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we show that the inhomogeneous Lagrange spectrum,

L(9) := {Mm inf,nKoo |n| ||n<9-7|| : 7 e R, 7 £ Z + 0 / } ,

contains an inhomogeneous Hall's ray [0,c{9)] with

c(0) = l ( i - O ( a - 1 / 2 ) ) .
We describe gaps in the spectrum showing that this is essen-
tially best possible. Pictures of computed spectra are included.
Investigating such pictures led us to these results.

1. INTRODUCTION AND STATEMENT OF RESULTS

For a fixed irrational real number 0 and real 7 one
defines the inhomogeneous approximation constant

M(0,7) :=liminf |n|||n0-7||.
|n|—>oo

By varying 7 (not of the form n+m9) one obtains
the inhomogeneous Lagrange spectrum of 0

L{9) := {M(0,7) : 7 e R, 7 0 Z+0Z} C [0, |] .
(1-1)

Arguably, the inhomogeneous analogue of the clas-
sical Lagrange spectrum L = {M(0,O)~1 : 0 G R}
should be the set of M(0,7)~1 rather than the set
of M(0,7), but in order to work with more easily
illustrated bounded intervals we decided to avoid
the unnecessary complication of taking reciprocals
(it is of course trivial to translate our results should
the reader prefer the convention of inverting every-
thing). We are interested here in the largest interval
[0, c(0)] contained in this spectrum,

This work was performed while Pinner was at the University of
Northern British Columbia, Prince George, BC. c(0) := SUp{c : [0, c] C L(0)} ,
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usually referred to as the inhomogeneous Hall's ray. not contain infinitely many endpoint configurations
Using a Hall style Cantor dissection argument, Cu- ti — a, we have
sick, Moran and Pollington [Cusick et al. 1996] have \ M*(Q ™)
shown that the larger spectrum of one-sided inhomo- M\9, u — T \_Q2
geneous constants, l i m i n ^ . ^ n\\n6 — 7||, contains a . ,
non-degenerate Hall's ray when 9 is the golden ratio.
A similar argument can in fact be used to show that M*(9,7) := hminf s*(z),

c(0) > 0 for any quadratic 9 [Crisp et al. > 2001]. 5*(i) : = mm{sl(i),s*2(i),s*3(i\sl(i)},
In the special case that the partial quotients of 9
tend to infinity the spectrum will consist solely of
the ray [0, | ]—a result implicit in [Fukasawa 1926] 5iW : = (l-0+d^)(l-6+d+),

and [Barnes 1956]. s*2{i) := (l+6+dr)(l+0-dt),

Here we examine the spectrum only in the sim- s*(i) •= (l — 9 — d~)(l — 9 — d^)
plest case, when 9 has a period-one negative con- %_ %

tinued fraction expansion. We use a constructive 8^1' '~ ^ ~~ l ^ * ' '
approach to obtain very precise results (seemingly with
not obtainable using the Cantor dissection method). * °°
Since changing a finite number of partial quotients di — /^ti+i-jO3•> di = / ^tijrj9

J.
does not affect the spectrum we shall work with J=1 i=1

the purely periodic representative, and suppose from When 7 does contain infinitely many ti = a one
now on that needs to check the minimum of sl(i) and s^i) for

j both 7 and its negative 1—9—j (in this case we have
9 = | ( a - V a 2 - 4 ) = j . 0-2) M*(<9,7) < 9, and for large a the value will be small

a — and lie well within the inhomogeneous Hall's ray).
a When 7 does not contain any ti = a the expansion

for 1—#—7 simply replaces the ti by — i$, interchang-
Theorem 1. For 9 of the form (1-2) the spectrum ing ^(i),s*(i) and sj(i),^(i). Of course if the se-
(1-1) contains the interval [O,c(0)] with quence U is eventually periodic with period r then

1 • / 1 \ \ w e c a n r ePl a c e ^^e liniinf by a min over cutting the
c{9) = - ( 1 — O ( —j=z 1 I . (1-3) purely periodic sequence (more precisely a doubly

\ \va// infinite sequence with that period) at the r places

More precisely, as a —>• 00, in its period. Since the M(0,7) obtained from the 7
with periodic expansions (the 7 G Q(9)) are dense in

