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Abstract. This paper deals with the blow-up of the solution for a system of evolution p-
Laplacian equations u;; = div(|Vu;|P~2Vu;) (i = 1,2,...,k) with nonlinear boundary
flux. Under certain conditions on the nonlinearities and data, it is shown that blow-up
will occur at some finite time. Moreover, when blow-up does occur, we obtain the upper
and lower bounds for the blow-up time. This paper generalizes the previous results.
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1 Introduction

In this paper, we investigate the following parabolic equations
uy = div(|Vu;[P2Vuy), (i=1,2,...,k), (x,t) € Qx (0,t), (1.1)

coupled via nonlinear boundary flux

]Vui|p2%1:/i = fi(uy,up, ..., ux), (i=1,2,...,k), (x,t) € 9Q2 x (0,t"), (1.2)

with initial data
u; (x,0) =ujp(x) >0, (i=12,...,k), x€eQ, (1.3)

where p > 2, g—fj is the outward normal derivative of u# on the boundary d() assumed suf-

ficiently smooth, Q is a bounded star-shaped region in RN (N > 2) and t* is the blow-up
time if blow-up occurs, or else t* = co. Moreover the non-negative initial functions u;o(x),i =
1,2,...,k satisfy the compatibility conditions and f;(uq, u, ..., ux) : R 5 R,i=1,2,..., kare
given functions to be specified later. It is well known that the functions f;(us,u,..., ux),i =
1,2,...,k may greatly affect the behavior of the solution (uy, u, ..., ux) with the development
of time.
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The blow-up phenomena in nonlinear parabolic equations have been extensively investi-
gated by many authors in the last decades (see [1-5,8,16,24,26] and the references therein).
Nowadays, many methods are known and used in the study of various questions regarding
the blow-up phenomena (such as blow-up criterion, blow-up rate and blow-up set, etc.) in
nonlinear parabolic problems. In applications, due to the explosive nature of the solutions,
it is more important to determine the lower bounds for the blow-up time. Therefore, there
exist many interesting results about blow-up time in various problems, such as [11,12,14,17]
in parabolic problems, [13,15,22,27] in chemotaxis systems, [23] even in fourth order wave
equations, and so on.

In [20], Payne et al. considered the following semilinear heat equation with nonlinear
boundary condition

up=AMu— f(u), (x,t)€Qx(0,t),
S =g(u), (x,£) €902 x (0,£), (1.4)
u(x,0)=uy(x), x€Q,

and established sufficient conditions on the nonlinearities to guarantee that the solution u(x, t)

exists for all time t > 0 or blows up in finite time t*. Moreover, an upper bound for t* was

derived. Under more restrictive conditions, a lower bound for +* was also obtained.
Moreover, Payne et al. [21] also studied the following initial-boundary problem

up = V(|Vul?*Vu), (x,t) € Qx(0,t),
IVul?P% = f(u),  (x,t) €0Q x (0,t*), (1.5)
u(x,0) =uy(x), xeQ,

and obtained upper and lower bounds for the blow-up time under some conditions when
blow-up does occur at some finite time.

Recently, for the special case k = 2 in (1.1), Liang [7] investigated the following system
with nonlinear boundary flux

uy = V(|VulP=2Vu),v; = V(|Vo|P~2V0v), (x,t) € Qx (0,t%),
|VulP=23% = f1(u,0), |Vo|P7292 = fr(u,0), (x,t) €0Q x (0,t), (1.6)
u(x,0) =uy(x),v(x,0) =09 (x), x e,

and showed that under certain conditions on the nonlinearities and the data, blow-up will
occur at some finite time and when blow-up does occur, upper and lower bounds for the
blow-up time are obtained.

On the other hand, many authors have studied upper and lower bounds for the blow-up
time to nonlinear parabolic equations with local or nonlocal sources (see [6,9,10,18,19,25] and
the references therein).

