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Abstract

The aim of this paper is to establish a closed subset E of the
complex plane C, the interior E° of which forms one unbounded
Gleason part, nevertheless F is a set of tangential approximation by

functions meromorphic in C.
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1 Introduction

To state our main result we need some notations and facts. For arbitrary
A C C we denote by A% 0A, A and A° the interior, boundary, closure and
complement of A in C, respectively. For a closed subset £ C C let A(E) be

the space of all complex valued functions which are continuous on F and
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holomorphic in the interior E° of E. For a compact K C C we denote by
R(K) the set of all functions on K which are uniform limits of functions
rational in C without poles on K. Further, let £ be a relatively closed subset
of a domain D C C. Then the space M(FE) denote the set of all functions
on E which are uniform limits of functions meromorphic in D without poles

on E.

Theorem 1. (Nersessian [5] ) A(E) = M(E) if and only if R(ENK) =
A(ENK) for any closed disk K C D.

On the other hand we can base on the following sufficient conditions for

the equality A(K) = R(K) for any compact K C C.

Theorem 2. (Mergelyan [4] ) If K¢ has a finite number of components
then A(K) = R(K).

Theorem 3. (Vitushkin [6] )) If the interior boundary of K lies on coun-
table many C? curves then A(K) = R(K).

(x € 0K 1is said to be an interior boundary point, if v & 0Q for any
component 2 of K°).

Theorem 2 is a consequence of Theorem 3, when the interior boundary

of K is empty.

Definition 1. A closed subset E C C 1is said to be a set of tangential
(Carleman) approzimation with functions meromorphic in C, if for arbitrary
functions f and e, where f € A(E) and ¢ € C(E),e > 0, there ezists a

meromorphic function g in C without poles on E such that

|1f(z2) —g(2)| <e(z) for ze€E.
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Definition 2.

(i) For a compact K C C we say that z,y € K are equivalent, x ~ vy, if

there exists a ¢ > 0 such that

for any u € Re (R(K)),u > 0.

(ii) Any equivalence class of K is said to be a Gleason part of R(K).

(iii) For a closed E C C a subset G C E is called to be a Gleason part of
M(E), if KNG is a Gleason part of R(K N E) for any closed disk
K.

In the paper [1] the following condition is given for sets to be sets of

tangential approximation.

Theorem 4. (Boivin [1]) Let E C C be closed. If for any closed disk K

(i) there emists a disk K D K such that any Gleason part of M(E) that

has a non empty intersection with K lie in K,

(i) f AKNE)=R(KNE),
then E is a set of tangential approximation with functions meromor-

phic in C.

In this paper we show that there exists a set F, the interior of which
forms one unbounded Gleason part of M(E) (the condition (i) of Theorem
4 is not satisfied), but F is a set of tangential approximation by functions

meromorphic in C.
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2 (L)-type sets
Let us set

D(a,r):={2z€C:|z—a|<r}, D:=D(0,1), C:=0D.

Definition 3. A closed domain £ = L({z}32,, {ri}22,) :=D\U5, D(2i,7:)
is said to be an (L)-type set, if the sequences {z;}52, and {r;}52, satisfy the

following conditions:
(1) |z < Lry<1l—lz,i=1,2,...,
(i) ({z}2) =,
(i) 7 +71; < |z — 2| fori# j.
(In (ii) “'” means the set of all cluster points).

Definition 4. An (L)-type set L is called a uniqueness set if f € A(L) and
f(z) =0 on C imply f(z) =0 on L.

In [2] A.A. Gonchar has shown that there are (L)-type non-uniqueness

sets. More precisely, the following proposition is true.

Proposition 1. For every 8 > 2 and € > 0 there are
(i) (L)-type set L with the property

0 ;
(1) > (mi_) <e

=1 T
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(ii) a function p of the form

©) pe) =y =

(the serie converges uniform on L)
)

such that u(z) =0 on C and u(z) Z0 on L.

Corollary 1. For arbitrary a > 0 there exists an (L) type set with a func-

tion u satisfying the condition (ii) of Proposition 1 so that

(e 9]

Zria < 00.

i=1
In fact, for any o > 0,5 > 2 we have
1 B
Ty (ln —) — 0 when r; — 0.
T

Hence, > °° < € implies Y 7, ¥ < o0.

zl(m) i=1"1

Remark 1. The function p is meromorphic in the unit disk.

