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Abstract. In this paper, we use Prandtl mixing-length theory and semiempirical the-
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1 Introduction

Lamina sublayer, surface layer and Ekman layer are three important parts for the atmospheric
boundary layer [24,26]. In particular, the Ekman layer covers ninety percent of the atmospheric
boundary layer, which is driven by a three-way balance among frictional effects, pressure
gradient and the influence of the Coriolis force in non-equatorial regions [13,24,33]. However,
this balance breaks down in equatorial regions, where the Coriolis effect due to the Earths
rotation vanishes, the Coriolis force changes sign across the Equator, so the nonlinear effects
have to be accounted for [4-8,11,23,25].

Ekman was the first to formula and analyse a mathematical model which describes the
behavior of wind-generated steady surface currents [13], the theory is the basis for our un-
derstanding of wind-driven currents, and is also relevant for the air flow in the atmospheric
boundary layer.
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We consider a rotating framework with the origin at a point on the Earth’s surface, with the
x axis chosen horizontally due east, the y axis horizontally due north, and the z axis upward,
it is known that the standard Ekman equations are given by

Flo—0) = — 2 (ki), ;
{f(u—ug) = 2(k), -

where u = u(t, x,y,z), v = v(t,x,y,z) are the components of the wind in the x and y directions
respectively, P is the atmospheric pressure, p is the reference density, f = 2()sin¢ is the
Coriolis parameter at the fixed latitude ¢, u; and v, are the corresponding geostrophic wind
components, k denotes the eddy viscosity [22].

Ekman derived the flow from this model and obtained three characteristics, two of which
have been shown to hold in the general case of depth-dependent eddy viscosity. However,
regarding of the value of the deflection angle of the surface flow from the wind direction,
some data in non-equatorial regions predicted significant differences [9,17,34]. It is natural to
attribute this difference to the assumption of constant vorticity. Some results have been made
on the explicit formula of the solution to (1.1) with the hight-dependent eddy viscosity and
the classic boundary conditions u = v = 0 atz = 0 and u — ug, v — vy for z — oo for the
atmospheric Ekman equations [9,10,16,19,20,32]. With respect to wind-driven surface current,
one can refer to [1-3,12,30,31] for the depth-dependent eddy viscosity and the corresponding
boundary conditions.

Noting that (1.1) is formulated by omitting the turbulent fluxes, which has obvious lim-
itations. Recently, Guan et al. [18] introduced a new nonhomogeneous model containing
turbulent flux terms, which improved the classical model proposed in [24]. Further, in this
paper, we propose the following generalized model

{f(v —vg) = — 2 (k%) +21%u g,
flu—ug) =2 (k%) +levg—;,

where | is a constant number. We emphasize that (1.2) is a generalization of the standard
Ekman equations since the turbulent flux term is considered. Comparing with the previous
extension model in [18], (1.2) has a totally different and specific turbulent flux terms. In
[18], the turbulent flux is assumed to be a function of height, but here we use semi-empirical
method and assume turbulent flux to be a function of u, v and their partial derivatives, which
are more reasonable than the turbulent fluxes only depending on the high z in [18] and also
makes the current model more complex.

Note that explicit solution and dynamical properties of atmospheric Ekman flows with
boundary conditions have been presented extensively. There are still very few contributions
on the modified Ekman equation. In particular, periodic solutions and Hyers—-Ulam stability
are reported in a modified model in [18] by using the theory of ordinary differential equations
and hyperbolic matrix theory. In this paper, we consider spatial wave solutions of (1.2), which
satisfy certain ODEs, and we study qualitative properties of this corresponding ODEs. This is
a novelty of this paper.

The rest of the paper is organized as follows. New generalized atmospheric Ekman equa-
tions are derived in Section 2. Section 3 deals with spatial wave solutions of (1.2). We study
qualitative properties of the corresponding ODEs determining these solutions. Involving also
other terms not just linear ones into (2.5), we continue our analysis in Section 4 with more
general ODEs. Finally, (2.4) is investigated in Section 5. The obtained spatial wave ODEs

(1.2)
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are nonlinear and implicit, so their study is difficult. There are still many open challenging
problems for further research. These aspects are presented in Section 6.

