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Abstract. In this paper we establish an invariant set bifurcation theory for the nonau-
tonomous dynamical system (¢,,0)x 3 generated by the evolution equation

ur+ Au=Au+p(tu), peH==Hf(,u)] (0.1)

on a Hilbert space X, where A is a sectorial operator, A is the bifurcation parameter,
f(-,u) : R — X is translation compact, f(t,0) = 0 and H|[f] is the hull of f(-,u). Denote
by ¢, := @,(t, p)u the cocycle semiflow generated by the system. Under some other
assumptions on f, we show that as the parameter A crosses an eigenvalue Ag € R of
A, the system bifurcates from 0 to a nonautonomous invariant set B, (-) on one-sided
neighborhood of Ag. Moreover,

lim Hx« (By(p),0) =0, pe€P,
/\—))Lg

where Hx«(-,-) denotes the Hausdorff semidistance in X* (here X* (« > 0) defined
below is the fractional power spaces associated with A).

Our result is based on the pullback attractor bifurcation on the local central invariant
: A
manifolds M, (-).
Keywords: stability of pullback attractors, local invariant manifolds, nonautonomous

invariant set bifurcations.
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1 Introduction

Invariant set bifurcation theory of autonomous dynamical systems has been extremely well
developed [1, 6, 16,17,19,23-27,30-32]. A relatively simpler but important case is that of
bifurcations from equilibria, including bifurcation to multiple equilibria (static bifurcation)
and to periodic solutions (Hopf bifurcation) (see among others, [6,27]). Ma and Wang [23]
and Sanjurjio [31] developed a local attractor bifurcation theory. Roughly speaking, if the
trivial equilibrium e of an autonomous system changes from an attractor to a repeller on the
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local center manifold of the equilibrium when the bifurcation parameter A crosses a critical
value A, then the system bifurcates a compact invariant set K which is an attractor of the
system restricted to the center manifold. Chow and Hale [6] started to discuss stability and
bifurcation phenomena associated with more general invariant sets, e.g. periodic orbits. Using
Conley index theory, Rybakowski [30] and Li and Wang [19] developed global bifurcation
theorems to discuss bifurcation phenomena of nonlinear autonomous evolution equations.

The study of invariant set bifurcation for nonautonomous dynamical system has also re-
ceived a lot of attention. Langa et al. [18] presented a collection of examples to illustrate
bifurcation phenomena in nonautonomous ordinary differential equations. Carvalho et al. [4]
studied the structure of the pullback attractor for a nonautonomous version of the Chafee—
Infante equation, and investigated the bifurcations that this attractor undergoes as bifurcation
parameter varies. In [28], Rasmussen introduced various concepts of bifurcation and tran-
sition for nonautonomous systems, corresponding to different time domains. And several
examples were presented to illustrate these definitions.

The main aim of the paper is to develop a counterpart for the classical autonomous invari-
ant set bifurcation patterns of Ma and Wang [23] and Sanjurjio [31] in the context of nonau-
tonomous invariant set bifurcation. Unlike autonomous dynamical systems for which forward
dynamics is studied, pullback dynamics is much more natural than the more familiar forward
dynamics for nonautonomous dynamical systems. But this makes it very difficult to extend
the invariant set bifurcation theory of autonomous systems to nonautonomous systems when
pullback dynamics is considered. Our approach in the paper is to treat a nonautonomous
system as a cocycle semiflow over a suitable base space. One of the advantage of a cocycle
semiflow approach is that the synchronizing solutions or the other synchronizing behaviors
with the nonautonomous driving force can be studied [12,14,15]. Moreover, in the framework
of a cocycle semiflow, the base spaces are compact in many important cases. For example, if
the nonlinearity f of (0.1) is periodic (resp. quasiperiodic, almost periodic, local almost pe-
riodic) in the time variable ¢, then the base space H is compact. Based on the compactness
of the base spaces, we can establish the equivalence between pullback attraction of cocycle
semiflow and forward attraction of the associated autonomous semiflow. This device makes
the dynamics of such a nonautonomous system appear like those of an autonomous system.

Without the compactness assumption on the base spaces, the upper semicontinuity of
global pullback attractors for nonautonomous systems was obtained in Caraballo and Langa
[2]. However, compact forward invariant sets of the perturbed systems are required to guar-
antee the existence of perturbed pullback attractors. In the paper, we suppose that the base
spaces of cocycle semiflows considered are compact. As a result, after introducing the no-
tion of (local) pullback attractors (see Definition 2.6), we can establish a general result on the
stability of local pullback attractors as the perturbation parameter is varied. Based on this
result, a local pullback attractor bifurcation theory can be developed. This can be regarded as
a generalization of autonomous attractor bifurcation theory in [23] for nonautonomous cases.
Finally, we study the bifurcation of invariant sets for the cocycle semiflow ¢, generated by the
nonautonomous nonlinear evolution equation (0.1). We first construct a local central invariant
manifold M;. (-) for ¢, as A near Ag. Under further assumptions on f to ensure that 0 is a
pullback attractor for ¢,,, we then restrict ¢, to M;' (-) and obtain a pullback attractor bifur-
cation on M7 (-) as A crosses Ag. It leads to an invariant set bifurcation for @,. It is worth