_ M _ ( I _ ) _ 0 ( I ) ) — j L(9) one would expect computing values for small
V v a / periods to give a reasonable approximation to the

.0v 1 / . 2 ^ ^ spectrum. The figures on pages 490-491 show the
~ ~ 4 \ y/a ) spectra obtained by computing the approximation

T->- r n n n n l n i l ! , . , constants corresponding to all possible ^-expansion
Pinner 2000b has shown how to use an appropriate - i n ^ ^ ^ A - * ^ i
^ . r A 1 * lur/n \ , . , . ;1 periods 01 length at most 7. An interface to produce
^-expansion of 7 to evaluate M(0,7), which in the . .. . . r . . ,, . . ,

. T , , ,, , . , n . similar pictures can be round at http://ctl.unbc.ca/
period-one case reduces to the classical p-expansion ^,T C 1 /Tan/ T mnnnui xi x V /m J

* r>' • nn^7i ^ TD rm«m / ^v, ̂  1 /a\ CMS/LSC/. In 2000b the spectrum L(9) was de-
of Renyi 1957 and Parry 1960 (with /? = 1/(9), -u J J 4. 4.1. * \ . r \u • ± r u •

scribed down to the first limit point 0^, showing
^ . an infinite sequence from the largest point So —

1 = L 5 ( a - 2 + ^ . I ( i _ ( i + o ( i ) ) 2 ) to Joo = J ( l - ( l + 0 ( l ) ) i ) . The
1 figures clearly suggest holes beyond the first limit

The ti will be a sequence of integers in [—(a —2), a] point. Examining the configurations that seemed to
with the same parity as a (and no blocks a, a—2, . . . , correspond to the edges of these holes enabled us
a —2, a or a, a —2, a —2, . . . ) . If the sequence does to identify O(y/a) of these gaps extending down to
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\ (l-(l+o(l))v/8/v/o)> giving the upper bound in E^t) : -(2t-u), (2-u),
Theorem 1. E ^ . (_t> -t,)(t+2, t-4,)ki(t+2)

With . , , , , ON

JO if a is even, tft = a (mod 2),
U : = 11 if a is odd, -(*+!)> - (*- l ) , ((*+3), (t-5),)k'(t+3),

define " (*- ! ) , "(*+!), (*+l), (*"1),
, > _ / ((2t-u)g+ug2)\ (~(*+3), -(i-5),)fci-(*+3), (*-l), (i+1)

l l j : ~ ^ 1-02 J «/i^a(mod2).

x 1 — ̂  — —- , r inally it seems reasonable to ask two questions:

/ (2+u)92 + (2t-u-2)63\ Qu e s t i o n 1- C a n (1-3) b e improved to a precise
I2(t) := I 1—(2i—u+3)0+- — — ] asymptotic result? For example perhaps

A n (2t+u-2)g2 + ( 2 - ^ \ C(») = J ( 1 - ( 1 + O ( 1 ) ) A / 8 ^ ) .
X I l-\-{L-U)V-\ — — I,

^ ' Indeed can the top of the ray be determined exactly?
ẑ  / N ft a -(2t-u)6+(2-u)62\
i i ( i ) '-= I 1 —vH —-^ ) Question 2. Is there an absolute constant c0 > 0 such

that the spectrum of an arbitrary quadratic 0 always
x M - f l + ( 2 " ^ d - ( 2 t - u ) 0 V contains a ray [0, c(0)] with c(0) > c0? Is it true that

V J-~~" / c{0) —> \ as the size of the smallest partial quotient
moreover for t = a (mod 2) set in the period of the continued fraction expansion

( (+4-0\{)2-L(+ A\&\
 2 °^ ̂  tends to infinity? We can claim no numerical

1 — 6 —10+- -JT — I , evidence t o suggest t h a t these are t rue (or even give
' an upper bound on the optimal c0) but it is worth

and for t ̂  a (mod 2) remarking that both do hold for the largest point in
E2(t) := (l-(t+l)e+(t+2)e2 + (t-3)93)2 t h e s P e c t r u m ; s e e I P i n n e r 2000a], for example.