2 Model description

In the local Cartesian coordinate system, the earth’s surface is approximately regarded as a
plane, and the curvature term can be omitted, so the Ekman layer is governed by the following
equations, see [24,26]

% — _1loP + 20 sin¢pv — 2Q) cos pw + Fry,

ox
by = —ggfy’—zﬂsin¢u+ﬂy, (2.1)
% = —%%—I; —g+2Q0cospu + F,
where
Frx = [—'; + 24+ 24,
Fy = v[3% +az2+az2]
F.=v [x2+ 2+3Z2]

and v = % is the kinematic viscosity coefficient [24], u = u(t,x,y,z), v = v(t,x,y,z) and
= w(t,x,y,z) are the components of the wind in the x,y and z directions respectively.

Besides, U = (u, v, w) satisfies the continuity equation
d
L4v. (oU) = 0. 2.2)

For a wide range of air movements, w < u,v [33], so we assume w = 0, kinematic viscosity
coefficient is negligible in the Ekman layer, so F.x = 0, F,, = 0, then (2.1) reduces to

o ox

Dv _ _19P _ ;
Df= “ody 2Q) sin ¢pu.

Du 19P :
2= -2 4+ 20 sin ¢,
{ o ¢ 2.3)

Note that the Boussinesq approximation is an important simplifications in (2.2) and (2.3) for
application in the boundary layer, in this approximation, density p in (2.2) and (2.3) are re-

placed by a constant mean value (everywhere except in the buoyancy term in the vertical
momentum equation, see [24]). Clearly, (2.2) becomes to

ou dv Jw
ax Tyt oz
We assume that the variable consists of the mean value and the turbulence value, for exam-
ple, u = i + 1/, the corresponding mean values are indicated by overbars and the fluctuating
component by primes.
Under the Boussinesq approximation, the mean velocity fields satisfy the following conti-
nuity equations [24]

=0.

ou 0Jv oJw

ax Ty Tz
we separate each dependent variable into mean and fluctuating parts, and substitute into the
chain rule of the differentiation, then we obtain

=0,
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where

D_9.,.9, .9 3
Dt ot ox  dy 0z
is the rate of change following the mean motion.
Using the above relationships and (2.3), the mean equations thus have the following form:

%:_%%Jﬂ@_[aﬁ Buv’+atézzu’]’
%:_%?le)_f* [auv vv’_f_avw’]‘

We omit the inertial acceleration terms because they are much smaller that the Cariolis force
and pressure gradient force terms for midlatitude synoptic-scale motions [24], using the
geostrophic balance, we obtain

f(ﬁ _ Ug) [au u’ + E)u v’ + u'w' w’] =0
{—f(u _ ug) [au v’ + av/v’ + av/w/] —0.

By the Flux-Gradient theory [24], we get
{u’w’ = k%,
sy 9
v'w' = —k§3,

where k is the eddy viscosity coefficient, then we obtain

{f(v—vg) az(kgz)_{_auu/_{_auv/,

flu—g) = G (k§2) + %5 + 83;”/

usually we omit the terms agx” , agy” , ang' and asy” because they are small in comparison to

the terms a”g w ava/zwl, but here we retain ag,x”/ and agly”, and obtain

{ﬂW4@= — 9 (kL) 4 W
fla—ig) = 2(k%) + %52

By the Prandtl mixing-length theory [24], we have ' = —I'%, v/ = —I'% 50

{ﬂv—%)=—a@“)+ﬂa@ﬂ%

7 (2.4)
fli—TTg) = £ (k) + P L ()2,
where | = I’ is the mean mixing-length.
Now replacing u, 7, iy and g by u, v, ug and vg, respectively, and we assume that
Ju d0v
— ) — = 2.
oz W 2T (2.5)

by semiempirical theory, one can obtain

{f(v—vg) — 2 (k) +212ug§;,
f(u—ug) = a@(ka”) + 21299 vge
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3 Spatial wave solutions for (1.2)

Assuming that k is a nonzero constant, (1.2) becomes

flv—1g) = —kg%‘ + ZZzug—z,
flu—ug) = k% + 21203—;.

