General Mathematics Vol. 13, No. 3 (2005), 109-116

On the Rate of Convergence for Bivariate
Beta Operators

Vijay Gupta and Naokant Deo

Dedicated to Professor Dumitru Acu on his 60th anniversary

Abstract

In the present paper, we introduce the bivariate Beta operators

and study the rate of convergence for the bivariate Beta operators.
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1 Introduction

A family of linear positive operators, from a mapping C' [0, o) into C [0, 00), the class of

all bounded and continuous functions on [0, 00), is called Beta operators which is denoted

by B,, and defined as

Bl @)= 53 beat)f (7).

where
1 F

b k(x) = B+ Ln) (L 2tk x € [0, 00)
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B(k + 1,n) denotes the Beta function given by I'(k + 1).T'(n) /T'(k + n + 1).

The Durrmeyer variant of these operators was studied by Gupta and Ahmad [2].
Very recently Deo [1] has studied some direct results for the operators B,,. We now

introduce the bivariate Beta operators as

1 o - 1
n(f:2,y) = ﬁkzzon kzﬂk—i—l n) B(m+1,n+k)
Y k m
1.1 .
(1.1) 142+ y)”””m“f(n—i-l n—i—l)

(z,y) € [0,00) x [0,00) = Rf_ and f € C([0,00) x [0,00))

In the present paper, we study the rate of convergence of these two dimensional Beta
operators B, (f,z,y) by using the multivariate decomposition skills and the results of

one dimensional Beta operators.

2 Basic Results

In this section we present some notational convention, definitions and basis results which
are necessary to prove the main result.

For a function defined on the interval [0, 00) we set the following notations

Capea(RL) ={f: f€C(RY), wf € Loo(R:)}
CopeaRY)={f:f € CapealR), f(x,0) = f(0,y) =0}

w(z,y) =21+ z)° <1ix)c <1+ 1—?—x>d

where 0 < a, ¢ < 1; b,d < 0; w(x) = 2%(1 + z)® and norm is defined as

and

[wfllo = suplwf].
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Also the weighted norm is given by
1l = llwfllo + |f (2, 0)| + [£(0, )]
We define the Peetre’s K-functional as
Koor (£:6) = mE {17 = gl +12(9)}.

where

D={g:g9€C(RY),®(9) < 0,92,9y € ACloc},

and with ¢?(x) = z(1 + )

®(9) = maz{[[6* guz |+ |07 90 l,,» 167920 ..}

Through the present paper C denotes the positive constant not necessary the same at

each occurrence.

Lemma 2.1. For the bivariate operators By, (f,x,y), we have

k m
) =3 bl an+km( >f<n+17n+1>
k=0 m=0
> > T k m
= bnm bnm ’ :
) = 3 ) e (755 ) (57 77

Proof. We have

n(fry) = Zankmxiy (nil nTl)

k=0 m=0

- 1
:’;bnk Z <n+1 n—|—1> (n+k)B(m+1,n+k)

m=0

y m y —n—k—m—1
1
(m) ( + m)

Y

The second assertion can be proved along the similar lines.
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Remark 1. By using the properties of one dimensional Beta operators we have
S brsim () — 1 and Y b () 1
o 1+z P 1+y
Lemma 2.2. Suppose n € N and (z,y) € Ri. Then it is easily verified from previous

lemma that

B,.(l,z,y) =1
Bn(saxay) =, fOT’f(S,t) =S,
Bn(t’xvy):yv forf(s,t):t,
_ (@)
Bn((s 755)2’5531/) - <n+ 1)7
2 _ 9*(y)
Bn((t_y) ,x,y) - (n+1)7
and Bn((sf:c)(tfy),x,y):%.

Remark 2. By Lemma 2.2, and using Holder’s inequality we have
Bu(|s — x|, 2,y) = O(¢(x)n~1/?)
and
Bu(lt =yl ,z,y) = O(g(y)n~/?).
Lemma 2.3. (i) If (x,y) € [+, 00) x [0,00), then
By ((s — 2)*™,z,y) < Cn™(¢(x))*"
(i) If (z,y) € [0,00) x [1,00), then

Bn((t —y)*", z,y) < Cn™(o(y))*™.