l + 6-262 + ̂  iM ) 2. THE EXISTENCE OF HALL'S RAY AND ITS
' ASYMPTOTICS

Theorem 2. Suppose that a > 10. With Ii,l2,Ei,E2 TTr _.
, ,, 7 ,1 r a • - .1 We now prove Theorem 1 (assuming Theorem 2,

as above, there are always the following gaps in the , , , ^ \ i
, r//3V which is proved in Section 3). The upper bound in

(1-4) follows from Theorem 2. The lower bound will
1 • I(t) := 4(1 — 0 ) (h(t), h(<)) follow from Lemma 2 below. The proof is construc-

{ rn /o o oi -£ - tive. Since we are only interested in an asymptotic
0, y 2 a — 8 — 3 if a is even, J ,

result we shall assume that a is large (one can show
[ i ( v

/ 4 a - 3 + l ) , V 2 a - 8 - 2 ] if a is odd. t h e e x i s t e n c e o f a r a y for m u c h s m a u e r values).
2. £7(t) := \il-92)"1 (E2(t), JE7i(t)), Lemma 1. Suppose that a > 48 and ifeat

/or (2+w) < t < \ / 2 a - 6 u + 1 6 - ( 4 - ? i ) . ^ = (l-O-^+u^ef ,

T/ie endpoints of these intervals are achieved with with UQ e [i(>/Jo_3)j i(^/io+3)] and 4 ^ < m ! <
expansions U consisting of the following blocks, where a _ 1 O ai/4. T / i e n / o r i > 1 ̂ e can successively write
(a,b,)k denotes k repetitions of the block a, b and
where ki -» 00: / v ^ . A

f = ( l -0-V(m,+/ ,)^-^0M

I2(t) : (2+u), -(2i+2-u), (2-u, 2*+ti-2,)fc' x (̂  1 - 6 - ^ ^ - 1 ^ - u A
(2-u), -(2t+2-u), {2+u, 2t-u-2,)ki \ ~[ )
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0 00 0.025 0 050 0 075 0.101 0.126 0.151 0.176 0.202 0 227 0 252

— ^ m m mn—\ ^ \ 1
0 00 0 025 0 050 0.075 0.100 0.125 0.151 0.176 0.201 0 226 0.251

a " 2 ^ ^ H I 1
0 00 0 025 0 050 0 075 0 100 0.125 0.150 0 175 0.201 0 226 0 251

3 = 1 4 E ^ M ^ M ^ M ^ ^ M ^ ^ ^ ^ M ^ ^ ^ ^ ^ ^ B ^ ^ ^ ^ M I ^ ^ I ^ M H I I ^ M I I I Mil Mil I I I I I

^ I^Hitrl iTT rtti ' I I ' '
0 00 0.025 0 050 0 075 0 100 0 125 0 150 0 175 0 200 0.225 0.250

3 = 1 6 ̂  I I I I

^ H^Biti1 III Mil ' n ' <
0 00 0 025 0 050 0 075 0.100 0.125 0.150 0 175 0 200 0 225 0 250

3 = 1 8 I——ii^M^^^^^M^^^^^^M^^^^^M^^M^^MI l^^tol Hill 11̂ 111 Ml Mil l | _ U I

^ III Mil 1 \V '
0 00 0 025 0 050 0 075 0 100 0 125 0 150 0 175 0 200 0 225 0 250

3 = 2 2 JMMM^MMMMtM—i^M^^^M^^^M|^^M 1M1II I Hill Mil I III I I I ! 111 I

0.00 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0 200 0 225 0 250
3 = 2 4 J M M M M M ^ M M M M M M r t M M M M M M i M M M ^ M ^ ^ ^ M ^ ^ M M ^ ^ ^ ^ M ^ — 1 | | | | | — j | ||||| | |1|| | I III Ilil I I I I

• • • • • • • • • • • • i i ^ mil Him ' n ni '
0.00 0 025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0 225 0 250

3=26 ^^•^^^^M^^^^M^^^^M^^^^M^M||^M^^^ ^Ml • |M|| | | | Mil I III |||| I I I I
• • • • • • • • • • • • • • • • • • ^ I'll IIHI ' itTffl ' M '

0 00 0 025 0 050 0 075 0 100 0 125 0 150 0.175 0.200 0.225 0.250

"=28 ̂ ^m^^^^^^mm^^^m^^^mmmma*mmmmmiamwmmmimm\ ^ M li Mil iilii mill I ii I

0 00 0.025 0.050 0.075 0 100 0.125 0.150 0.175 0.200 0.225 0 250

^ ItitH III ' fl '