We are looking for spatial wave solutions of (3.1) as follows

u(x,y,z) = U(ax + By + z),
v(x,y,z) = V(ax + By +z),

where « and p are parameters. Then we get

f(V —0g) = —kU" + 242U,
fU —ug) =kV" +2BI2VV'.

For & = 0 and B = 0, we get the standard Ekman equations. Taking

u X1
. \%4 Y
X= LI’ - X3 ’
74 X4
(3.3) becomes
X3
X' = F(X) o
= = 2
fog—x2) + %z
2
Fln —g) = Fxoxy
Note (3.4) has a unique equilibrium
Ug
v
Xo = Og
0

and its Jacobian matrix is

0 0 1 0
0 O 0 1
DF(X()): 0 _f 2alPug 0
k
2B1%0
fooo E

with the characteristic polynomial

4 A32[Slzvg — 2al?ug B S 4aBltugug

—|—f2

x(A) =A%+ . A 2

Lemma 3.1. x defined in (3.6) has no pure imaginary roots.

k2’

(3.2)

(3.3)

(3.4)

(3.5)
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Proof. Suppose A = 1w, w € R is a root of x, then we get

2B1%v, — 2al%u daBltugv,  f2
— _ 4 3 g 8 2 878
0=x(w) =w* — 1w . -I-wT-i-ﬁ.
So
4afltu,v 2
w4+w2 ‘Bkzgg+-£2:()/
- =
Clearly w # 0, then Bvg — aug = 0, so
402 B?1Au,v 2
w4 + CUZ‘Bngg + {(‘2 =0,
which is not possible. The proof is finished. O

Consequently, DF(Xj) is hyperbolic. When a = = 0, we get

0 0 10
DE(Xo) = 4 = 0 0 01
V=27 o =L 0 0
0 00
with (3.6) of the form
2
s
Mt =0

and possessing four eigenvalues

Thus there are two eigenvalues of A on both sides of the imaginary axis. By Lemma 3.1
this property remains for any DF(Xp) with arbitrary « and B. Consequently, Xy has a 2-
dimensional stable manifold W5 . So we have a 4-parameterized family of functions
X(a, B,s1,52;t)
such that
X(t) = X(, B,51,52; t)

is a solution of (3.4) with X(0) € Wy, . Then X(t) — Xo exponentially fast as  — c0. Summa-

rizing, we arrive at the following result.
Theorem 3.2. Functions

U s, (X, Y,2) = U(a, B, 51,80, 4x + By + z), 3.7)
Vo Bs1,s (X, Y,2) = V(a, B, 51,80, 4x + By + z)

give a 4-parameterized family of solutions for (3.1) with
ua/ﬁlslrsz <x’ y’ Z) — ugl
Un,B,51,5 (x, Y, Z) — Ug,

asx+y+z—+00,x>0,y>0,z>0,a>0and B > 0. In general, the above asymptotic properties
hold for ax + By 4+ z — co.
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For [ =0, ug = vy = 1,2f—k = 1, we have an implicit solution [20]

u1001,-1(x,y,2) = e~ 1) gin(10x + z) — e~ (102 cos(10x +2) 41,

(3.8)
01001-1(%,v,2) = —e~ 1% sin(10x 4 z) — e~ 1%+ cos(10x + 2) + 1,

visualizing their spatial wave forms on Figure 3.1.

Figure 3.1: Solutions of (3.8): left u1g01,—1(x,y,z), right v1001,-1(x,y,2)

We need the next observation.
Lemma 3.3. If & > 0and B > 0, then

k
L(X) = —(xﬁ — x%) — fx1x2 + fogxy + fugxs

is a Lyapunov function of (3.4) on the set
IT={x; >0,x >0} C R~
Proof. For any solution X(t) € IT of (3.4), we compute
L(X(1)" = k(xa(t)xy(£) — x3(t)x3(£)) — fa1(8)x2(t) — fro(8)x3(F) + fogxi (£) + fugxy(t)
= x3(5)(f(x1(t) — ug) — 2BPxa(£)xa(t)) — x3(t) (f (vg — x2(t))
+20l%x1 (H)x3(t)) — fas(t)xa(t) — fxy(t)xa(t)
+fogxs(t) + fugxa(t) = —2B1%xx(#)x4(t)* — 2al%x1 () x3(F)* < 0.
The proof is finished. O
Now we present a uniqueness result for nonnegative solutions in Theorem 3.2.

