Hardy sums related
to elliptic Bernoulli functions

Yilmaz Simsek

Abstract
In this paper, we define generalized Hardy-Berndt sums and ellip-
tic analogue of the generalized Hardy-Berndt sums related to elliptic
Bernoulli polynomials. We give relations between the Weierstrass

p(z)-function, Hardy-Bernd sums, theta functions and generalized

Dedekind eta function.
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1 Introduction, definitions and notations

The Dedekind eta function, 7(z) is defined by

[e.e]

n(z) _ 67%2 H(l . eZm’nz)7

n=1

3
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where z € H = {z € C: Im(z) > 0}. The behavior of this function under

the modular group, I'(1) is given by the following functional equation:

a b
Theorem 1. ([1]) Let A = e I'(1),
c d

mi(a + d)

1 1
e Y4
5 mi(s(d,c) — =) + s log(cz + d),

logn(Az) =1
ogn(Az) = logn(z) + 773

where s(d, c) is the Dedekind sum, which is defined as follows:

c—1

s(d,e) = (N

),

and
r—lt]—3, c¢Z

0, z€Z

((z)) =

[x] denotes the greatest integer functions cf. (see also [1], [6], [3], [2], [7],
[22], [11], [23], [25], [30]).

Generalized Dedekind eta functions defined by [22]:

Let g and h be integers, and N be a positive integer. We define

.= (9 m m
Ngn @;N) =agp (N) exp(miz By (ﬁ) )ng(N), m>0 (1—4?\/%\/) m=—g(N), m>0 (1—47\/th)

27 2miz

for 2 € H where (y = e~ , qy = e~ and

oy (V) = exp(miB; (%)) (1 — C]Qh) ,if g =0, h # modN,
h -
! 1, otherwise.

B, and B, in the formulae are Bernoulli functions:
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Here B, () is the nth Bernoulli functions, which are defined by

0,ifn=1z¢c7,
B, ({z}), otherwise 7

where B,,(z) denotes Bernoulli polynomials:

cf. ([34], [35], [38], [31]). The functions 1, (z; N) are holomorphic for z € H
and depend upon g, h modulo N. Furthermore, 1, (2; N) = n_y _p, (2; N)
for each g and h, and n, 5, (2; N) = n? (2) for (g,h) = (0,0) (modN) (see for
detail [22], [37], [19], [23], [25]).

Halbritter[12] and Hall et at.[13] defined generalized Dedekind sums as

follows:

Definition 1. Let a, b and ¢ be positive integers, and x, y and z be real

numbers.

(1) Sm,n(a,b,c : ;L‘,y,z) = k%;chm(a 1‘75 _ l’)Bn(b —l—z B y)

The classical theta-functions, 9, (0, ¢)(n = 2, 3, 4) are defined as follows
([38], [16], [24], [30])

1%@@)=Zﬂ§:f““) ZHl—q (1+¢*)
93(0, q) —1+2Zq =H1—q2">(1+q2"‘1>2,
n=1

94(0,9) =1+2) (-1)"¢" = [0 - M@ — g™ ),
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q=¢" z € C, |q < 1. Throughout of this paper, we denote 95(0, q),
U3(0,¢q) and 94(0, q) by 92(q), ¥s(q) and 94(q), respectively.
Relations between theta functions and n-function are given by (see [16],

[19], [23]):

Let 7 € H, e(z) = €?™®. Jacobi’s theta function is defined by ([17], [18])

O(x,7) = Ze (@74— (m + %)(ZB—F %)) :

mezZ
Observe that 0(z +1,7) = =0(z,7), 0(x + 7,7) = —e(=F — 2)0(x, 7).
In [17] and [18], Machide defined the following generating function of

the elliptic Bernoulli functions (Kronecker’s double series), By, (y,x;T):

F(y,x;a,7) = e(ax)f(— y—i-ITaT)

where

. _ oz
fl@,ar) = O(z,7)0(a,7) ’
z,a € C\Z+1Z.
We note that B,,(y + 1,2;7) = Bu(y,x + 1;7) = B (y,z;7) cf. ([17],

(18], [21]).

Proposition 1. (/18]) Let x and y be real numbers and y ¢ Z. Then we

have

Ite(y) __ icot(ym) _
= ,m=1andzx € Z
lim B, (y,z;7) = =-ely) 2 ,

7o B, (), otherwise
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especially

Re ( lim B,,(y,z; 7')) = B, (2).

T—100

Here Rew means the real part of a complex number w.