0.00 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0 225 0 250
3 = 3 2 ^ M ^ M M | M M M M ^ M M M M ^ M M M M | M M M M i | | M M M ^ | | ^ ^ ^ • » ||ffl| IIIII I II I

^ im ti ' n '
0 00 0 025 0 050 0.075 0 100 0 125 0 150 0.175 0.200 0 225 0 250

3 = 3 4 ^ — g j — i M ^ M • • I IIHI Hill I II I

0 00 0 025 0.050 0 075 0 101 0 126 0 151 0.177 0.202 0 227 0 253
a=9 ^ ^ ^ B ^ ^ ^ ^ ^ ^ M ^ ^ ^ ^ ^ ^ M ^ ^ ^ ^ ^ ^ ^ ^ ^ M d^^^Ml • | HI mini [| 111 | | |_J I I

^ ^ II • III III III ID ' ' ' '
0 00 0 025 0 050 0 075 0 100 0 126 0 151 0.176 0.201 0.226 0 252

3 = 1 1 ^M^^M^MM^M^M^M^MMJ|MMMMM|M|MIMM||||B|||| I I II11IIII I 11 \—\ | |

0.00 0.025 0.050 0.075 0.100 0.125 0 150 0 176 0 201 0 226 0.251

M ^ — — ^ — • Î IIIIMIIIIII 1Illlll : \ \ \ 1
0.00 0 025 0 050 0 075 0 100 0 125 0 150 0 175 0 200 0.226 0.251

^ ^ • ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ M ^ ^ ^ ^ ^ ^ ^ M ^ ^ ^ ^ ^ ^ ^ ^ M ^^•mI i^nmii | imii i I i I I

• • • • • • • • • • • • • ^ î nttttti ' IIIIII i ' i ' '
0.00 0 025 0 050 0 075 0 100 0 125 0 150 0 175 0 200 0.225 0.250

3 = 1 9 ( • • • • • | | | ^ M i l l | |_| |

0.00 0.025 0.050 0.075 0.100 0.125 0.150 0 175 0 200 0 225 0.250
3 = 2 1 ^ || | | | | | [J |

0 00 0 025 0 050 0 075 0 100 0 125 0 150 0 175 0.200 0 225 0 250

"" ^ ^ ^ ^ ^ ^ ^ M ^ ^ ^ ^ M ^ ^ M r t i ^ ^ M ^ ^ — — J i ^ — i ^ M •Mllll •Hill I IIHI I I I I

• • ^ • M I ' Htin n '
0.00 0.025 0.050 0.075 0.100 0 125 0.150 0 175 0 200 0.225 0.250

a=25 | ^ UHUil—J I1ULJ | I I

0.00 0.025 0.050 0.075 0.100 0.125 0.150 0 175 0 200 0 225 0 250
a=29*mmmm^mmKmm1mmmmmKimmam^^mmmimmmmmii^m^\ ^m linn mi I i I

^ ^ H •ti itn ' I '
0 00 0 025 0 050 0 075 0 100 0 125 0 150 0.175 0.200 0.225 0.250

a =31 ̂  • ! I i I

0.00 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0 200 0 225 0 250
" = 3 3 ^ |

0.00 0.025 0.050 0 075 0 100 0.125 0.150 0.175 0.200 0 225 0 250
a=35^^^^^^^—^^^^j^^—^^—ljl M mm\ m m i l | I

FIGURE 1. Spectra for 9 of period a (values corresponding to 7 with ^-expansions of period at most seven).



