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Subordinations and integral means
inequalities
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Abstract

Applying the subordination theorem of J. E. Littlewood [1], and
Lemma of S. S. Miller and P. T. Monanu [2] to certain analytic func-
tions, we show an integral means inequality. Further, we obtain an

integral means inequality for the first derivative.
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1 Introduction

Let A denote the class of functions f(z) of the form
(1) f(2) :z+2anz"
n=2
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that are analytic in the open unit disk U= {z € C : |z| < 1}.

Let g(z) denote the analytic function in U defined by

(2) 9(z) =

In this paper, we discuss the integral means inequalities of f(z) in A
and g(z) of the form (2), and f'(2)(f(z) € A) and ¢'(z). Moreover we show
an estimate of f'(z).

We recall the concept of subordination between analytic functions. Given
two functions f (z) and ¢ (z), which are analytic in U, the function f (2) is
said to be subordinate to g (z) in U if there exists a function w (z) analytic
in U with w (0) = 0 and |w (2)| < 1, such that f (z) = g (w(z)). We denote
this subordination by f (z) < g (z). If g(z) is univalent in U, f(z) < g (2)
if and only if f(0) = ¢(0) and f(U) C g(U).

We need the following subordination theorem of J. E. Littlewood.
Lemma A (Littlewood [1]) If f(z) and g (z) are analytic in U with f (z) <
g(2), then, for >0 and z = re®(0 <r < 1)

[Treras [Coere

Applying the lemma of Littlewood above, H. Silverman [5] showed the in-
tegral means inequalities for univalent functions with negative coefficients.
S. Owa and T. Sekine [3] proved integral means inequalities with coeffi-
cients inequalities for normalized analytic functions and polynomials(see
also Sekine et al. [4]).

In addition we need the following Lemma of S. S. Miller and P. T.

Mocanu.
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Lemma B(Miller and Mocanu [2]) Let g(z) = ¢n2" + gnp12" ™ + -+ be
analytic in U with g(z) #0 and n = 1. If zy = ree'® (ro < 1) and

|9(20)| = max |g(2)|
PR

then
.\ 209 (20) .
» 9(20) =t

and

i) e (29500 ) 12

where k 2 n 2> 1.

2 Integral means for f(z) and g(z)

Theorem 1. Let f(z) be in A and g(z) be the analytic function given by (2).
If the function f(z) satisfies

(3)
Re{af(z)Jrﬁzf’(z)—vZ}C(S)—6?{1 (i§>}> atPrn 4,

foraeR, 320, +2y=20and o = 0, then, for p > 0 and z =

e U)

re? (0 <r < 1)
o 0\ |* p < . 0\ |H 0.
0 | reenans [l ey

Proof. By applying Lemma A, it suffices to show that

fz) <

1—2z



Subordinations and integral means inequalities 167

Let us define the function w(z) by

w(z)

(5) f(z) = T—w(z) (w(z) #1).

Hence we have an analytic function w(z) in U such that w(0) = 0. Further,

we prove that the analytic function w(z) satisfies |w(z)| < 1(z € U) for

el 13 1)
w(z)

- Rl e T e Hiat)

20+ 3+2y—46
4

(z€U).

If there exists zy € U such that

max [w(z)| = [w(z)| =1,
EEEY

then we have by Lemma B,

zow" (20)

w'(20)

w(z) = €, :k,Re( )gk—1 (k=>1).

For such a point z5 € U, we obtain that

e e o) -2 20 G2 520G
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— Rela w(zo) zow' (%) _ zow' (o)
R e R R e e
PRLL (20) 05 0 (20) }

w'(2o) 1 —w(z)
= Refor o S T T et
oo
_ Re{(a—%k}liu(—%}JrRe{%}
- 25k2_a+2(co§:—1)_%k_Re{%$w}
. 25k2—a_%_fy2_k+5(1_k)
_ _f; (ﬁ+42'y)k+5
< _g_522’7+6
_ _§“+ﬁ227_45 (@eR, 820, f+27y20, 6 20),

which contradicts the hypothesis (3) of the theorem. Therefore there is no
2o € U such that |w(zp)| = 1. This implies that |w(z)| < 1 for all z € U.
Thus we have that

f(z) <

1—2’

which shows that

- re) " do < v re'?) " do.
|olreenpaos [ o)

This completes the proof.
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Corollary 1. Let the function f(z) in A and the analytic function g(z)
given by (2) satisfy the conditions in Theorem 1. Then, for pn > 0 and

z=7r%0<r<1)

2n

R
(1—1—7"2 % 22” n!)? 14 r? ‘

[ ey an <
0

Proof.