In fact, on the circle C'(z;,1;),i = 0,1,2,..., the series Y ;- Zf’;k con-
verges uniformly, and from the maximum principle follows that the series
ZZ 075+ > it ZAZ uniformly converges in the circle D(z;,r;). Hence,
p is analytic in D(z;,r;) except at the point z = z;, where p has a sim-
ple pole. Resuming, p is meromorphic in unit circle with the simple poles
{zi}o.

Below L denotes an (L)-type non-uniqueness set with the property

o2 i < oo, and p is the function from Proposition 1.

Let us set
Cr={z=zx+1iy:|z|=1—-1 <z <0},

Co={z=z+4+1w:|z|=10<z <1}



8 Gohar Harutjunjan

Lemma 1. For any L set there exists a meromorphic function v(z) in the
unit disk such that

. 0, leC;
lim v(z) = :
L£32—1 1, 1€Cy

Proof. Let us set
A =L\ (D(1,V2)UC), Ay:=L\(D(-1,V/2)UC), F:= A, UA,,

and take
0, A Al

f(Z) N 1, zZ € Ag

We have f(z) € A(F). The complement of the intersection F N K for
any closed disk X' C D consists of a finite number of components (since
{z;} = C); hence, FFN K is a set of uniform approximation with rational
functions (Theorem 2) which implies that F' is a set of uniform approxima-
tion with functions meromorphic in D (Theorem 1). Let us take the function
f/p. The zeros of p that lie in Ay are denoted by &1, ...,&,,. ... Applying
Mittag-Leffler’s theorem there is a meromorphic function h(z) with poles
at &1,...,&,, ... (and only this points), and with principal parts of the Lau-
rent expansions coinciding with the corresponding principal parts of the
function 1/u. In that case we have (f/u —h) € A(F). In D there exists a

meromorphic function v without poles on F' such that

i—h—v

0

<1 on F,

which gives us | f —u(h+v)| < |u| on F. Because of |u| — 0 when z — [ € C,
the in D meromorphic function v := u(h+v) satisfies the assumption of the

lemma.
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Remark 2. For an L set for every point zo € C' the condition

ZD(zi,n)CD(zo,é) Ti

(3) lim

=0
50 o

is satisfied (cf. [2]); hence according to a result from [2] we get that the

interior X° of X := D(0,2) \ U,D(z;,1;) forms a Gleason part of R(X).

3 The main result

Theorem 5. There exists a closed subset E C C so that E° forms an
unbounded Gleason part of M(FE) and E is a set of tangential approzimation

by functions meromorphic in C.
Proof. Consider the strip
Ni={z=2+iy: -1 <y<1}

and the £ set

D\ U D(z;, 1)

and set
B o= (I\U2__ U;’ilD(zi—i—?m,m))\Uff:OOD(Bniz’,i),
D = W\(D(Bm,l)UD(?)mj:i,i)),m: +n,n=1,...,
D’ = (D(0,3n) UDBm, 1)\ D(3m +1, i),m =1,

Because of Remark 2 the interior E° forms one Gleason part of M(FE).
Let f € A(E) be arbitrary, and ¢ € C'(E),e > 0, tends to 0 if |z| — oo.
There exists a rational function Ry(z) (Theorem 3) so that

e(7)

eD/NE
der1) e

£ (2) = Ra(2)] <
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where ¢ = ||v|| (v is the function from Lemma 1).

Choose a rational function @Q3(z) so that

52) = Bale) = Qa(o)] < 3.2 € DN E.
Set )
0, z€ D),

(2) = v(z), z€ D(6,1)\ D(6+1,1),
S T v(z),2 € D(=6,1)\ D(=6+i,1),
\ 1, z€ (DI\ (D)) NE.

Clearly pus € A(DyU(D5NE)). According to Theorem 3 for any given § > 0

there exists a rational function p3 so that

i) |pslpy <6,
(4) i) |ps = pponone <9,
ZZZ) ’ﬁ3|(D§/ﬂE)UD§ < c+ 1

Let 253), o ,zg’g be the poles of Q3 in D} with multiplicities af’), o ,a%,

respectively. According to the Cauchy integral formula for derivatives and

(4) 1), from the arbitrariness of § we can assume that
(5) 7)< 0,
— 1,5 = 1,...,m3. It is well-known

)
J

for arbitrary ¢’ > 0,s = 0,...,«;
that there exists a unique polynom ps of order Z;njl o’ — 1, satisfying the

conditions
s 3 ~(s 3 . 3
pé)(zj(- )) :pg)(zj(- )),j = 1,...,m8,s:0,...,a(-)—1.