Pinner and Wolczuk: On the Inhomogeneous Hall's Ray of Period-One Quadratics 491

0.00 0 025 0 050 0 075 0 100 0 125 0 150 0 175 0 200 0 225 0.250

• ^ n ittr n '
0 21266 0.21516 0 21766 0.22017 0.22267 0.22517 0 22767 0.23017 0.23267 0.23518 0 23768

3 = 3 6 1 1 1 1—in 1111 1 1 1 1 H—|—I
0 18764 0.19014 0 19264 0 19515 0 19765 0 20015 0.20265 0 20515 0 20766 0.21016 0.21266

3 = 3 6 1 1 num—!••••••••• 111—i 1 1—mill i n i i i i i i — i
0.16262 0 16512 0 16762 017013 0.17263 0.17513 0 17763 0 18013 0 18264 0 18514 0.18764

0.00 0.025 0 050 0 075 0.100 0.125 0.150 0 175 0 200 0 225 0.250

a=37 | 1 ^ ^ ^ — - ^ V ^ ^ • ^ • • ^ 1 M • III I 1
• • • ^ • • It1 I '

0.20264 0 20515 0 20765 0 21015 0 21265 0.21515 0 21765 0 22016 0 22266 0 22516 0 22766
3 = 3 7 1 1 1—i I N HIM I I i 1 1 1 iiiiii 11 1

0 17762 0.18013 0.18263 0.18513 0 18763 0 19013 0 19264 0.19514 0.19764 0.20014 0 20264
3 3 7 1 1—illinium iiiiMiiiiiii i—i 1 iiiiiininmiiii 1

0 15261 0.15511 0 15761 0.16011 0 16261 0 16512 0 16762 0 17012 0 17262 0.17512 0 17762
3=37 fcj^B^^^BBHIl | IMi^^^BBM^^BMIWiim I illll^BIIII III^^^^^BU^^BMIII |l

FIGURE 2. Spectra for a = 36,37 (and 7 of period at most seven) with zooms.

with integers m^, U, satisfying rrii+li = a (mod 2), gives

V^\/a-rai(l + 29(a-rai)~1/2)~1 2\1y/u^6
\J ^- LL\ < \ ,

<h< V2uoVa-™>u V2-2(9-2m16'-^o<9
and fori>2 < 4 y ^ < ^ (l+a"1/4) aJB.

y/2a-2m1-4: ^2a-2m1
 v }

0 < Ui-i < . (l+2a / ) aQ, We proceed now by induction on i and, choosing
/ _ _ mi+1 = [Ui/9\, write

0 < m, = [Ui^/e\ < Jvlp- (l + 2q-1/8) o,

V2u0 \ y/a-m1J i

< ! (1+a-1/8). x N - E K - y « j - K i + ^ ) ^
^/2uo yja-m1

 v } ' ^ j=i '
Proof. The first step, i = 1, amounts to solving with 0 < 5i+1 < 1, and the claim amounts to

ll0 = (2-2O-2m10-(u1+uo)0)(uo-u1). / i+i \

Take Zx to be the integer h = mi+a (mod 2) such Si+1^2-20-2Y,mj0
3-5i+10

t+1J

that

l{2-20-2m10-uQ0)u* =li+i( 2^1,0*+ li+10
i+1)

V 0 = /i+Ai ^ U J

with 0 < Ax < 2. We have/, < ̂ ( q - m . H and + ^ ^a^ag^.^^+iV

h > ̂ (2a-26-2-2m1-uo)uo-2 ^ i=i ^

> A/2(a-mi)^o(l + 29(a-m1)"1/2)~1. Writing B := ̂ /a^r^(l+29(a-m1)-
1/2)/^/^ and

j j e n c e choosing li+1 = m i+i+a (mod 2) so that

0 A 2 - 2 A 1 V ( 2 - 2 ^ - 2 m 1 ^ - ^ ) ^ ( 2 - 2 ^ - 2 ^ 1 m ^ - ^ + # + 1 ) ^ + 1 = f + ^

= -iz1(2-2e-2mi«-u1d) 2jyj=1lj6^+B9i+1 ' + 1 ' + 1
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with 0 < Ai+i < 2, we have show that s*(i) > £ for the remaining (ti,ti+1) ^
rt ^ rt ^ (—ei, —ei). It will be enough to show that for i ̂  1
2-2g-2mig o - m i