Theorem 3.4. If & > 0 and B > 0, then any bounded solution X(t) € 11, Vt > 0 of (3.4) tends to Xy
ast — oo, ie., X(t) € Wy , Vt > 0.

Proof. Set
L(X) = —2B1Pxpx3 — 2al?xx3.

The w-limit of set of X(0) is denoted by w(X(0)). The largest invariant subset of the set
{Xell|L(X)=0}

is denoted by M. A simple analysis shows that M = {Xj}. Next, by Lemma 3.3 and [21,
Theorem 9.22], we know w(X(0)) = {Xo}. The proof is finished. O
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Next, using (3.2), we consider that a solution depends on z. Now we study opposite, that

is we take

M(x,]/,z) = U(ocx + ﬁy),
o(x,y,2) = V(ax + By). (3.9)

Then (3.3) is transformed to
f(V —0g) = 222U,
fU —ug) =2pPVV/,
which is an implicit ODE (see [15,29]). Now (3.10) gives

(3.10)

0 =all (U —ug) — BVV'(V —vy)
S-S

thus implicit solutions are given by
us u? Ve ooV
— _ B == - = : A1
H(U,V) oc<3 Zug> ,8<3 20g> ceR (3.11)

Theorem 3.5. There is a family of periodic spatial solutions (3.9) of (3.1) given by the equation (3.11)
under the following condition

afugve < 0. (3.12)
Proof. The gradient of H(U, V) is
[ al(U —ug)
v )= i)
SO
”g] (3.13)
[Ug

is a critical point of H(U, V) with the Hessian

_|eug 0
Hess H(ug, vy) = [ 0 —,BUg] .
Clearly, if (3.12) holds then (3.13) is a strong local extreme of H(U,V) and it is a center
for (3.10). If aBugu, > 0, then (3.13) is a non-degenerate saddle point of H(U, V) and it is
3__ ;3
hyperbolic. Consequently, (3.11) are periodic for suitable ¢ ~ % under (3.12). The proof
is finished. n

Implicit ODE (3.10) has the same phase portrait as the following ODE

a' = pb(b —vy),

b' = wa(a —uy) (3-14)

when a # 0 and b # 0. (3.14) has 4 equilibria (0,0), (ug,0), (0,v¢) and (ug,ve) Which are
either centers or hyperbolic. Thus, implicit ODE (3.10) has impasse solutions, so solutions
terminating in singularities U = 0 or V = 0 in finite time [15,29], which are impasse spatial
solutions of (3.1). This is demonstrated on Figure 3.2.

We end this section with the following notes.
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Figure 3.2: Periodic and impasse solutions of (3.10): lefta = —f = uy = v, =1,
righta = f=u; =0, =1

1. We can reduce parameters in (3.3) by taking

U(t) = ug + gul <\/%t> ,

- . (3.15)
V(t) =g+ T ( zt>
to get
Vi = Uy + all Uy, (3.16)

u, = Vll, + ,BV1V1/.

We do not consider (3.16) until instead of (3.3) to keep the role of other parameters in the
above results.
2. Let (3.16) have a T-periodic solution. Then integrating (3.16) we have

t=T
/T Vi (t)dt = /T(—u;’(t) +ally (UL (1))t = [—U’(t) + a%t)z] _o,
0 0 =0

21t=T
[ wae= [ 0710 + Vi) = [‘V“” 8y ] -0

So we can use Wirtinger inequality [27, p. 9] to derive

T2 T
" ! 1" 1
Itz < [Vallz + [ellithth 2 = 5 [1Vll2 + 5 laf [ U leo [ LY []2,

T2 T (3.17)
Vi'll2 < 1t lla + [BIIVAVTIl2 < 51U lla + S IBIIVallo V' l2,
4 27
where
T
Ul = / ut)?dt, |[|Ulje = max [U(t)].
0 te(0,T]
Adding the two equations of (3.17), we arrive at
1 1 T2 T 1 1
1112 112>\ 27T 5 1]fcos 1[0 1112 1112 .
U2 + WVl = ( gz + 5 max{laiUnlleo, [BlI[Ville} ) U [l2 + [Vl (3.18)
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So if
Iyl + V' [l2 # 0,
then (3.18) implies

2

T T
1< 4+ 5 max{lal | Us s, 1611V,

which leads to

(¢4+ (maxc{ || [[Us o, BV lloo})? — max{ ]| U [ |/s|||v1||oo}) n<T.