In this connection the polynom has the form

a(.s)fl
m3 J
w(2) 3
pa(z) =) T a® > Al ==y,
i1 (z—27)% =0
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where
ms
w(z) = [z~ =¥,
j=1
s . (3) a<,3)
1 AV (2 —27)%
A= () @[ j
7 VZ:O vi(s — V)!p3 (27 dzs=v  w(z2) 2=z

JFrom (5) it follows that | A; ;| and hence also ||ps||x for any compact K C C
can be assumed arbitrarily small. Summing up, it can be assumed that the

rational function p3 = p3 — p3 satisfies the conditions

p:(),s)<2j(3)) = 078 = 0,1,---,@;3) - 17] = 17"'amj7
|IO3|D'2 <ég,
(6) |03 = L\ opoyns < e,

|p3l(pynEyupy < c+1

for any € > 0. Observe that the function pj3 is taken so that the rational
function R3 = p3@3 has no poles in Dj. Taking ¢ in (6) sufficiently small,

we can assume that the rational function Rj3 satisfies the conditions

4(c+1)
£(2) = Ra(2)] + [Rs(2)]

Fler iRl < i( L+ (c+1)<4(i(?1) + 4§c(1+0)1)>

<

1
<219 o\ oy nE,
<

4(c+1)
< e(7),ze (Dy\ D})NE.
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Let now for any n > 3 the functions R,,..., R, are taken so that
i) |Re(z )|<21k,z€Dk k=3 m
(7) ) |f(2) = Ra(z) — ... — Ru(2)| <e(Bk+1),2 € (D{\ D} ) NE,
k=1,....n—1,Dy =10,
i) |f(2) = Ra(2) — ... — Ru(2)| < %z € (D'\D"_)NE.

According to Theorem 3 there exists a rational function @), satisfying the
condition

eB3(n+1)+ 1)
4(c+1)

(8) 1f(2) = Ra(2) = .. = Bn(2) = Qnya(2)] < € Dy NE.

Arguing as for the construction of the function p3 we get a rational

function p,; satisfying the conditions

ngSJ)rl( (n+1)) = 07 § = 07 cee 7a§‘n+1) - ]-aj = 17 cees Mg,
‘pn+1|D§L < g,
(9) Pt — 1‘(D”+ \(D))NE < &,

lPntl( (D, nE)UD, < €+ 1,

where € can be arbitrarily small. In particular, we can assume ¢ so small
that the rational function R, 1 = pp+1Qn+1 satisfies the conditions

Z) |Rn+1(z)‘ < 2n1+172 S D’;l 1)

(10) @) |f(2) — Ra(2) — ... — Rny1(2)| <e(Bk+ 1),z € (D, \ D;_;) N E,
k=1,...,n—1,Df =10,

i) |£(2) = Ra(2) = . = Rua(2)] < R0 2 € (DL, \ DY) N E.
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According to the relations (7) iii), (8) and (9), we have

(11) If((Z) - 1?2(2) —.= (Rn(+1<z)|)§ |f)(2) —(- = };n(Z)' + [Rpi1(2)] <
e(3n+1 eBn+1)+1 e@Bn+1
Aot 1) —l—(c—l—l)( et D) 4(c+1))<8(3n+1).

¢From (10) and (11) it follows that the relations (7) are true if n is replaced
by n+ 1. By induction, we can assume that there exists a sequence { R, }°2,

of rational functions satisfying the conditions
]‘ /
|Ri(2)] < i % € Dy 5 k=3,4,....

Thus it follows that the serie G = Y 2, R, uniformly converges on any
compact subset of C after dropping a finite number of summands. Since
all summands are ratioanl functions, G' is meromorphic in C. On the other
hand, since for any number k£ = 1,2, ... the relation (7) ii) is valid for all

numbers n,n > k, passing to the limit when n — oo, for any z € E we get

f(2) = G(2)| < e(2).

The theorem is proved.
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