S *+1 < 2l10-20*/(l-0) h ~ ' 7 , /7 1N (/i + l ) 2^
, . , A , ,. f 1 — 0 — (rai + Zi + l)0

and Ui+i is left to satisfy v J

( *+i \ Since rai+Zi < mi + \/2^\fa^m[ < a—130 we cer-

2-26-2^™^ -ui+16
i+l\ tainly have |dr|, K+_il < (\U\ + 1)6. Hence, under

j = 1 the assumption (^,£ i+1) ^ (—e'l5— ei),

= Ai+ir2^^+B(9i+1Vii+1(B-/i+1)6>i+1, ^(^( l -C-K+^^Kl-tf -K+e+^+l)*)
J~1 for some j• ^ 1 and £ = ± 1 , and (2-1) gives

and, writing D := 2y/^s{l+2a-
1ls)a/^a-m1, for s * ( i ) > {1_e_{pij+l. + l)e){i_e_{mx+k + 1)e)

a > 48 we have „

° £ Wi+1 < 2-20-2mi6-2D<P/(l-e) N°W

4 y ^ V 2 ^ 2 ^ ( i l + 1 )g < V^V^_+1
< ~ ^ o V~ l-6-{mi+li + l)e a-m1-2-d-^/2u^^a-m1

Zd — LVfl\—O

/ 1 + lOa"1/8 9 11 \ < .
V 2u0 1-5 32x /2^ / 2 ^/

< £)^ [-] and Zi( l+3(a-mi)~ 1 / 2 ) < y/2u^a/y/a-m,i, giving

Lemma 2. For o > 48 tfie spectrum L(0) contains the (mi+li + l) + (l1 + l) + - ^ r—r
interval {1-6-^+1^ + 1)6)

Tn Vi /.n+^-v^-i/s^i < (i+2o-1/8)(3v/2^+-^==) °—

with < (l + 2a- 1 / 8 ) -c 0 y
 a =: E.

/ / 2 yja — mi

Co :=2V3(V^0-3+V^0+3) =9.994-.. p i a i n l y E < ̂  for ^ = iCo(1 + f a - 1 / 8 ) ^ a n d

Proof. Observe first that any £ in [t^, C/2], where m i = «-10« 1 / 4 (and all the m1 in between by con-
C7i = lOV/ 2 ^ 2 and C/2 := l - c o ( l+3a - 1 / 8 ) a - 1 / 2 , cavity). So (2-1) holds and M*(0,7o) = ̂ .
can be written in the form £ = ( l - M m i + U o ^ ) 2 L i k e w i s e f o r any fc > 1 a 7 , made from increas-
with fcotl + f a - 1 / 8 ) ^ <m1< a- lOa 1 / 4 and u0 G ^ y l o n S b l o c k s o f

[ 1 ( ^ - 3 ) , i(>/iO+3)]. Hence we can write £ = . . . , _ e ^ _ e ^ - ( e ' 1 + 2 ) , a, o - 2 , . • •, a - 2 , e l s e 2 , . . .
uu' with v " v '

«—1 times
oo

v = i - o - ^ eiO% ei = rrii + li, will have ^ ( i ) -^ (9^ when (tu ti+1) = (-(e^+2), a).
z=i The negative of this sequence is simply
oo

v'= l -0-J^eJ0*, e^mi -Z i , • • •, e2, e'x, a-2, a-2, a, -(ex+2), -e 2 , - e 3 , . . .
1=1 A;—1 times

where the integers mu lt satisfy the conditions of Trivially, since e^e) < mx-lx-2 for j ^ 1, we
Lemma 1. Clearly then by taking a 70 whose se- have
quence U consists of increasingly long blocks of the
form e'3, - e 2 , -e[, -eu - e 2 , - e 3 , . . . , we have »!(*) > (l-6-(m1+l1+3)6)
a*(i) = sl(i) - > ^ for the (ii,* i+i) = ( - e ' ^ - d ) . We (1 — (9 —(m.i — Zx —1)6») > 6>v' > 0f,
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while for ti+1 ̂  o shown in [Pinner 2000b] that if U = a infinitely often
«*<V\ •> h-Lti I™ 4-7 +o\Q-unA2\ thenM*(0,j) < ̂  and if 11»| > k infinitely often then
82{t) > (l+e-(m1+ll+2)0+a0 ) ^ ^ ^ < ^ ^ ^ w h e r e & ̂  n u m b e r rf ^

( l+0- (a -2 )0 -a0 ) > ̂  > 0£. c a n b e c h a n g e d w i t h o u t altering M*(0,7)). Now if
Finally when (tj,ti+1) = (a—2 or e'^a) we have we have (ti,ti+i) = (—b, — c) (or (—(6+2), (c+2)))

a:(i) > (l+ <9)(l+^-o^+(ei + l)e) > 6(1+6) > 6£. w i t h 6 + c = 2 / + 2 t ' * - X t h e n ( s ince t h e r e m a i n i n S
2 W - v A \ i > > v > s - | < 2t+u+2v) we have a?(») (or s*(i)) bounded