loc
mentioning that if 0 is not an attractor but a repeller for ¢,,, our result still holds. Denote by
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B, (+) the bifurcated invariant set. We further know that

lim Hx«(By(p),0) =0, p¢€P.
A—=Ag
This paper is organized as follows. In Section 2, we present respectively some basic facts

in autonomous and nonautonomous dynamical systems which will be required in the rest of
the work. Section 3 deals with the stability of pullback attractors as bifurcation parameter
varies. In Section 4, we establish an invariant set bifurcation theory for (0.1). We illustrate
the main results with an example in Section 5. Finally, Section 6 contains the proofs of two
propositions presented earlier in the paper.

2 Preliminaries

In this section we introduce some basic definitions and notions [7, 8].

Let X be a complete metric space with metric d(-,-). Given M C X, we denote M and
int M the closure and interior of any subset M of X, respectively. A set U C X is called a
neighborhood of M C X, if M C intU. For any p > 0, denote by

Bx(M,p) :={x € X: d(x,M) < p}

the p-neighborhood of M in X, where d(x, M) = inf,cp d(x,y).
The Hausdorff semidistance in X is defined as

Hx(M,N) = supd(x,N), VM,N C X.
xeM

2.1 Semiflows and attractors

Let R™ = [0,00). A continuous mapping S : RT x X — X is called a semiflow on X, if it
satisfies

i) 5(0,x) = x for all x € X; and
ii) S(t+s,x) =S(t,S(s,x)) forall x € X and t,s € R™.

Let S be a given semiflow on X. As usual, we will rewrite S(t, x) as S(t)x.

A set B C X is called invariant (resp. positively invariant) under S if S(t)B = B (resp.
S(t)B C B) forall t > 0.

Let B and C be subsets of X. We say that B attracts C under S, if

tlggo Hx(S(t)C,B) = 0.
Definition 2.1. A compact subset A C X is called an attractor for S, if it is invariant under S
and attracts one of neighborhood of itself.

It is well known that if U is a compact positively invariant set of S, then the omega-limit
set w(U) := Nr>o Ut S(t)U is an attractor of S. The definition of the attraction basin of the
attractor and other properties can be found in [10,22,30].
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2.2 Cocycle semiflows and pullback attractors

A nonautonomous system consists of a “base flow” and a “cocycle semiflow” that is in some
sense driven by the base flow.

A base flow {6;}er := {0(t) }+er is a flow on a metric space P such that 6;P = P for all
t e R.

Definition 2.2. A cocycle semiflow ¢ on the phase space X over 6 is a continuous mapping
¢ :RT x P x X — X satisfying

* ¢(0,p,x) =x

o ¢(t+s,p,x)=¢@(t0p ¢(s,p, x)) (cocycle property).

Remark 2.3. If we replace R* by R in the above definition, then ¢ is called a cocycle flow
on X.

We usually denote ¢(t, p)x := ¢(t,p,x). Then {¢(t, p)}+>0,pep can be viewed as a family
of continuous mappings on X.

For convenience in statement, a family of subsets { B} ,cp of X is called a nonautonomous
setin X. Let B(-) = { By} cp be a nonautonomous set. For convenience, we will rewrite B, as
B(p), called the p-section of B(-). We also denote B the union of the sets B(p) x {p} (p € P),
ie.,

B = {J B(p) x {p}-
peP
Note that B is a subset of X x P.

A nonautonomous set B(-) is said to be closed (resp. open, compact), if each section B(p)
is closed (resp. open, compact) in X. A nonautonomous set U(-) is called a neighborhood of
B(-), if B(p) C intU(p) for each p € P.

A nonautonomous set B(-) is said to be invariant (resp. forward invariant) under ¢ if for
t>0,

¢(t,p)B(p) = B(6ip),  pePl.

(resp. ¢(t,p)B(p) C B(6ip),  p€P.)

Let B(-) and C(-) be two nonautonomous subsets of X. We say that B(-) pullback attracts
C(-) under ¢ if for any p € P,

lim Hx (¢(t,0-1p)C(6-1p), B(p)) = 0.

Let ¢ be a given cocycle semiflow on X with driving system 6 on base space P. The
(autonomous) semiflow @ := {®(t)};>p on Y := P x X, given by

O(t)(p,x) = (Bip, (t, p)x), t=0,

is called the skew product semiflow associated to ¢.
The following fundamental result studies the relationship between the pullback attraction
of ¢ and attraction of ®. The proof is given in the Appendixes.

Proposition 2.4. Let (¢,0)x,p be a nonautonomous system, and let ® be the skew-product flow asso-
ciated to ¢. Let K(-) and B(-) be two nonautonomous sets. Suppose P and Kp := U,ep K(p) C X
are both compact. Then K(-) pullback attracts B(-) through ¢ if and only if K := U,cp K(p) x {p}
attracts B := Upep B(p) X {p} through ®.
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Remark 2.5. The special case that K(-) is a global pullback attractor was considered in Theo-
rem 15.7 and Theorem 15.8 of [5].