Using (3.15) and (3.19), we obtain

Theorem 3.6. A period T of any nonconstant T-periodic solution of (3.3) with

max |U(t) —u,| <M, max |V(t) —v,| <N
te[o,T}| () g|_ te[O,T]| () g‘_

satisfying

k 42 , 22
n\ﬂ ( 4+ " (max{Ja|M, |BINY) —mmaxwm,ww}) <T.

Results similar to Theorem 3.6 are presented in [14].

(3.19)

3. We are focusing in this paper on the case for fixed f # 0. This leads to a hyperbolic-like

dynamics. On the other hand, if f = 0, then (3.4) has a form

x| = X3,
Xh = x4,
, 2al?
X3 = TX1X3,
2
Xy = —#xzx@

Clearly
X={x3=x4=0}

is a fixed point set of (3.20) with Jacobian matrices

00 1 0
00 O 1
0 0 lelle 0
2p1%
00 o -F=
possessing eigenvalues
2ual?
0, o, = : 2By,
and the corresponding eigenvectors
0 1 1 0
1 0 0 1
0l’ 0l” 20%xqy | 7 0
0 0 0 _ ZﬁlzJCz

(3.20)

(3.21)
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for x; # 0 and x; # 0. (3.20) is decoupling to

, o 2ul?
xl Tx1xl,
) (3.22)
1 Zﬁl /
2 = T
Integrating (3.22), we derive
. al?
X1 73(1 +c1,
5 (3.23)
xh = —TX% + e

(3.23) is solvable and leading to these cases [28]:
i) 1 — 0:
kx1 (0)
— al?x1(0)¢
ucklle( )2
%3(t) = G alz, (0)12

X1<t> =

is a blow-up solution.

x1(0)\/TC1+C tanh<\/7)

\/Txcl al? x1 (\/7)
( lele )

< lcl cosh(\/@t) —"‘l’;j(o)sinh<\/—Ticlt>>2

is an asymptotic solution for |x1(0)| < {/— "‘l - connecting two points on X:

m n(6) = £y/-%K, timan(t) — /-2
e I S

lim x3(t) =0, limxs(t) =0
t——o0 t—ro0

2
i) L4 <0

alzcl

X3(i’)

is a blow-up solution for |x1(0)| > {/— ,"(‘g

K} 2
iii) "‘ITcl > 0:

( ) wl? c1 1 tan( aliq t)

/lezxcl al? x1 ( [ al?cq t) ’
k

1 al?x1(0)?
%@1 + %)

(VP o) - 5 51) )

X3(t)

is a blow-up solution.
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iv) Similar formulas hold for x,(t) and x4(f) by exchanging («, c1) with (—p,c2).

v) Note

c1 = x3(0) — Txl(O)z, c2 = x4(0) + ﬁ—lzxz( 0)2.

Clearly blow up solutions persist in (3.4) for f # 0 small. It will be our next study the
asymptotic solutions ii).

Finally, we note that (3.4) for I small has a hyperbolic structure on bounded sets due to the
Hartman-Grobman theorem. On the other hand, when [ large, say I = e V2 > 0 then (3.3)
becomes

ef(V —vg) = —ekU" + 22UU’,
ef(U—ug) =ekV" +2BVV'.
Scaling
U(t) =U(t/e), V() = Vi(t/e),
we get
e’ f(V1 —vg) = —kUy + 2al1 U5,
e f(Uh —ug) = kV{' + 28V V.
(3.24) has a form of (3.22) for € = 0, so we can apply above results and remarks. We see that
(3.4) has different dynamics for / small and large.