In [18], Machide defined the elliptic Dedekind-Rademacher sums as fol-
lows:
Let a, a’, b, b, ¢, ¢ be positive integers and z, =, y, v, z, # be real

numbers. Suppose that
az —cx ¢< a,c>Zandbz —cy ¢< b, >7Z,

where < a,b > is the greatest common divisor of a and b.
Set (?7?7?) = ((a,7a)7 (b/7 b)v (Cla C))v (?7777) = (('T,7 x)’(y"y%(zsz)).
The elliptic Dedekind-Rademacher sums are defined by [18]

,l / , . ’
(3) Sp (@D ETT )= Y Ba ( R _x,aw_x;a_7>

c 1 a
jmodc
Imodc
A4z g b
x B, (b +,Z —y ,b‘H_—Z—y; —fr> .
c c b

Observe that if m # 1, n # 1, or if az — cx ¢< a,c > Z and
bz — cy ¢< b,c > Z, then

H
. = —. = = =N .
lim S7 .(a, b, ¢; 7,7y, 2) = Snnla,b,c;x,y,2).

T—100

Hardy-Berndt sums derived from the transformation formulae for log 9,,(2)

(n =2, 3, 4), which are similar to Dedekind sum. For h, k € Z with k > 0,
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Hardy-Berndt sums are defined as follows ([7], [23], [26], [36]):

(4) S(h, k) = Z(_l)j—klﬂ%}’ s1(h, k) = Z(—l)[%]((%))v
sallo k) = SN, solh ) = 317 (D)
i) = -1, o) = S (1)

The relations between Hardy sums and Dedekind sums are given as

follows:
Theorem 2. (/36]) Let (h,k) = 1. Then if h + k is odd,
S(h, k) = 8s(h,2k) + 8s(2h, k) — 20s(h, k),

if h 1s even,

s1(h, k) = 2s(h, k) — 4s(h, 2k),

if k is even,

sa(h, k) = —s(h, k) + 2s(2h, k),
if ks odd,

sg(h, k) = 2s(h, k) — 4s(2h, k),
if h 1s odd,

sq(h, k) = —4s(h, k) + 8s(h, 2k),
if h+ k is even,
ss(h, k) = —10s(h, k) + 4s(2h, k) + 4s(h, 2k)

and each one of S(h,k) (h + k even), si(h,k) (h odd), s2(h,k) (k odd),
s3(h, k) (k even),sy(h, k) (h even) and ss(h, k) (h+ k odd) is zero.
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Recently, relations between Hardy-Berndt sums and theta function were
studied cf. ([6], [7], [29], [23], [24], [26], [36]).

The manin motivations of this paper are given as follows:

In Section 2, we give some identities related to the Weierstrass p(z)-
function, Hardy-Bernd sums, theta functions and generalized Dedekind eta
function. We give relations between the Weierstrass p(z)-function, Hardy-
Bernd sums, theta functions and generalized Dedekind eta function.

In Section 3, we define generalized Hardy-Bernd sums. By using these
generalizations, we construct elliptic analogue of the generalized Hardy-

Berndt sums related to elliptic Bernoulli polynomials.

2 Generalized Dedekind Eta function

In this section, we give relations between the Weierstrass p-function, Dedekind
sums, Hardy-Berndt sums and generalized Dedekind eta functions. In [37],
Tzeng and Miao defined the following relations related to the generalized

Dedekind eta function:
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2
n° (2
g Us (2) = , cf.|20],
(5) 3 (2) N GEICES) [20]
and
log 3 (2) = logn (2) — logmo (2) — 7;—;, cf.[20].
By using (5), we obtain
(©) log ro(Az) = logn(42) — log s (42) — 17

where A € I'(1).
The Weierstrass g-function is defined as follows:

Let A, =7Z+ 7Z, 7 € H be a lattice and z € C
(z:A,) = 1 > 1Y) g (139], [22], [38])
PR 0#weA (z—w)?  w? ' o .

Relation between the function p and 95 is given by

(7) y(z) = p(5) - @(%) =15 (2) cf. ([15], [24]).