Definition 2.6. Let (¢, 0)x p be a nonautonomous system. A nonautonomous set A(-) is called
a (local) pullback attractor for ¢ if it is compact, invariant and pullback attracts a neighbor-
hood U(+) of itself.

The local pullback attractor defined here, very similar to the notion of a past attractor
in Rasmussen [29], can be seen as a nature generalization of the local attractor from the
autonomous theory. Similar to the case of autonomous systems, if U(-) is a compact forward
invariant set of ¢, then the omega-limit set w(U)(-) defined as

wU)(w) =) | et 0_0)U(0_1w), weQ
T>0¢>T

is a pullback attractor of ¢. For instance, consider the following simple system on X = RR:
X(t) = =3x+p(t)x®, pecHH, 2.1)

where h(t) = 2+ sint and #H[h] is its hull which is the closure for the uniform convergence
topology of the set of t-translates of h. The translation map 6; : H — H given by 6;p(s) =
p(t+s) defines a flow on H. Then the unique solution of (2.1) define a cocycle flow on X
given by ¢(t, p)xo = x(t,0; p; xo). Since

1ixz =32+ p(t)x* < —3(x* —x*) <0

2dt -
provided that |x| < 1/2. Therefore [-1/2,1/2] is a forward invariant set of ¢ and it is
pullback attracted by the pullback attractor 0. It is worth noting that 0 is only a local pullback
attractor. Indeed,

Soxt =32+ p(H)at > 3t 2t >0

provided that |x| > 2. Thus 0 is only a local pullback attractor of ¢.

In general, it is difficult to define the attraction basin of a pullback attractor. Fortunately,
under the assumptions of Proposition 2.4, we can define the pullback attraction basin of a
pullback attractor A(-). Specifically, we have

Definition 2.7. Let (¢,0)xp be a nonautonomous system, and let ® be the skew-product
flow associated to ¢. Suppose P is compact. Let A(-) be a pullback attractor of ¢ such that
Ap := U,ep A(p) is compact. Then the pullback attraction basin of A(-) can be given by

B(A)(:) = {x(-) : A attracts x under ®},

where x(-) is any singleton nonautonomous set in X and x = U,ep{p} x x(p).

3 Stability of pullback attractors

We now establish a result on the stability of pullback attractors under a small perturbation. In
fact, we prove a continuity result with respect to the Hausdorff semi-distance.
Let X be a Banach space with norm || - ||, and let A be a sectorial operator on X. Pick a
number a > 0 such that
Rec(A +al) > 0.
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Denote A = A+ al. For each « > 0, define the fractional power space as X* = D(A*), which
is equipped with the norm || - ||, defined by

xlla = [[A%x], x € X"

Note that the definition of X* is independent of the choice of the number a. If A has compact
resolvent, the inclusion X* — X* is compact for &’ > a > 0.

Let ¢), (Ao € R) be a given cocycle semiflow on X with driving system 6 on base space P.
For ¢ > 0, denote I),(d) := (A9 — J, Ao+ J). Assume that ¢, A € I,(4) is a small perturbation
of the given flow ¢,, based on P. Let us make the following assumptions:

(H1): The base space P is compact.

(H2): For every T > 0 and compact subset B of X, we have
Lim floa(t, p)x — ay (£, p)xlla = 0, (3.1)
— Ao

uniformly with respect to (¢,x) € [0,T] x Band p € P.
Under the assumptions (H1), (H2), we can get a result on the stability of pullback attractors.

Theorem 3.1. Let Ay (-) := {Ax,(p)}pep be an attractor of the cocycle semiflow ¢, which pullback
attracts a neighborhood U (-) of itself. Let

U:= JU(p) x{p} and A, := ] Ar(p) x{p}.
peP peP

Assume U is a compact neighborhood of Ay, in Y = X x P, then under the assumptions (H1), (H2),
the following statements hold.

(a) There exists a small § > 0 such that for each A € I),(5), @, has a pullback attractor A, (-) such

that
/\15110 HX A/\ U AAO 0. (32)
peEH
(b) In addition, if U(-) is forward invariant, then
lim HX<AA(p)/AAO(p)) =0. (33)

A—Ap

Proof. (a) By the compactness of U, we know that Aj,p := U,ep Ap,(p) is compact. Since
Ay, (+) pullback attracts U(-) and P is compact, by Proposition 2.4, A,, attracts U through
®,,. Since U is a neighborhood of A, , one knows that A,  is an attractor of ®,,. By the
assumption (H2), for any compact set B C X, we have that

lim Hy (®a(t)(x, p), Py, (1) (x,p)) = }E&‘O |@a(t, p)x — @a,(t, p)x|la =0 (34)

A*)U

uniformly with respectto t € [0, T] and (x, p) € B x P. Then by the stability of the autonomous
attractors [21, Theorem 4.1], there exists a § > 0 (independent of p € P) such that for each
A € 1), (0) := (Ao —J,A0 + 6), P, has an attractor A, contained in U. Moreover,

/\11_)1’{\10 Hy(A/\,A)\O) =0. (35)
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Write A, as U,ep Ar(p) x {p}, A € I},(0). Using Proposition 2.4 again, we have that A, (-)
pullback attracts U(-) through ¢,, i.e., A)(-) is a pullback attractor of ¢,. (3.2) is a direct
consequence of (3.5).