2w ) 2
/ |f(rew)\“d9§/
0 0
n 2
_ r u/ (1_27“0059) 50
(1+72)2 Jo 1+r?
_ rH /27r i(—%) (_27‘(}089)" 5
1+ Jo o\ n 1+72
rH 2m = [ 2rcos0\"
- 1+ 2) (- d6
(1—1—7“2)2/0 { Z(n)( 1+T2)}
B e ot 2”§: (—%) (_27“(:089)” 40
a (1+1r2)2 0o fo\n 1472
Iz X /b
(1+72) n
rk = [—b or \*" [
= — 27T+Z< 2) — ) / cos®™ 0 df
(1+12)2 2n 1+ 72 0

SIS
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- [ B () )
) <12+7T: : {”,i L 2n+ 2L (1+) (oi?))z!}

_ _ 2mr* 1+§:H2"1u+2j) ro\"
T oa+mE = 2wz \1+2) [

w\’;

‘1:

3 Integral means for the first derivative

The proof for the first derivative is similar.

Theorem 2. Let f(z) be in A and g(z) be the analytic function given by (2).
If the function f(z) satisfies

, z2f"(2) z2f"(2) } a— 408 + 6y
6 Reqafi(z) + 68— -V >
) o +0505 -5 :
fora=>0,28—~v=<0andvy =0, then, for pu >0 and z = re? (0 <r < 1)
2m ) 2 )
(7) / |/ (re”) ‘Hde < / g’ (re”) ‘udﬁ.
0 0
Proof. By Lemma A, it suffices to show that
1
!/
Let us define the function w(z) by
, 1
(8) fa) = m——% (w(z)#1).
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Hence we have an analytic function w(z) in U such that w(0) = 0. Further,

we prove that the analytic function w(z) satisfies |w(z)| < 1(z € U) for

L) )
Re{af SARNTS 7f"<z>}

B Re{“u_iu))z 20y u()<)> B (ZLU<(>) i 132_%2))}

—4 6
a—45+06y (z € U).
4
If there exists zy € U such that

max [w(z)] = Jw(zo)| = 1,
ERSEA]

then we have by Lemma B,

i0 2ow'(20)

w(zp) =€, =k, Re(

zow" (20)

w'(20)

o) >§k—1 (k= 1).

For such a point 2y € U, we obtain that

Re {af’(zo) + 0

= Re {a(; +23 2w(z0) ~ (ZOw”(ZO) + 320w’ (20) )}

1 —w(z))? 1 —w(z) w'(2p) 1 —w(z)

) ) () )

20" (20) _ z0f" (20)
G (z0) }
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0 "
— sy Bk + (—Re—z(;;i,) <ZO)) + ng

2(cosf — 1) (20)
< OBkl k) + ok
< v >
Y
= 1r(3-0)ke
< 1

a
Z—ﬁ+§7+7

—4
= QTM (a20,28-720,v20),

which contradicts the hypothesis (6) of the Theorem 2. Therefore there is
no 2o € U such that |w(zo)| = 1. This implies that |w(z)| < 1 for all z € U.
Thus we have that

which shows that
2 2
/0 |/ (re”) ‘“d@ < /0 g’ (re”) ‘“d@.
This completes the proof.

Corollary 2. Let the function f(z) in A and the analytic function g(z)
given by (2) satisfy the conditions in Theorem 2. Then, for p > 0 and

z=7r%0<r<1)

S 2m < TS (w+d) for \™
/0 [ (re)] degm{H; (n))2 (1—|—r2> }
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Proof.

Putting = 1 in Corollary 2, we have the following.
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Corollary 3. Let the function f(z) in A and the analytic function g(z)
given by (2) satisfy the conditions in Theorem 2. Then, for 0 <r <1

Proof.

=
&
I
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