1
2

By using (6) and (7), we have the following theorem:

Theorem 3.

logy(Az) —2logm  mi

(8) log mio(Az) = logn(Az) — 1 -5
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By using(8), we obtain

z, logy(A3) —2logm i

y4
1 A=) =1 A= - —
0g o 2) og 1( 2) 1 15

T

%d into Theorem 1, we have

Substituting z =

a—i) mi(a + d — 6¢)
2c 24c

(9) log 77(%) = logn( + mis(d,2c) — %log(T),

and

20 — 5 (2a42d — 3 1
(10) logn(2z) = logn( 5 ) — mi(2a —;2 ) +mis(2d, ¢) — 3 log(7).
c ¢

By substituting (9) and (10) into (2), if ¢ + d is odd, then we obtain
' 1
(11) log 93 (A1) = log 93 (1) + %(S(d, c)—4)— 3 log 7,

where S(d, ¢) denotes Hardy-Berndt sum.
By using (7), (8) and (11), we arrive at the following theorem:

Theorem 4. If a + d is odd, then we have

S(d 4s(d,c) — 3
log mo(AT) = logmio(7) — mi (d,0) + 48( %) +log 7.

If a + d is even, then we have

d 2s(d 3mi
log nio(AT) = lognio(7) — m’SS( %) ; s(die) _ % +log 7.

3 Elliptic analogue of generalized Hardy-Berndt
sums

Recently, elliptic Bernoulli polynomials, elliptic analogue of the generalized
Dedekind-Rademacher, Dedekind-Apostol and Hardy-Berndt sums have stud-
ied by many mathematicians (for detail see [10], [6], [7], [9], [13], [17], [18],
[21], [22], [25], [26], [12], [5])
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In this section, we introduce generalized Hardy-Berndt sums and elliptic
analogue of the generalized Hardy-Berndt sums related to elliptic Bernoulli
polynomials.

Hardy-Berndt sums in (4), are redefined as follows:

Let h and k be integers with £ > 0, the Hardy-Berndt sums are defined

as follows
k—1
(12) sy =a Y (M)
(ki) = () {2 -1},
salh k) = -4 Y (),
oy Lo (h+ k)
s5<h,k>=;<<E>>{2«?>>—4<< 0}

for detail see cf. ([8], [32], [27], [24]). By using (12) and Bernoulli functions,
we arrive at the fallowing definition ([8], [27]):

Definition 2. Let h and k be integers with k > 0, the Hardy sums are
defined as follows:

k—1 .
S(h,k:m) = 4ZEm(%)a
k—1 . . .
—= ] h] h]
si(h, k= m) = 2 Bi(1)(2Bn(57) = 4Bn(7))
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iB (I\o hj

so(h,k:m) = j:1(—1) Bl(E)Bm(?%
k—1 ; h]
sy(h,k:m) = —4 ;(_1) Bn(55);
(h,k : m) 4'_1371(%)7
k—1 .
ss(h,k:m) = 2. §1(%) <2§m(%) — 4§m(]h2—2k>)

B s Jm (hE k)]
= 2s(h, k m)—4j:1 Bl(E)Bm( o ),

where s(h, k : m) is generalized Dedekind sums, which is defined by

stk om) = 32 TBu(L) of (1], (3], (2] 4], (52, [30), [23])

jmodk

By using Definition 2 and (1), we define

(13) Spmm(a,b,c:2,y,2) = > (=1)*Bp(a

kmodc

By using (3) and (13), we arrive at the following Theorem:

/ / ! PR . ’ / /
Theorem 5. Leta, a, b, b, ¢, ¢ be positive integers and x, x ,y, y , 2, 2

be real numbers. Suppose that

az —ca ¢< a,¢>7Zandbz —cy ¢<b.c >17,
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where < a,b > is the greatest common divisor of a and b.

o /l / , . /
(@ T T T )= Y eawu%ﬁ@ ﬁz_x¢ﬂ+z_%zq>

c c a
Jmodc

Imodc’

!/

— [+ b
xB,, <b +,Z —y ,b]—+z —; —T> .
c c b

Remark 1. Ifm# 1, n# 1, orif az —cx ¢< a,c > 7 and

bz —cy €< b,c > Z, then

—
(77 b )?7 ?7 7) ?) - SQ,m,n(aa b7 C;xay7z>a

lim S7

. 2,m,n
T—100
Let a, b and c be positive integers, and x, y and z be real numbers.

k+ z k:+z_
C

Somn(a,byc:x,y,z) = Z (—=1)*B,u(a —2)B,(b

kmodc

Y).

Ifm=a=1and x =y =2z =0, then Symn(a,b,c: z,y,z) reduces to
So(b,c:m).