To complete the proof of (b), we shall prove (3.3) by contradiction. Thus, let us assume
that there exist ¢ > 0 and a sequence A; — Ag, as j — o0, x; € A, (p) such that

dx(xj,x) >0, forall x € Ay (p). (3.6)

Note that
xj= @) (n,0_np)x}, for some x] € Ay (0_np).

Similar to the argument in (a), we can assume that A, (p) C U(p), thus x; € U(p). By the
compactness of U(p), there exists a subsequence of x; (still denoted by x;) which converges
to some xy € U(p). Now, for each fixed n we have xj € U(0_,p) so that there is a further
subsequence of x7' (still denoted by x7') which converges to some x € U(0_,p). On the other

]
hand, for any given v > 0, we can use the assumption (H2) and the continuity of ¢(n,6_,p)

to show that for j large enough,
3d(a;(n,0-¢p)x}, @a,(n,0-¢p)xg)
< d(a;(n,0-p)x7, @ao (1, 0-1p)x}') + d( @, (1, 0-tp)x}, @2, (1, 6-1p)x()

<v-+uv.

Then, for each fixed n € N,

xXo = lim x; = lim @y, (1,0 -np)x} = @1, (n,0-up)xg.
]—00 ]—ro0

Since U(p) is forward invariant, we have
X € ﬂ Pro (I’l, G*HP)U(B*HP) = A/\o(p)/
nelN

which contradicts (3.6). The proof is complete. O

The main contribution of Theorem 3.1 is the existence of pullback attractor A,(-) for ¢,
as A near A, while the argument of the upper semicontinuity of pullback attractors is an
adaptation of that of [2].

The conditions of the following results may be easier to be verified in applications.

Corollary 3.2. Let Ay (-) := {Ax,(p)}pep be an attractor of the cocycle semiflow ¢,, and U C X
be a compact forward invariant neighborhood of A, (-). Then under the assumptions (H1), (H2), there
exists a small § > O such that for each A € 1),(5), @, has a pullback attractor A, (-) satisfying

)\15’1;\10 Hx(A/\(P)/ A)\o (p)) =0.

4 Invariant set bifurcation for nonautonomous nonlinear evolution
equations

Based on the general result of the stability of pullback attractors, in the section we can establish
some results on invariant set bifurcation for nonautonomous dynamical systems.
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4.1 Problem and mathematical setting

From now on, we assume X is a Hilbert space with inner product (-, -). We will consider and
study invariant set bifurcation of the evolution equation

ur+ Au = Au—+ f(t,u) 4.1)

on X, where A € R is a bifurcation parameter, the nonlinearity f : R x X* — X is bounded
continuous mapping satisfying

(F1)
f(tu) = o(llulla), — as [lufla =0 (42)

uniformly on t € R. Moreover, there is f > 0 such that

((f(Eu),u) < =B -x(u) (4.3)

fort € Rand u € X*, where ¥ : X — R™ is a nonnegative function satisfying that
k(u) = 0 if and only if u = 0.

Denote k(p) the Lipschitz constant of f(t,-) in Bx(p). Then by (4.2),

lim k(p) =0

and
1f(t,0) = F(tu2)| < ko) lus — ualla,  Vur, 2 € By (p)- (4.4

Denote C,(RR, X) the set of bounded continuous functions from R to X. Equip Cp(RR, X)
with either the uniform convergence topology generated by the metric

r(h1, ha) = sup [ (t) — ha(8)|],

teR

or the compact-open topology generated by the metric

- maXie[p [P () — ha(t)]]
1+ maxpe(—p, [ (t) = ha(t)]]

|
r(h, ) =) >
n=1

Let f(-,u) € Cy(R, X) be the function in (4.1). Define the hull of f(-, u) as follows

Ho=H[f(,u)] = {f(t+u): TeR}PRX),

In application, f(-,u) is often taken as a periodic function, quasiperiodic function, almost peri-
odic function, local almost periodic function [7,20] or uniformly almost automorphic function
[33]. In this case, the hull H is a compact metric space. Accordingly, the translation group 6
on H is given by

Op(-,u)=p(t+-,u), teR, peH.

Instead of (3.2), we will consider the more general cocycle system in X* (where a € [0,1)):

ur+ Au = Au—+ p(t,u), p € H. (4.5)
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Proposition 4.1 ([11]). Let A and p be given as above. Assume that p is locally Holder continuous
in t. Then for each uy € X“, there is a T > to such that (4.5) has a unique solution u(t) =

u,(t, to; uo, p) on [to, T) satisfying
t
u(t) = e Att0xg + [ oA [Au(s) + p(s,u(s))]ds, te [k, T). (4.6)

fo

For convenience, from now on we always assume that the unique solution (4.6) is globally
defined. Define
or(t, p)u = uy(t,0;u,p), ueX* peH.