(3.24)

4 General nonlinearities

Assuming that (2.5) involves also other terms not just linear ones, we suppose that

(2) =pw, (L) =4

for p,q € C*>(R,R). Then instead of (1.2), we obtain

_ ou 2./ du
{f(v ) =& (k) + 2 0, )
Flu—ug) = 2(KE) + g (0) 2.
Then (3.4) becomes
X3
! _ x4
X' =FX) = n (4.2)

0 O 1 0
(X0) 0 O 0 1
DF XO = lezp”(u)
J(‘) _£ T ﬁlzo"( )
q-(v
r 0 0 =%

We see again that Xy is hyperbolic with 2-dimensional stable and unstable manifolds. Note
(4.2) has a form
X' = B(X)(X — Xo) (4.3)
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for
0O O 1 0
0O O 0 1
B(X) = 0 _% uclzp]:(xl) 0
12 /
% 0 0 _B qk(xz)

For any X, B(X) is hyperbolic with 2-dimensional stable and unstable manifolds.

This motivates us to show the following results. Let W; and W, be stable and unstable
subspaces of A defined in (3.5). Let P : R* — W, and P, : R* — W, be projections with
P; + P, = I. Then from [20] we have

cos ]zt —sin Et — cos I}tj-sin kt cos IEt-i:sin kt
i _ N ok 2k
eAtPS _ ekt ) si~n kt ) ) CO~S [kt] ) __cos kt;ism kt  —cos I;ff:ts:n kt
2 | —k(coskt +sinkt) k(— coskt+ sinkt) cos kt — sinkt
k(coskt —sinkt)  —k(coskt+ sinkt) sin kt cos kt
and ) ) ) i
T o T coskt+sinkt  — cos kt+sinkt
y cos kf sin Ift I I
eAtPu _ ef ) —~sin kt ) ) (EOS kt ) coskt2—l~(s~1nkt coskt2-|]—i1nkt
2 (coskt —sinkt)  k(coskt+sinkt)  coskt sin kt
—k(coskt + sinkt) k(coskt —sinkt) —sinkt cos kt
for
F=/L.
2k
By considering a norm
IX][ = max x|
i=1,2,34

on R*, we compute

2 1 1 -
||eAtPs,uH < Ke, K= — +max {~,k} ,

V2 2k

2 (4.4)
IB(X) — All = = max{|ap’(x1)], B4 (x2) |}
We are ready to prove the next theorem.
Theorem 4.1. Let M > 0 and set
Sxo(M) ={X e R*| [x1] < M, |x2| < M}.
Suppose
2 ' / k
Ll W max{|ap’(x1)|, B (x2)[} < 5 (4.5)

where K is given in (4.4). Then (4.2) has X(t) = Xo as the only bounded solution on R with X(t) €
Sx,(M).

Proof. Rewriting (4.3) as

(X — Xo) = A(X — Xp) + (B(X) — A)(X — Xop),
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its bounded solution X(t) € Sx,(M) on R is given by
X(t) — Xo = /_:o eI P (B(X(s)) — A)(X(s) — Xo)ds
- /t " eAI=9p, (B(X(s)) — A)(X(s) — Xo)ds,
which by (4.4) implies

1X(8) = Xol| < K/ ) B(X(s)) — AJlIX(s) = Xollds

[T HIBXS) - ANIX() - Xo (t) - Xol.
teR
This gives
sup || X () — (£) = Xol|,
teR teR
which by (4.5) implies sup,p || X(t) — Xo|| = 0, i.e., X(t) = Xo. The proof is finished. O

Theorem 4.1 leads to the following extension of Theorem 3.4.
Corollary 4.2. If (4.5) holds then a bounded solution X(t) € Sx,(M), t > 0 of (4.2) satisfies
lim X(t) = Xo.

t—o0

Proof. If X(t) € Sx,(M), t > 0 is a bounded solution of (4.2), then its w-limit set w(X(0)) C
Sx,(M) is compact and invariant. Thus for any Xy € w(X(0)), the solution X(t), X(0) = X,
t € R of (4.2) is bounded and it satisfies X(t) € Sx,(M), since X(t) € w(X(0)) C Sx,(M),
t € R. Theorem 4.1 gives X(t) = Xy, so Xo = Xp and thus w(X(0)) = {Xo}. The proof is
finished. O