By using Definition 2 and (1), we define

k+ 2z k4 z

S5.m,n 7b7 : 'Y =2 Em - Enb -
smaasbie s 2.2) =2 3 Bular = = ) )
—  k+z — k+z
> Bl 2 B+ 0" )

kmodc

or
(14) Ssmnla,byc:z,y,2) =2Smn(a,bc:x,y,2) —4Ysmnla, b, c: x,y, 2),

where Sy, ,(a,b,c : x,y,z) denotes an analogue of generalized Dedekind-

Rademacher sums and

B+t

}/B,m,n(aa b,C -, Y, Z) = Z Em(a y)

kmodc

c
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By using (3) and (14), we arrive at the following Theorem:

’ ! ! PR . / / /
Theorem 6. Leta, a, b, b, ¢, ¢ be positive integers and x, x ,y, y , 2, 2

be real numbers. Suppose that
a7z —cx ¢<a,c>Zandbz —cy ¢<b,c >17,

where < a,b > is the greatest common divisor of a and b.

A S G N - A+ roJtz a
: a,b,c;x,y,2)=2 B, la ——x ,a——x;—T
5;m,n( Yy ) Z ( c c a)

c c a
jmodc
Imodc
— (J+7 j+z b
B, |b — b —y; —71] .

Remark 2. Ifm# 1, n# 1, orifaz —cx ¢<a,c>7 and
bz —cy €< b,c > 7, then

H
lim ST (77 b 7?;?7777) = S5,m,n<a7 ba C;l’,y,Z).

; 5,m,n
T—100

Let a, b and c be positive integers, and x, y and z be real numbers. If
m=a=1andx =y =z =0, then S5, n(a,b,c: x,y,2) reduces to
s5(b,c : n). Observe that elliptic analogue of the si(h,k : n) is similar to

that of s5(b,c:n).
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Now, we define generalized Hardy-Berndt sum’s s;(h,k : n), j = 1,3,4
and S(h, k : n) as follows:

— k+=z
(15) S100(0.0,¢:0.,2) = —4 3 Bulb——~ ~ ),

kmodc
(16) Simm(a,byc:z,y,2) =2Smn(a,bc:z,y,z) —4Y1mala,b,c: x,y, 2),

where S, ,(a,b,c : z,y,2) denotes an analogue of generalized Dedekind-

Rademacher sums and

= , k+=z — k+z
le,m,n(@, b, c:xv, Z) = Z Bm(a _ :E)Bn(b 5 . y)’
kmodc
and

— k+z

(17) S3.0n(0,0,¢0,y, 2) k%(j( ) ( ; y)
- k+z

SH:O,"(()?ba C;an72) = _4k§icBn((b+0) %2 _y)

Note that substituting x = y = z = 0 in the above, then Sy, .(a,b,c :
x,y,2), k=1,3,4and Spo.,(0,b,¢;0,y, z) reduce to s;(h,k:n), j=1,3,4
and S(h, k : n), respectively.

By using (3) and (15), we construct elliptic analogue of s;(h,k : n),
j=1,3,4and S(h,k : n) sums by the following theorem:

/ !/ ! ey . . / / /
Theorem 7. Leta, a, b, b, ¢, ¢ be positive integers and x, x ,y, y , 2, 2

be real numbers. Suppose that

az —ca ¢< a,¢>7Zandbz —cy ¢<b,c >17,
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where < a,b > is the greatest common divisor of a and b.

T A e = (e e b
Sion(0,0.0:0.9.F)= ) B"(b 7 —y,(b+c)?—y,37>,
Jmodc
Imodc
T — —- = — = — A+z o J+z a/
Slmﬁ(a,b,c,x,y,z):Q Z Bm( o -, . — ’ET
Jmodc
Imodc
ol ;g b
Bn<b +z 7bj+z_y’_7_)
c b
— /l“‘Z’ / j—‘"z a
_2 m / - ) ALy T
Z <a c x,a - x aT)
Jmodc
Imodc’
/l—FZI / ]+Z b
B” b T ’b —Y; - )
( Y 2¢ 4 bT>
U N - S S + /l—|—Z, , j—|—z b
SS’Oﬂ<O7b’C’O’y’Z)_ Z ( 1>] Bn(b Cl _y’ C —y,ET 9
jmodc
Imodc’
T Iy - —= /l—|—Zl / J—I—Z b
Sion(0, 0,750, 7,7) = Z Bn<b c —y,b 2¢ _y’bT)
Jmodc
Imodc

Remark 3. Ifm# 1, n# 1, orifaz —cx ¢< a,c>7Z and
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bz —cy €< b,c > 7, then

hm S]l—,on(E))?u?;B)??a?) - Sk,O,TZ(()a b7 G 071% Z)7 k= 3747
lim ngon(ﬁ,ﬁ,?;ﬁ,7,7) = Spon(0,0,¢0,y,2),
lim §7,,,(T. . T T T F) = Sumalabcioy.2).
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