Motivated by the above works, we investigate the blow-up condition of the solution and
derive upper and lower bounds for the blow-up time t*. Throughout this paper, we take the
functions fj(uy,uz,...,ux), i =1,2,...,k satisfying

k

) ui

=1

r—1
k
4l r+l
fi(ul,uz,. . .,uk) =a (Z Lll‘) =+ b\ui|yk Zui]uluz s U Uy uk]rk , (17)

j=1

where 4, b are positive constants and r satisfies

{r>1, ifN=1,2

1<r<B2  ifN>3

(1.8)
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Moreover it is easy to see that

k
Y uifi(ur,uz, ... ug) = (r+1)F(uy, uz, ..., ug) (1.9)
i—1
and
oF
(1,42, 1) = fil(un,ua, .. ), i=1,2,...k (1.10)
E)ui
where
1 £ r+1 k r+l
F(uy, up, ..., ux) = T a|2ui| +kb|Hui| k. (1.11)
r+ i—1 i=1

Our main results of this paper are stated as follows.

Theorem 1.1. Let p < r+ 1. Assume that (uq,uy,...,ux) is the nonnegative solution of problem
(1.1)=(1.3). Moreover, suppose that ¥ (0) > 0 with

k
Y(t) = p/aQF(m,uz,...,uk)ds — Z/Q |Vu;|Pdx, (1.12)
i=1

where the function F(uy, uy, ..., uy) is defined by (1.11). Then for p > 2, the solution (uq,uy, ..., ux)
of problem (1.1)—(1.3) blows up in finite time t* < T with

___9(0)
T= (—2)%(0)’ (1.13)
where
_y 24 1.14
D(t) = iz_l/nui X. (1.14)

When p = 2, we have T = oo.

Theorem 1.2. Assume that (uq,uy, ..., uy) is the nonnegative solution of problem (1.1)—(1.3) in a
bounded star-shaped domain Q0 C R3 assumed to be convex in two orthogonal directions. If the
solution (uy,uy, ..., uy) does blow up in finite time t*, then the blow-up time t* is bounded from below

by

> / . 1 dz, (1.15)
(0
Oy g
i=1
where
k m(r—1) 2
o(t) = Z/ u; Dy withm > max {4,} , (1.16)
= Ja r—1

and l;,w; (i = 1,2,3,4) are computable positive constants.

This paper is organized as follows. In Section 2, we obtain the blow-up condition of the
solution and derive an upper bound estimate for the blow-up time t*. Moreover, we also
give the lower bound for the blow-up time t* under appropriate assumptions on the data of
problem (1.1)-(1.3), and prove Theorem 1.2 in Section 3.
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2 Proof of Theorem 1.1

In this section, we obtain the blow-up condition of the solution and derive an upper bound
estimate for the blow-up time ¢*, and prove Theorem 1.1.

Proof of Theorem 1.1. Using the Green formula and the hypotheses stated in Theorem 1.1, we
have

:22/ ujdx

_22/ wdiv(|Vu; [P~ Vu;)dx
i=170

k k
ou;
=2 / |V |P2—ds — 2 /v.Pd
izzl aQM1| uz‘ o S 1221 Q| ul| X
k k
:22/ ”ifi(ulfuz,...,uk)ds—ZZ/ |Vuj|Pdx
i=190 = Ja

k
=2 1) [ Pl u)ds —2Y [ [Vl
i=1

2.1)

k
>2 [p/aQF(ul,uz,...,uk)ds— Z/Q |Vui|pdx]
i=1

= 2¥(1)

and
k

k
= Z/ fi ul,uz,...,uk)uitds—pZ/Q|Vui\"”2VuiVuitdx
i—1

i=1
k

k .
= Z/ i(uq,uz, . ..,uk)uitds—pZ/ ]Vui\p’z%uitds
i—1 i /e ov

2.2)

k
Z/ div(|Vu; [P 2V u;)uydx

k

— )2
_pi—zl/ﬂ(uZt> dx > 0.

It follows from ¥(0) > 0 and (2.2) that ¥(¢) is positive for all + > 0. By using Holder’s
inequality and Cauchy’s inequality, we deduce from (2.2) that

<Z/> < (5 (fre) (fae) %>2
< (é /0 u?dx> <é /Q ugdx> 03

D(H)Y'(t).