ThusM*(^7fc) = n - # by
Hence for any fc > 0 we can construct a 7 with

M*(0,7) taking any value in [0*^, 0fcC72]. Since A g w , (2t+ix+2^2\ / g ^ | (2 t+^+2^ 2 \
6>C/2 > t/i we thereby obtain everything in [0, U2]. • V 1 - 6 > / V ! - 0 /

= (1^(t+l)O+^
+^e2)2-(t+l-c)^.

3. EXISTENCE OF THE GAPS V 1~e )

We now prove the existence of the gaps given by For / > 1 this is plainly less than E2{t) and for / > 2
Theorem 2. is less than

W)-Wt) = j ^ 2 . =^W+(TT^r'

w[^ where F, defined to be

K' = (i-u)(3+(2t-2)6-292+93)+ (l+2d){(t+3-u)2-(2a-8))

6(l+6)(4t2 -2t+l-a)+202(l+te), -0(4t(5-u)+5O-l8u)-62{3t2+2(5-u)t-u-9)

^ = (2o+14-6u)-(t+4-n)2 -63(4t2-20t-6(l-u))+6\4t2+2u),

+0t2(5+80+402)+d(8-u) i s c e r t a i n i y negative for ( t+3-u) < ̂ fZa^. So we
+202(l+40)-26t(u+2+66(l+0)) can assume that each |ti+t i+i| is at most 2t+2w,

when t = a (mod 2), and a n d e a c h l*~**+il i s a t m o s t 2t+4+2v. Thus if we
, , A ,2 have («i,ti+1) = (-6,-c) (or (-(6+2), (c+2))) with

K = (2a+13-6u)-(t+4-n) 6 + c = 2t+2v, then (since ti_x < 2t+2v+2-6+2A
+t2^(6+3^-2^2(l-^2)(3+2^)) with A = 1 or 0, and t^ = 2t+2v+2-b+2X implies

+2^t(2-2u+(«-2)^-2^2(l+^2) + ll^3(l-^2)) that t^2 < 6-2-2A and so on) s*(i) (or s*2(i)) is

+0(lO-2u+(u-7)0-802 + 1403-3204+3O05) b O U n d e d b y t h e q U a n t i t y S ^ ^ ™

when t £ a (mod 2). So I2(t) < I^t) for all t > 0 ( i Q w ^+2+2v+2\-b)62+{b-2-2\)6^\
when a is even and for {At—1) > %/4a —3 when a is V 1~$ /
odd, and E2(t) < Ex{t) for all < < ^20-6^+16- / (2t+2+2u+2A-c)6>2+(c-2-2A)6>3^
(4-u). y l-6>2 /

We suppose that 7 has M*(0,7) in [^(t),/^*)] / (t . 2+^+2A)l92+a+i;-2-2A)l93\2

(Case I) or ^(t^E^t)] (Case II), with t as in the = (l-(t+l+v)0+^ ^ 3 ^ )
statement of Theorem 2. Then from the rough lower 2

bounds (u + vXi& (1+2e\

h{t) > i-(2t+3-u)e S i n c e s i s b o u n d e d b y B(t) K l2^ w h e n A = 0

we can assume that all the |^| are at most 2t+2v+u and v = 1, in Case I we can successively rule out
with v — 1 in Case I and v — 0 in Case II (it was any |t» —*»+i| = 2£+6 and |£i+*t+i| = 2t+2. So
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\ti — ti+i\ < 2£+4 and |£*+^+1| < 2t. Since S is less Hence t i + 2 , t i + 3 = £+l,£ —1 (else trivially s{(i) <
than ^M*)) and

E m+40 2 - f^W° if ̂ a ( m o d 2)' 5 t ( i ) = (i-^-^-^+^r-i)
2 U l ^ \62(l+ey ift^a(mod2), x (l-^_(t+l)^+(t+l)^2