Corollary 4.3. If

® = max {sup |p/(x1)|, sup Iq’(Xz)I} < 0,

X ER 0ER
then for any )
max{la] 181} < 56 46
’ 2KI?0’
all bounded solutions X (t), t > 0 of (4.2) satisfies
tli)r?o X(t) = Xo.
Proof. Since condition (4.6) implies (4.5), the proof is finished by Corollary 4.2. O

We continue with utilizing a hyperbolic structure of B(X) by considering a slowly variable
system

X3
X = |; o 4.7)
2(vg — x2) + %' (€x1)x3
Fn — ug) — Brq/(exa)xs

for a small parameter € € IR. Then (4.7) has a form
X' = B(eX)(X — Xp).

We have the following conclusion.
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Theorem 4.4. If p'(0) = ¢4'(0) = 0, then for any M > 0 there is an ey > 0 such that any bounded
solution X(t) € Sx,(M), t 2 0 of (4.7) with |e| < e satisfies

}Lrglo X(t) = Xo.
Proof. Now (4.5) means
1 k
£ = s, max{lap'(exn)| 6y ()1} < 5
which clearly holds for any e small due p’(0) = 4'(0) = 0. The proof is finished. O

Results of this section lead to Theorem 3.2.

5 Spatial wave solutions for (2.4)

Motivated by the above method and results, we consider (2.4) for constant k

82 u o2
{f(v - Ug) k 12 8Z az8ux’ (51)
flu—ug) = kgzg + levgzz; agay

We are looking again for spatial wave solutions (3.2) of (5.1) to get

f(V —vg) = —kU" + 2a2U'U",

5.2
U—ug) =kV"+2pPV'V". 62
f(U — ug) p
We observe that (5.2) is more sophisticated than (3.3). Shifting
Us—U—ug, V+—V-—u,
we study
fV =—kUu" 4 2x12U'U”,
fU=kv" +2p2v'V". 3)
Integrating both equations of (5.3), we obtain
f / V(£)dt = —kU'(£) + alPUP(b),
(5.4)
f / U(t)dt = kV'(£) + BIRV().
By introducing
W, = / Udt, W, = /V(t)dt
we get
Wo = —kW! + l2W”2,
fWe 1Ta (5.5)

W1 = kW3 + BIPWS2.
When Wi (t) = 0 then U(t) = 0 and (5.3) implies V(t) = 0, so W,(t) = 0. Consequently
Wi (t) = 0 = W(t) = 0. Similarly W, (t) = 0 = W;(f) = 0. Thus (5.5) gives

k2 - 40{f12W2
1 2ul? !
Wﬁl _ —k 4+ \/k2+4‘5leW1

2B12
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Next, we take in (5.6)
Y1 = k> +H4BfIPWL, Y =K + 4afIPW,

to get
v = ym),
(5.7)
v 2 A
YZ = IB ( k+ Yl).
Next, we set
Yi(t) = k*Z; (,/i{t) , i=1,2
in (5.7) to obtain
Z{ =" (1-V7),
" (5.8)
Z2 - ‘M(_]. + \V Zl)
for N
H= B
Taking
Z1 X1
_ 22| _ | x
X= Zi - X3 !
Zé X4
(5.8) becomes
X3
X
X' =G(X) = e _4 /) (5.9)
p(=1+/x1)
Note (5.9) has a unique equilibrium
1
1
X1 = 0
0
and its Jacobian matrix is
0O 0 10
0 0 01
DG(X1) = g —2; 00
% 0 00

with eigenvalues
—1-1 —-1+1 1-1 1+
2 7 2 7 27 2
and the corresponding complex eigenvectors

_ 14 _ 1 1- 1+
M " M 14

141 -1 —1 1+1 1—1
i ’ i |7 T 1z
M H H "
1 1 1 1
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Consequently, X; is a hyperbolic equilibrium. Thus we have the following result similar to
the statement of Theorem 3.2.

Theorem 5.1. There is a 4-parametrized family of spacial waves solutions of (5.2) asymptotic to the
equilibrium.