< |+

Therefore, it follows from (2.1)—(2.3) that

& (¥ (1) < %( —2 (2/ ” ultdx> <

N

—O(H)¥'(t), (2.4)

< |
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that is,

Integrating (2.5) over (0,¢), we obtain
Y (1D 2 (t) > F(0)D 2 (0) =: M. (2.6)

Combining (2.1) with (2.6), we derive

Integrating (2.8) over (0, t) again, we have

2

D(t) > [qﬂ*%(o) —M(p—Z)t}_m, (2.9)
which implies ®(t) — +ocoast — T = q;{pj_(g)) = (pz(ﬁl),(o). Therefore, for p > 2, we derive
@(0)
F<T=——27. 2.1
RO 210
If p = 2, then we infer from (2.7) that
O(t) > ®(0)e*M, (2.11)
which implies t* = co. The proof of Theorem 1.1 is complete. O

3 Proof of Theorem 1.2

In this section, under the assumption that QO C R3 is a convex bounded star-shaped domain
in two orthogonal directions, we establish a lower bound for the blow-up time t*. To do this,
we need the following lemmas.

Lemma 3.1 (see [21, Lemma A.1]). Let Q) be a bounded star-shaped domain in RN, N > 2. Then
for any non-negative C'~function u and -y > 0, we have

/ u¥ds < N uVdx + Wl/ u" Y Vu|dx, (3.1)
2Q 00 JQ 0o JO
where
po=min(x-v) >0 and d=max|x|. (3.2)
x€0Q) xeQ)

Lemma 3.2 (see [21, Lemma A.2]). Let Q be a bounded domain in R® assumed to be star-shaped and
convex in two orthogonal directions. Then for any non-negative C'~function u and n > 1, we have

3
/u%"dxﬁ [3/ u”dx+E <1+d> / un_lwufdx]zr (3-3)
Q 200 Jo 2 po/) JO

where pg and d are defined in Lemma 3.1.
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Proof of Theorem 1.2. Differentiating ®(t) in (1.16), we obtain

o0 =m0 % [
i=1
k
B Y KT T
i=1 (34)

k
:m(r—l)Z/aQui m(r=1)- Yi(uy, ua, .. we)ds

—m(r —1)[m(r—1) —12/ =127y, Pdx.

By the definition of the functions f;,i =1,2,...,k and Lemma 3.1, we have

m(r—l) 1 d
;’/BQ Z filur, uz, ..., ug)ds

k

o [ e
i=1700

k _ k

N a0 R

0 i—1 O IOO i= Q

where C is a positive constant. Combining (3.4) with (3.5), we derive
3m(r—1)C Cm(m+1)(r—1)%d
———N(t) + I(t
0o 1t 00 2(1) (3.6)
—m(r—1)[m(r—1) — 1]I3(¢),

O'(t) <

where
k k
=) [ ax =y (), (3.7)
i=179 i=1
k
= Z/ u; ()= 7y, dx = 2121 (3.8)
i=1 Q i=1
and
- / 2|V |Pdx = 2131 (3.9)

i=1
By Lemma 3.2 and Holder’s mequahty, we obtain

L;i(t) :/ ufmﬂ)(r*l)dx
Q

< [ 3 / W3O g (m+1)(r—1) <1+d>
200 3

0o
2(m+1)(r-1)— :
x/{)ul |Vul\dx (3.10)
310 5 w0\ (m 1) (r—1)(po+4)
[0 (] o) 5
200 Q 300

3

X/Qul%(wrl)r - ]Vul\dx} ,
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where i = 1,2,...,k and |Q)] is the measure of Q). By using Holder’s inequality twice again,
we have

-1 1

) p—1
[t 5l)dx> ' < I uT“‘”’ﬂWJ%)”

p—1

2(m+é)(1—51) , p
> ’0’172(m+g)"(11—01) (311)

X /u |Vuz|”dx) ,
Q

wherei=1,2,...,kand é; = % € (0,1) due to (1.16). Therefore, it follows from
(3.10) and (3.11) that