(and hence less that £2(t) for b ̂  t or t±l) in Case II + (*-1)#3-#3(-^+
+3)),

we can assume that |^+ti+1| < 2t-2 and |*»—**-HX| < ^(z + 2) = (l-0-(£-l)0+0(-d+_3))
2t+2 except for the blocks ±{^,ti+1} = {-£,-£}, x h _ ^ _ ^ + i ^ + f t + i ^ 2

{-(t+2),(t+2)}, {-(t+l),-(t-l)}or{-(t+3), l ' /
(t+1)}. Now if t = a (mod 2) and (U,ti+1) = +{t-L)V -a d^),
(—t, —t) then (since tj_i < i + 2 and t,_i = t + 2 with
implies t^2 < t-A and t^2 = * - 4 implies ^_3 < _ . (t+3)6>+(t—5)6>2

t+2, etc., and the same for ti+2, ti+3, ti+4,...) we ob- d ~ m i n i " i - i> ~di+sl < ^Zp
tain s\{i) < E2(t) (with equality if the (-t,-t) is & n d m i n { s I ( i ) ^ ( i + 2 ) } < ^ ( w i t h e q u a l i t y i f

preceded and succeeded by perpetual blocks (t+2), t h f i p r e c e d i n g a n d s u c c e e d i n g U _ u U _ % , . . . and - t i + 4 ,
( 1 ; 4 ) ) ' ^ J t m (i;^+l) r +

( " ( t i + 2 i i < + 2 ) ) 7 -^ • • •consist of r eP e a t e d blocks (*+3)' (*-5))-
obtain s2(t) < E2(t) with equality only if the preced- H e n c e i n C a g e n w e c a n a s g u m e t h & t & n t h e | t . +

ing and succeeding blocks take the form (t+2), ( t - j < 2 i _ 2 a n d | t . _ t j < 2 f + 2 Qr t h a t 7 ig o f t h e

4) and - ( t + 2 ) , - ( t - 4 ) , but then a J ( i+ l ) will be form d f l i m e d t Q a c h i e y e ^ N o w i f e a c h ^ ^ ^ ^
smaller so these can be dismissed. Likewise if t ^ a ig &t m Q s t 2t+2+2v a n d e a c h | t . + f .+i ) i s a t m o s t

(mod 2) and (t,, t i+1) = ( - ( t+1) , (t+3)) then since ^ t h e n j ^ ^ ^ = m i n { 2 £ + 2 + 2 ^ - 6 , 2 t + 2 ^ - n } ,
/ /•+J_Q'\/J2 , /•/ e;^3\ observe that if U — —b, 0 < b < 2t+2v—u then

(1+^->4+Mt+1),+^^) , + ^ r _ ^
we must have t i+2 = - ( t + l ) (else trivially S ; ( z )< ' ( ^ + ( 2 i _ ^ 2 ) X
E2(t)). Hence f 1H-̂  — ^_$2 ' ')

s*2(i) = (1+0-^+1)0+0^) > / ((2t-^+2^+(n-2z;)02)\

x(l+0-(t+3)0+(t+l)02-02<++2), ~V l-^2 7

«;(t+l) = {l+d-{t+l)e+9dt+2) fuo ((2+n)0+(2t-n-2)02)\

x(l+0-(t+3)0+(t+l)02-02dr_1). V 1 - 0 2 /
the minimum occurring when b = (2+u) or 2t+2u—

Thus, writing t t ) w i t n t m s greater than i^t) or E^t) as v = 1 or
fZ+Q^j-ff _ 5)02 0. Similarly for sl(i). Hence for the 7 of interest we

d = m.in{d~_1, df+2} < —— , need only consider sj(i) and s^i).
Now if tt — —b with u < b < 2t—u and all the

we have \U+ti+i\ < 2t-2+2v then

min{«S(i),«;(t+l)} < (l+0-(t+l)0+0d)x a ; ( i ) > U_d+-be-{2t-2+2v-b)e>\

(l+0-(t+3)0+(t+l)02-02d) ^ / ' N

Similarly if ti,ti+i = — (t — 1), —(t+1) then Clearly the minimum occurs when

\ 1-02 J equalling h(t) for v = 1 and ^ ( t ) for u = 0 (with
x(l-0-(t+l)0+0d+h l) . equality for period (2i-u),(u-2+2u)). Likewise
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