Furthermore, (5.9) has a first integral

_ 2 2
I(x1, %2, X3, X4) = X3xg — P+ [Xz — xg’/z] —u [—x1 + xi’/z] :
Its reduction on the level
I(x1,x2,x3,%4) =C (5.10)

is given by

/
xl == X3,

2 2
x3xh = ! [xz - 3X§/2} + [—xl + 3x?/1 +C, (5.11)
xé = ‘1,[71(]_ — \/E)

(56.11) is an implicit ODE [15,29] and its analysis seems to be difficult in general. Some
numerical simulations should help. On the other hand, taking

yi(t) = x;(ut), i=1,23, (5.12)
we get
Vi = s
2 2
ysya =ya— 3932+ Cp+ 42 [—yl + 39 1 : (5.13)
Ys=1= V12
(5.13) is reducing for y = 0 to
y1=0
2
yays =y2— 313" (5.14)
vs=1- Vi
The first equation of (5.14) gives y1(f) = y1(0), and the second and third ones imply
1—
dys _ \/ygz dy». (5.15)
V5 y2-39;

Integrating (5.15), we have
Inys = In(y2(2y/y2 - 3)) +C
for a constant C, which implies

ys = Co(3 —2y/12)y2 (5.16)

for a constant Cy. Note y1, y» and y3 are depending on ¢, so differentiating (5.16) with respect
to t, we get

y3 =3Co(1 - V¥2)ya,
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which together with the third equation of (5.14) give
3C0y/2 =1 ,

which possesses a solution

and (5.16) leads to

y3(t) = Co (3 -2 3(t:0 +y2(0)) (320 +y2(0)> .
Clearly
15(0) = Co (3-2/1200) ) 120}
Consequently, (5.13) has a solution
ya(t) = y1(0) +O(p),
alt) = 56 +12(0) + O(),

) = Co (325 +120)) (36 100 + 00,

Co= y3(0) .
(3 —2v/y2(0))y2(0)

(5.17)

Summarizing, (5.17), (5.12) and (5.10) give a first order approximate solution of (5.9) with
respect to  small. Higher orders can be computed similarly. But since the right hand side of

(5.13) is not analytic, it is better instead of (5.13) to take
“% =Y, u% =Yz, U3=1Y3

and consider
i
2uiuy = pus,

2 2
uztipuh = us — §u§ + Cu+u? [—u% + 3u:f] ,
uy =1—uo.

Then we expand
.
wi(t) = Y wFua(t), =123 uz(0)=0 k>1
k=0

and plugging (5.19) into (5.18), we derive other terms. By (5.17), we have

Mlo(t) = U (0),

u20<t) =4/ 32,0 + MZ(O)zr

umo=@@—23a+mmﬂ<£ﬁwmwy
M3(0)
(B~ 2u(0))ia (0%

Co =

(5.18)

(5.19)
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Note that (5.18) is not solvable at the surface ujusu3z = 0, so it is implicit in the terminology
of [15,29]. But it is orbitally equivalent for ujusuz # 0 to a standard ODE

2 2
i = 13 — galag + Cp + iy {—ﬁ% + 312?} / (5.20)

Hence expansion (5.19) really works for (5.18).

6 Conclusion

We use Prandtl mixing-length theory and semiempirical theory to extend the classical prob-
lem of the wind in the steady atmospheric Ekman layer with constant eddy viscosity. This
establishes new generalized atmospheric Ekman equations. Then paper deals with the exis-
tence of spatial wave solutions for these generalized atmospheric Ekman equations. Such kind
of solutions are determined by certain 4-dimensional autonomous ODEs with quadratic non-
linearities. We apply methods of dynamical systems for investigating qualitative properties
of these ODEs. The existence of families of asymptotic and periodic spatial wave solutions
is proved. Exact and approximative solutions of the corresponding ODEs are also derived.
Two figures are presented for visualization of certain these solutions. The derived spatial
wave ODEs are nonlinear and could be implicit, so their study is difficult in general. Conse-
quently, there are still many open challenging problems for further research such as existence
or nonexistence of quasiperiodic, homoclinic or even chaotic solutions.
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