2(m
/Quf( e |Vul\dx

m 2(m+1)
ka _ n D(r—1
200 o) 3p0
r=1 2
2m+1)(1-0y) s \ 1
% </ u:l’l(?—].)dx) ’Q|1773m 1 </ u?(?’—l)_zlvui‘pdx>
o} Q
m+1 (m+1)(p—1)(1-47) 2;
_ m _ mp _ _ P
S €1 (/ u;’”(i’ 1)dx> +C2 </ u;ﬂ(r 1)dx> (/ u;’l’l(r 1) 2|Vui’pdx>
Q Q Q
mt1 (m+1)(p=1)(1=¢1) 2 .
<O (1) 40 mp (HL"(t), i=12,...,k (3.12)
where
o = 3\[ o215 >0 (3.13)
and ,
_ 2 _ 2(m+1)(1-97) \ 3(p—1)
0= V6 <(m +1)(r—1)(po +d)> |Q|(1 S (3.14)
9 Po
Hence, we infer from (3.12) that
k ” me-a-g) 8
t)=) L < k1@ (t) + ker© . (1)L (¢). (3.15)

i=1

Next, we estimate I»(t). By using Holder’s inequality, we have

IZi(t) = Qul(mﬂ |Vu,]dx
p-t
< </ ”Z(MH)M”(] 52)dx) P (/ l |Vuz!pdx>
Q
1-6, =2 N (3.16)
< (( ) rm@) L)
(p=1)(1-3)
4
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where

(p=2) e (0,1). (3.17)

02 = (m+2)(r—1)(p—1)

It follows from Lemma 3.2 and Holder’s inequality that

[l gy < [3/ ey, (m+2)(r—1) <1+d>
o' 200 3

1

0o
) 3
></ uf(mH) |Vul|dx]
0
310 % 5 2)(r —1 d G189
3m 1 _
< [HOLE ([ nge) F e+
2po 0 300

§

2
X/ uf(erZ e |vuz‘dx:| , 1=1,2,...,k
@)

By using Holder’s inequality twice again, we have

p=1
/ u} im2)(r Vs |dx < (/ l%(m+2)( )(1_53)dx> ' (/ u;"(rl)2|Vui|’”dx> '
) 0 )

p—1

2(m+2)(1-d3) E
1 3m m+2)(1 33)

(3.19)
1
X </ u;"(rl)ZIVuiV’dx) '
Q
2(m+2)(1-63) 1 %M 1
m — pP— _ m =
=0T () (L),
wherei =1,2,...,k and
_m=r =D+ -6 _, 4 (3.20)

C2m+2)(r—1)(p—1)

Combining (3.18) with (3.19), we obtain

/ ul(erZ) (rfl)dx
Q

<£|Q|"5m4p* (/Qu - 1dx> ()jt\f(O%LZ)(VEOD(’)Oer))g (3.21)

(m+2)(p—1)(1-93)

2(m+2)(1-46 3(p m 3
oo (1) (/ m(r= ”dx> "W, i=12,.. .k

Substituting (3.21) into (3.16) and applying the following inequality

(a1 +a2)° <2°(aj +a3), a;,ap>0 and s>0,
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we derive
m+ 3
m4 3 — 2)(r—1 d)\ 2
) <1007 (3P ([t Var) P (LRl Dl d)
0 9 0o
2m42)(183)\ 3(p-1) (m+2)(p—1)(1-43) 5 (P*l)LlftSz) )
_2imr2)(1—o3) ) 3(p—1) _ mp 3 1
xmy(l ) ( /Q "’ ”dx) (t)I;;’(t)) 15 (1)
a(m+2)(1—65) o (m+2)(1-6,) (1-83)

