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Certain inequalities concerning some
complex and positive functionals

Emil C. Popa

Abstract

In this paper we study an inequality for the complex and positive
functionals. Some applications for the Carlson’s inequality and for

complex matrices on given.
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1 Introduction

Let X be a complex algebra and F': X x X — C a complex functional with

the following properties

i) Flaz, + Bro,y) = aF(x1,y) + BF(xe,y)for all x1, 29,y € X and
a,feC
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i) F(x,y)=F(y,x) forall z,y € X
iii) F(z,z) >0 for all z € X.
Appling the Cauchy - Schwartz - Buniakowski inequality we have
(1) |F(yz,2)|* < F(yz,yz) - F(2,2)

for all z,y,z € X.

Let yo = A\w; + %wg be an element of X where wi,wy € X, A € C,
Re(A) # 0, Im(X) # 0, |yo| # 0.

We have

1 1
F(yox,yox)=F ()\wlx + Xng, Ay + Xu&x) =
(2)
1 A
= APF (w2, wx) + WF(wgaz, wox) + 2Re (KF(wlx, ng)).

We can formulate the next lemma

Lemma 1. If |F(wyz, wix)|70, |F(wex, wex)| #0 and Re (F(wix, wx))#0,

there exist a complex number A = p + qi, such that

3) P = F(wex, wyx)

F(wyz,wx)

(4) Re (%F(wlx,wﬂ)) —0
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Proof. We denote F(wyz, wsx) = a+ bi, a # 0 and from (4) we obtain

2
a(z—?) )
q q

with b? + a? > 0 and x5 = 1 (21, 75 Toots). Hence |z;| > 1 or |z3| > 1.
Then exists p,qg € R, p # 0, ¢ # 0 such that ‘E' >1 or |p| > g
satisfying (3), (4), (5). !
With this A, from (1) and (2) we obtain

|F(yox, 2)|> < 2V/F(wyz, wiz) - F(wox, wez) - F(z, 2)
1)
(6) |F(yox, 2)|* < AF%(z,2) - F(wiz, wiz) - F(wyx, wor).

We name (6) the Carlson - type inequality for complex and positive func-
tionals, because of (6) we obtain for example the classical Carlson integral

inequality.

2 Applications

1. Let X be the complex algebra of the complex and integrable functions

defined on [a, 00), a > 0. We consider

o0

F(f.g) = / onoL

a

where f,g € X.

F verify the conditions i), ii), iii) of introduction, evidently.
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Now we consider z(t), yo(t), 2(t) € X, non-nulls, and wy, ws : [a,00) —
(0, 00) two continuously differentiable functions such that
wy(H)wy () — wa(t)wi(t) > m > 0.
It is clear that

F(wix,w z) w th >0,

F(wix, wer) = [ wy(t)ws(t)|x(t)|*dt >0,

F(wex, wox) / 2 2alt >0,

and hence, using (4) we have p* = ¢*.

Of (6) we obtain

/ yo(t)z(t)z(t)dt| <
(7) o % o o
4 /z(t)%dt -/wf(t)y:z:(t)ﬁdt-/w%(t)yx(t)ﬁdt.
Since |yo(t)| # 0 we choose z(t) = yol(t) in (7) and we get
(8) /:v(t)dt <4 ’yj# -/w%(t)|a:(t)|2dt-/wg(t)|x(t)|2dt.
Clearly
AP
dt B wi(t) gt
[yo(t)[? / ’ _/ ,  wa(t)
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Since A\ = p + qi, p* = ¢%, we have

2 w2(t)2_ 4 w%(t)
A+w@‘_w A0

Hence
1

@ :/ [aputs =
|yo(t)] 1+ (%)

_m/ () s L et 20

= — arctg

(\le(t))z " [A2ws (t)

and we have the following result

Theorem 1.Let z(t) : [a,00) — C, a > 0, an integrable function and

wy(t), wa(t) : [a,00) — (0,00) two continuously differentiable functions
w

with wy(t)wi(t) — wa(t)w)(t) > m >0, tlirglo leQEg —
Then
0 4 e i w2(a) 2 |
/Jf(t)dflf <4 <2m p- arctg c-wl(a)>
(10) C "
[ wtolpa- [wosopa
where
JRCIECRE

¢ = c(wy,wy) =
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o0

and /wf(t)\x(t)\zdt > 0.

a

Proof. Of (8) and (9) we obtain

00 4
/ wat| <4 - L aret _wsfa) N’
v =% \om ~m MO8 |A|2w1(a)
- / WA () |e(t) Pt / WA ()| () Pt
where
/w (t)|2dt
Al =

in conformity with (3).
Remark 1. When wq(t) = 1, wo(t) =t then the inequality (10) reduces to

4

(11) 7&@& <4(§—aMg(iﬂy-jﬁﬁWﬁlfﬂﬂmwt

a

When a — 0, inequality (11) reduces to the well known Carlson’s integral

inequality
oo 4 o0 o0
(12) /ﬂwtgﬁ/u@Wﬂ/ﬂWWﬁ
0 0 0

(see [7]).
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Hence (10) and (11) are an improvement of (12).

2. We consider now the complex algebra of square matrices with com-

plex elements X = M,,(C). If A is a n x n matrix, we write tr A to denote

the trace of A.

If
a1 Q12 ... Qip
21 A29 ... QA2pn
A= , Qi € C
Ap1 QAp2 ... Qpp
we denote

aijr a1 ... Qpi
A* o 12 A29 ... Ap2
Aip Q2p ... Qpp

Let F' be a complex functional defined by
F(z,y)=tr(y"z), F:XxX—->C

which verify 1), ii), iii), evidently.

Using (6) we get
(13) ltr(z*yox)[* < 4tr?(2*2) - tr(x*wiwi ) - tr(z*wiw,z)

1
where z, z, wy,ws € X and yy = Aw; + W2 Yo € X, with A of (3), (4), (5).
If y§yo = I, then choosing in (13) z = yy we obtain

(14) ltrz|* < 4tr?(yiyo) - tr(a*wiwiz) - tr(z*wiw,)

and we have the next
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Theorem 2. Let x,wy,wy be some matrices of M,,(C). If

1 - 1
<)\w1 + XIUQ) (/\UJl + Xw2> = In

with A complex number which verify

(16) Re (% : tr(x*w;‘wlx)) =0
(17) (Re(A))* = (Im(N))?,

then we have the following inequality of Carlson's type
(18) [tr z|* < 4n? - tr(z*wiwx) - tr(a*wiwer).
Proof. Using the inequality (14) and (3), (4), (5) we get (15), evidently.

1
Remark 1. Forw; = wy = ol where p = Re(\) and w*w = I,,, we obtain
P

1 \* 1 1T 2+ DN +1
AWy + —ws Awq + —ws :—()\ + >(_>\ + )w*w:
A 4p?

A AA

_L(A2+1)(X2+1)[
4p? AN "

Since (15), (16), (17) we have |[A]*> = 1 and (Re()))? = (In()))?. Hence
IA]?=2p? =1 and
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Therefore from (18) it follows that

2

|tra|* < 4n—p4tr2(a:*x).
This implies
(19) ltrz|? < n-tr(z*).

Remark 2. We observe the fact that from (19) we get the well known in-
equality
lay + ag + ... + an* < n(lag]?® + |ag]® + ... + |an|?)

fora; € C,i=1,2.
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