Then ¢, is a cocycle semiflow on X* driven by the base flow 6 on H.

Remark 4.2. Note that for each p € H, u(t) is a p-solution of ¢, on an interval | if and only if
it solves the equation (4.5) on J.

4.2 Local invariant manifolds

Let Ap € R be an isolated eigenvalue of A. Suppose that

(F2) there is a 7 > 0 such that the spectrum

c(A)N{zeC:Ay—n <Rez < Ag+1} = Ao

Denote A, := A — A. Then for A € I, (17/4) := (Ao — /4, Ao + 1/4), the spectrum ¢ (A,)
has a decomposition 0(A,) = 0. Uoy Uo_, where

oo={A— A}, oy =0(A))N{ReA >0} and - =0(A))N{ReA < 0}.

Accordingly, the space X has a direct sum decomposition: X = X, @ X, @& X_. Denote
X+ =X+ @ X_ and
XF = X;NnX"% i=c+,— =%

Note that X¥ is finite dimensional.
Under the assumptions on A and f, we can construct a local invariant manifold for ¢,,
Ael Ao (17 / 8).

Proposition 4.3. Suppose the assumptions (F1),(F2) hold. Then there exists ¢ > 0 such that the
cocycle semiflow @p, A € Ip,(1/8) has a local invariant manifold M} (-) := { M} _(p)}pen in X
which is represented as

Mie(p) ={y+&(¥) 1y € Bxe(0)},
where &,(+) = Ir,(17/8) x Bxs (@) — X4 is a Lipschitz continuous mapping satisfying that

¢y(0) = 0and |55 (y) — &5 (2)lla < Lilly — 2l (4.7)

and

165" (1) = &2 W) lla < LolAy — Ao, (4.8)
where Ly > 0 is independent of p € P and A € 1,,(n/8), and Ly > 0 is independent of p € P and
y € Bx: (o).

The proof of the above proposition is given in the Appendixes.
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4.3 Invariant set bifurcation

Firstly, let us restrict the equation (4.5) on the invariant manifold M3} (), A € I, (17/8).
Specifically, we study the finite dimensional equation

yi+ (Ao — Ay =pt,y+34,), v EBxile), peH. (4.9)

Denote ¢, A € I),(17/8) the cocycle flow on Bxz(¢) with driving system 6 on the base space
‘H generated by (4.9).

We first say that the condition (H2) (in Section 3) holds for the cocycle flow ¢,, A €
I),(n/8). Specifically, we have the following result.

Lemma 4.4. For every T > 0, we have
Lim [ga(t, p)y = a0 (8 )yl = 0, (4.10)
*}/\0

uniformly with respect to (t,y) € [0, T] x Bx«(0) and p € P.
Proof. For A € I),(11/8), denote y,(t) := ¢a(t, p)y and v(t) = yr(t) — y, (), then v satisfies

o+ (Ao = Mya = pltya + 8, (10) = P(E Y, + 85, (Va0))- (4.11)
Note that ||y || < p and

lp(tya + &, () = Pty + 805 )
< k(o) (L1 +1)[[o]la + L2|A — Aol) (4.12)
< " (||v]|* + (A — A)?) for some constant C’,

where p > 0 is the bound of u € M7} (-), which is independent of A by (4.6). Taking the inner

loc

product of the equation (4.11) with v and using (4.12) to obtain that there is a constant C > 0
being independent of A such that

Lol < (ol + (1~ A0)?)
Applying the classical Gronwall lemma to get that

lo@)2 < (¢ =1) (A= 20)?, 0
Lemma 4.5. Under the assumptions (F1), (F2), y = 0 is locally asymptotically stable for ¢,,. Therefore

0 is a pullback attractor of ¢,,.

Proof. Since X! is finite dimensional, all the norms on X{ are equivalent. Hence for conve-
nience, we equip X¢ the norm || - || of X in the following argument.
Note that ¢, is generated by the equation

vi=p(by+851), v E€Bx(o) peH. (4.13)

Taking the inner product of the equation (4.13) with y + (fé‘:; (y) in X, using the fact that
(y, Cgt"p(y)) = 0 and the assumption (F1), it yields

sl = (0 (L) v g50)

(4.14)
< B (y+a0m).
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It is clear that x (y + (jgfp(y)) = 0 if and only if y = 0. Therefore lim;_,« ||y|| = 0. The proof is
complete. O

Henceforth we will suppose that
(F3) The hull H is a compact metric space.
We then obtain a pullback attractor bifurcation theory for ¢, as A crosses Ay.

Theorem 4.6. Under the assumptions (F1), (F2) and (F3), the cocycle semiflow ¢, bifurcates from
(0, Ao) a pullback attractor A)(-) for A > Ao, and

lim Hx:(Ax(p), {0}) = 0. (4.15)

A—AG

Proof. Recall from Lemma 4.5 that 0 is a pullback attractor for ¢,, and it pullback attracts
Bx: (o) for sufficiently small ¢ > 0. The bounded set Bx:(0) C X% is compact due to X¥ being
finite dimensional. Moreover, Bx: (o) is forward invariant under ¢,,. Then by Theorem 3.1,
there is a 7’ € (0,7/8) such that for each A € I, (1), the cocycle semiflow ¢, has a pullback
attractor A,(-) and (4.15) holds.