m l m
< ( / uT“—”dx) (£) L5 (F) + ¢4 ( / ug"“—”dx) (515 (t)
(@] O

a(m - 1 a2 (m —6 -4
<@ T ML) + a0 T E T WEW), =12,k
(3.22)
where 1 1 3a(1—5)
a(l —o2
a=1—-, =4+ ——=2 <1, (3.23)
p P p 2p
3 D((l—(gz) N
3 = (3\/§p0 2) ‘Q‘ﬁ(mf4+(m+4)§2), (324)
and
«(1-%) _ M 2m+2)(1-53) \ 3a2(1-6)
Cp = (2\/8> <(m +2)(r 1)(90 +d)> ‘Q’(l_ ST ) o +"“52. (3.25)
9 00
Hence, we deduce from (3.22) that
k a(m+2)(1-55) 1 az(m2)( 69) (16
=) bi(t) <ks® T (O () +kes® (DI, (3.26)
Therefore, it follows from (3.6), (3.15) and (3.26) that
, 1 m+1)(p 1)(1 ) = a(m+2)(1-85) 1
O'(t) < LO (1) + L6 (DY (1) + 1O (£ (t) 307
~  a2(m+2)(1-6,)(1-33) B (3.27)
+ 1,0 Iz (O (t) —m(r —1)[m(r — 1) — 1]I3(¢t),
where
k - 1 m
j, = OV3mk(r—1)C 032105 >0, (3.28)
2p0
— _ _ 2(m+1)(1-67) \ 3(p—1)
L Vémk(r —1)C ((m+1)(r 1)(po+d)) |Q|( D) ) i 0 (3:29)
300 00
_ C1\2 a(1-02) .
I = mk (m + 12)(7’ 1)°Cd (3\69(]_;) | Q| 2 (=2 (m+2)%) (3.30)
0
and
3a(1-0y)
- _ (2v6) (m—i—l)(r—l)sz<(m+2)(r—1)(P0+d)>2
4 —_
9 Po Lo (3.31)

" ‘Q|(172(m+23)”(ll—453)>30c (1— 62)+0¢(5 - O



10 P. Zheng, Z. H. Xu and Z. Q. Gao

Next, by using the fundamental inequality
ajay <rap+raay,  ap,a,>0,r,1, >0 and ri4+rn=1,

we have

(m+1)(p-1)(1-51)

" (ﬂfﬂﬂzﬂagu»%

3 3 3 2(m+1)(1-5)(p—1)
geﬂgo+<1—>s§”®~ww>ay
2p
where ¢ is an arbitrary positive constant.

Similarly, we obtain

a(m+2)(1—65) 1 1 1 1 ap(m+2)(1-55)
fﬁZaﬂ;u)gifzbu)+-(y—p>sgp@nWl)zu)

and
o2 (m+2)(1-6,)(1-53)

(DIE(E) < peala(t) + (1— pyel 7@ " Hih (),

where ¢;,1 = 2,3 are arbitrary positive constants.
Choosing the arbitrary positive constants ¢; (i = 1,2,3) such that

o (m+2)(1-6,)(1-63)
m

3 -~ 1 - ~
58112 + 58213 + ﬂ£3l4 — m(r — 1)[771(7" — 1) — 1] =0,

it follows from (3.27),(3.33)—(3.35) that

m+1)(1-61)(p—1 ap(m+2)(1—65) az(m+2)(]—52)(17¢53)

" 24119 (p-1) ap(m+2)(1-37)
O () O (1) +1bO "5 () +5O "0 (H)+LO 0P
— Z]@a] (t) —|— lz®a2(t) + l3®“3(t) + l4®“4(t)/

where
l—<1 3>3%f
2 = —E & 2,
1
13 = (1 — ;) 8;7’713,
B
b=(1-p)el 'Ly,
m+1
o=
L 2Am+ )1 -a)(p-1)
? m(2p —3) '
o apm+2)(1-5)
ST mlp-1)
and
vy = 421 = 8)(1-8)

m(1—p)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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Integrating (3.37) over (0, t), we derive

o) 1
£> / = (3.45)
00
O % L
i=1
As (uq,uy, ..., ux) blows up, we obtain the lower bound for the blow-up time t* as follows
o0 1
£> / g, (3.46)
(0
1=

Clearly, it is unlikely that the quantity f&o) —+1—d¢ can be evaluated exactly. However a
XLt

i=1
lower bound for the integral may be obtained as follows. Let

©) = LOY, if@(t) <1, 647
S T Lo, o) > 1, '
where a,, = min;{a;}, apy = max;{a;}, i =1,2,3,4)and L = 2?:1 I;. Then we have
t>/°° ! dg>/°° Lo (3.48)
TS0 w0 g(&) '
i=1
The proof of Theorem 1.2 is complete. ]
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