Proof. Clearly by Lemma 2.1, and using the property of one dimensional Beta operators,

we have

Bn((s - x)?m’ x)?/)

e 114

m=0

k 2m o] y
(n + 1 - 3?) bn,k(x) Z bn-l—k:,?n <1-|—IE)
k

<” 1 x) " st < Onm (ot

=~
I
<

The proof of (ii) is similar.
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Lemma 2.4. For 0 < A <1, ¢*(u) = u(l+u), u € [0,00), t € [0,00), we have

(2.4) /0 It — 2|6~ (2)dz| < Ot —w)? (62 (w) + w1+ u)™)

Proof. Suppose z =t + p(u—t), 0 < p <1, then
</t /t—z\d |
e 2 AUttt arr
t 2
p(t —u) 1 1
< d
< WU+OMM*M{O+UV+(1HV

) tul—u 1 1
S(t_u)/o u dﬂ{(l+u)>‘+(l+t))‘}

t
/ It — 2| =22 (2)dz
0

< oW (6P w) a1 ),
The proof is completed.
Lemma 2.5.
(2.5) Zankmxy ey o
k=1m=1 (n+1’n+1)

Proof. From [3], we get

ank (+)1)<Cand ank (“’(f))) <c

k=1

By using multivariate decompose skills, we obtain

Zzbnkmwy was ( y) )

k=1m=1 n+1’n+1

:ibn,k( 3 n+km(1+x> w((liw) <C.

k=1 k: n+k+1)

Lemma 2.6. If f € CY, . ,(R%), then

(2:6) 1Ba(Dloo < 171
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Proof. Using Lemma 2.1 and Lemma 2.5, we have

k

klml

< ol ot (ii) > e (1) ww((ll“C)) < Clfot..

m=1 Fru s}

The proof is completed.

3 Main Theorem

Theorem 3.1. If f € CF, . ,(R%), 0 <A <1 then

(3.1) w(z,y)| Bu(f, 2, y) — f2,y)| < CKypr (f,n H(¢* V(@) + 6>V (y)))

where C' is positive constant independent from n,x,y.

Proof. Initially

(3.2) B, ((s—2)*(1+s) Na,y) < Cn '¢?(2)(1+2) %,

(3-3) By ((t—2)*(L+1)"Nz,y) < Cn”lo(y)(1+y)

A A
2

(3-4) < Cnlo(2)p(y)(1+2) "2 (1+y) 7%,

By using Shwartz’s inequality, Holder inequality, Lemma 2.1 and Lemma 2.3, for (z,y) €

I, = [%700) X [%,OO), we obtain

B, ((5 —2)2(1+s) Nz ) ( (s —x) m,y)% (Bn(l —|—s)72>‘,a:,y)%
( (s —x) x,y)% (Bn(l—l—s)_z,x,y)%
Cn

(a1 +2) 7

IN
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Now for (z,y) € IS, we get
B, ((S - x)z(l + S>_>\; -'1/'72/) < (Bn(s - $>2, m»y)
=0l g2()
oA+
=n"1¢ (x)(l—l—x))‘

<21 (x)(1 4 2)

Similarly we can prove (3.3) and (3.4).
Now again using Lemma 2.1, Lemma 2.3 and (2.4), (3.1), (3.2), (3.3) and applying

the Taylor’s formula as well as Hardy-Littlewood majorant, for ¢ € D, we obtain

W(l‘ay)|Bn(gaxay)79(Iay)|

Bn</s(s—n)8 %(277 )dn,x y)
t 20(x

B(/ t-6)° g&ﬁdg,x,y)

s t 2
B(/ (-0 [ a-9=5r Odnd&xy)

(s—2)%z,y) +2 B, ((s —2)*(1+5) ", 2,9)

<w(z,y)

+w(z,y)

+w(z,y)

< CO[||w6™ gzs| .67 (@) Ba((
+[[wd™ gy | 0P W) Ba((t = 9)? 2,y) + 2 By ((t = 9)* (1 + ), 2,9)
+ |wd™ gy || &N (@)™ () B ((s —2)(t —y),z,y)
+ 2B, ((t— 221+ 1) y)]
< Cn (PN (@) + 6PN (y) + 01N 2)9! M) B(g)
(3.5) <O (@ (@) + 0?1 (1)) D(9).
Thus, from (2.6) and (3.5), for g € D and f € C°, _ ,(R2) we have
w(z,y)|Bu(f, 2, 9) = f(2,9)] < |w(z,y)Bu((f — 9),2,9)| + w(z,9)|f(2,y) — 9(x, )|
+w(z,y)|Bnlg, z,y) — g(z,y)|

< CKy g (f,n (0P V(2) + 921N (y))).

The proof is completed.
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