In the following, we prove that 0 ¢ A, (-) for A € I;(O (") :== (Ao, Ao +17"), which completes
the proof.

Let A € I)TO(Y]/) be fixed, and let w(t) = y(—t). Then w(t) satisfies

wr— (A —A)w = —p(—t,w+ Cgftp(w)). (4.16)

Taking the inner product of the equation (4.16) with w in X*, we have

1d
QaHWHZ — (Ao —M)w]* = = (p(t,w+ &, (w)),w). (4.17)
Since
Ip(t,w)|| < k(llullo)l[ulla and G5, (w)lla < Lillw]a,
we have

k(lleo + &5 p (@) lla) 10 + &5, () [l

k(llw + &5 (@) lla) ([llla + L f[w]la)

k(llw + 3 (@)lla) - (1+ Ly) [w]la (4.18)
[(1+ La)ck(llw + &5, (@) [la)] - [[]

lp(=t,w+¢) (W)l <

[VANVAN

IN

IN

1
E(A — Ao)||w||, for sufficiently small ||w||4.

We get from (4.17) and (4.18) that

d

lwl® < == Ag)lfw]®

for sufficiently small ||wl|o, which shows for fixed A € I} (17'), 0 locally asymptotically stable
for the cocycle flow generated by the equation (4.16). In other words, 0 is a repeller of ¢, when
A€ I;(O(n’) and repels a neighborhood of 0 in X¥. This implies that 0 ¢ A, (), A € I;(O(n’).
The proof is complete. O
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We are now in position to give and prove the main result of this paper.
Theorem 4.7. Under the assumptions (F1), (F2) and (F3), the cocycle semiflow ¢, bifurcates from
(0, Ag) an invariant compact set By (+) for A > Ao, and for each p € P,

lim Hy(Ba(p), {0}) =0, (4.19)

Proof. Let A,(+) be the bifurcated attractor obtained in Theorem 4.6. Define B, (-) by

B(p) ={y+ &) :y € Ax(p)}, peH. (4.20)
We know from Theorem 4.6 that 0 ¢ B,(+) and B, (-) C M7} (-). Based on the compactness

loc

of Aj(p) and the continuity of & (y) in y, we can directly derive the compactness of By (p). So
B,(+) is compact.

We claim that B, (-) is invariant under ¢,. Indeed, let p € P and y + (;‘;,‘ (y) € Bx(p). Since
or(t, p)y € Ax(6ip), t > 0, by the invariance of M7} (-), we have

loc

PA(EP) (Y + 85 () = alt, p)y + o, (0 (£ P)Y) € Ba(6ip),
which shows
eA(t, p)Br(p) C Ba(frp), t20.
On the other hand, for any y + Cé‘tp(y) € B)(6:p), t > 0. Using the invariance of A,(-), there
isay’ € Ay(p) such that y = ¢, (¢, p)y’. Then

y+80,) = ot p)y + &, (et p)Y)
= galt,p) (¥ + 83, (v)) € 9(t, p)Ba(p),
which shows
Bu(6rp) € oa(t, p)Ba(p), t20.

Therefore B, (+) is invariant under ¢,.

Finally, (4.19) is an immediately consequence of (4.15) and (4.7). O

We now give a result which parallels Theorem 4.7.
Corollary 4.8. Let the assumptions (F1), (F2), (F3) hold, but replace (4.3) by the assumption that

(f(tu),u) > B-x(u).

Then the cocycle semiflow ¢, bifurcates from (0, Ag) an invariant compact set By (-) for A < Ao, and

foreach p € P,
lim Hx(Ba(p),{0}) =0. (4.21)

A=Ay
Proof. Let A € I),(17/8). Consider the following equation
zi— (A —A)z=—p(—t,z+ Cé‘ﬂp(z)), z € Bx:(0), p € H. (4.22)

Denote by ¢, be the cocycle flow generated by (4.22). Then ¢, be the inverse flow of ¢,.
Repeating the argument of Lemma 4.4, Lemma 4.5 and Theorem 4.6 (replacing ¢, by ¢,)
to show ¢, bifurcates from (0, Ag) a pullback attractor R,(-) for A < Ag, and

lim Hx:(Ra(p),{0}) = 0.
A=A

It is clear that R, (+) is also an invariant set of ¢,. Define a set B,(+) by

Br(p) ={y+& ) :yeRilp)}, pe

Similar to Theorem 4.7, we can show B, (+) is an invariant set of ¢, and (4.21) holds. O]
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5 An example

Consider the nonautonomous system

(5.1)

uy—Au=Au+h(t)u, t>0 xecQ;
u=20, t>0, x €90,

where Q) is a bounded domain in R?® with smooth boundary, / is a function such that h(t) >
0 > 0 for some 6 > 0.

Denote by A the operator —A associated with the homogeneous Dirichlet boundary con-
dition. Then A is a sectorial operator on X = L?(Q) with compact resolvent, and D(A) =
H2(Q) N H{(Q). Note that A has eigenvalues 0 < p3 < pp < --+ < px < ---. Denote
V = H}(Q). By (+,-) and | - | we denote the usual inner product and norm on H, respectively.
The inner product and norm on V, denoted by ((-,-)) and || - ||, respectively, are defined as

(w,0)) = [ VuVodv, |ul = </Q,W|zdx>1/2

foru,veV.

The system (5.1) can be written into an abstract equation on X:
up 4+ Au = Au £ h(t)ul.

Define the hull H := H[h(-)u?]. By the assumption on 4, it is clear that

(p(t,u),u) > 5/ utdx, peH.
Q
Consider the cocycle system:
uy+ Au = Au £ p(t,u), peH. (5.2)

Denote ¢5 := @3 (t, p)u the cocycle semiflow on H}(Q) driven by the base flow (translation
group) 6 on H.

Since all the hypotheses in the main theorem above are fulfilled, we obtain some interesting
results concerning the dynamics of the perturbed system. In particular,

Theorem 5.1. Suppose H is compact. Then the cocycle semiflow ¢ (resp. @) bifurcates from (0, py.),
k=1,2,--- an invariant compact set By (-) for A > Ag (resp. B (+) for A < Ag) and for each p € P,

lim Hy(B; (p), {0}) = 0.

A=A

(resp. lim Hx(Bj (p), {0}) = 0.

0
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6 Appendixes

6.1 Relationship between the pullback attraction of ¢ and the attraction of ®
Proof of Proposition 2.4. Necessity: By the compactness of P, one finds that
lim Hy (&()B, P x Kp) = lim Hy (g(t, p)B(p), K)
< tlggiw Hx (¢(t, p)B(p), Kp)

= lim sup Hx (¢(t,0_p)B(6_¢p),Kp)

t—o00 peP

=0.

This means the compact set P x Kp attracts B through ®. Therefore the omega-limit set w(IB)
of B exists and attracts IB.

In the following, we prove w(B) C K, which completes the necessity. For this purpose,
define a nonautonomous set B(-) as follows

B(p) := |J ¢(s,0_sp)B(6_sp), peP.

s>0

It is clear that B(-) C B(-). We first say B(-) is forward invariant. Indeed, for any ¢ > 0 and
pePp,

¢(t,p)B(p) = o(t,p)|J ¢(s,0-sp)B(0—sp)

s>0

c U e(tp) o o(s,0-5p)B(0—sp)

s>0

(6.1)
= U @(t+5,0_(115) 0 0tp)B(0_(145) © Orp)
5>0
C | @(5,6-5060:p)B(6—s 0 6;p) = B(6:p).
5>0

So B(+) is forward invariant, which implies the omega-limit set w(B)(-) of B(-) is the maximal
invariant set in B(-). Furthermore, for any p € P,

= U o(t,0-p)B(6-1p)

™>01t>7

= (U et 0-p)J 9(5,0_(11p)BO_(s1P)
T>0t>7T 5>0

= U et 6- tP (P( —(s+t)P)B(0_(s11)P)
>01t>7

=N UUe W—t? 0 @(8,0_(s11yP) B(O_(s11)P)
>0t>75>0

=N UUe(t+s,0_50p)BO_(s41)p)
T>0t>75>0

= (" U o(t,6-1p)B(6-p)
™>0t>7

= w(B)(p),
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where the third “=" holds since for each fixed t > 0 and p € P, ¢(t,0_;p) is a continuous
map on X. It follows that w(B)(-) is the maximal forward invariant set in B(-). Therefore
C := Upep ({p} x w(B)(p)) is the maximal invariant set in B := Upep ({p} x B(p)). By the
forward invariance of B(+),

o()B = o(t) |J ({r} x B(p))

peP

c Je®)({p} x B(p))

peP

= U ({6:p} x 9(t, p)B(p))

peP
C (by (61) € U ({6} x B(0rp))
peP
=B, t>0,

i.e. B is positively invariant under ¢. Then w(IB) is the maximal invariant set in B. Recall that
C is also the maximal invariant set in B, we have

w(B) C w(B) =C.

Finally, by the assumption that K(-) attracts B(-), one knows that w(B)(-) C K(-), and thus
C C K, which shows
w(B) C K.

Sufficiency: In a very similar way as above, we can prove the sufficiency.
By the compactness of P,
lim Hx (¢(t,6-1p)B(6-+p), Kp)] < lim sup Hy (¢(t, p)B(p), Kp)

f—00 f—00 peP
= lim sup Hy (®(¢t)B, P x Kp)
t—o0 peP

= lim Hy (®(¢)B, P x Kp)

t—o0

=0,

which implies w(B)(-) exists and pullback attracts B(-).
To complete the proof, it suffices to show w(B)(-) C K(-). We first define a set

B = ®(s)B.
s>0
Then B is positively invariant and
w(B) = w(B).

This implies that Q(IB) is the maximal invariant set in B. Write w(B) := Upep{p} x C(p), then
C(-) is the maximal invariant set in B(-), where B(-) is the set defined by B := Uperip} x B(p).
By the positive invariance of 1B, one also knows that B(-) is forward invariant. This implies
Q;(+) is the maximal invariant set in B(-). We then have that w(B)(-) C w(B)(-) = C(-). We
learn from the condition w(B) C K that C(-) C K(-). In summary, w(B)(-) C K(-), which
completes the sufficiency. O
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6.2 Construction of local invariant manifold
Let M > 0. For u > 0, define a Banach space as
2= {u € C(R; X*) : supe M||x(8)], < M} ,
teR

which is equipped with the norm || - || 2,

%]l 2;, = supe M x(t)]lo, VX € 2
teR

Let A* = A — A. Write 0(A)) = 0_ Uo. Uc,, where
Oc = {)\0 - )\}/

o =0(Ay)N{ReA <0}, oy =0(Ay)N{ReA > 0}.

According to the spectral decomposition, the space X has a direct sum decomposition: X =
X_ @ X ® X4. Denote X4 := X_ |J X. Note that each Xj, i = —, +, &, c is independent of A.
Let

I : X — X;, i=—,+,%,c

be the projection from X to X;. Denote A? = A%|x.. By the assumption (F2), we deduce that
if A€ (Ao—n/4, o +1/4) then forw € [0,1),

|A% AN < e, Jle At <e H, t<0, 62)
A% AN A= <=3, A% A < e T £, (6.3)
[A%e 4| < etll, [l A% < et teR (6.4)

Proof of Proposition 4.3. The proof of the existence result for a local invariant manifold is an
adaptation of the corresponding result in Chicone and Latushkin [9]. Here we give the details
for completeness and the reader’s convenience. The main aim of the proof is to show the
Lipschitz continuity of Cf,‘ (y) in A and y, respectively.
Let x : R — R be a smooth function such that
1, |z| <1/2;
x(z) =
0, |z|>1

For p > 0, one can then define a smooth function such that

u
Select suitable x such that

Ipo(t,u) = po(t,0) || < k(p)llu —ol|, (6.5)

where k(p) is the local Lipschitz constant of f given in (4.4). Instead of (4.5), we consider the
truncated system
ur + Au = Au+ p,(t,u), peH. (6.6)
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Suppose that p is so small that
M, := k(p) / (247 e ¥Tdr < 1. ©6.7)
0

Let u € 2, /,. By simple computations, we know that u is the solution of (6.6) if and only
if it solves the integral equation

u(t) = e~ AT +/ O, (1, u(7))dt
= / O py (v, u(1))dt €8

/ A I p (7, u(t))dt,

t

Take a ¢ > 0 small enough so that
0<(1-M,) M. (6.9)

Let p € H and A € I),(17/8) be fixed. For each y € Bx:(d), one can use the righthand side of
equation (6.8) to define a contraction mapping 7 := 7, on 2}/, as follows:

Tu(t) —f“y+/ O, (1, u(7))dr
+ / L po(7, u(t))d

/ e A I p (7, u(t))dT,
t

We first verify that 7 maps 2/, into itself.
For notational convenience, we write

0At=min{0,t}, O0Vt=max{0,t}, fortecR.

Letu € 2, /2. By (6.2)~(6.4) and (6.5) we have

ovt
ITut) < Myl + [ e=lk(o) Ju(z) udr
t
L <t—r>—“e—%’7<f—f>k<p>Hu(r)ﬂadr (610)
+ [ Ak ) Ju(x) fade

It is trivial to verify that

“ap [0 e S PR 11
e ? et k(P)Hu(T)HadT:/ e~ 1" e 2Tk (p) |Ju(T) ||« d. (6.11)

ONt ONt

Observing that

gfgltl =e Fl(t=7)+7] < e2|t T|€ 2‘T|
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by (6.9), (6.10) and (6.11) we find that

1 n ovt i 1
e 2 xX(t) g < e ¢ at e e 2 U(T)||nldt
U Txlle < e Wyt [ e i e 3k (o) (o) ]
b [yl YO e ARl ) (o) Jae
[ AT 0 Ak o) (o) o de
— eyl +/ o4l [ 4l () (7)o T 612)
0Nt
! —a ,—T(t—1) [ ,— 17|
+ [ _t= e 100 e ATk(p) fu(r) . ]dr
+ [0 Ak () o] de
< Iyl + Mpllul 7, < M, VEER.
Hence Tu € 2 2.

Next, we check that 7 is contractive. Indeed, in a quite similar fashion as above, it can be
shown that for any u,u’ € /2,

T~ T Ol <) [ o1 (e 8 u(r) — (2 de
+(p) [ (£ =) e 100 (e ) — ol (1))
k()[R0 (H (o) - (1)) de .13
< (k(p) /Ooo (2+717%) e‘ZTdT> lu— ||,
=Ml s,  VEER

Thus
| Tu—

17/2 — 17/2'

The conditon (6.7) then asserts that 7 is contractive.
Thanks to the Banach fixed-point theorem, 7 has a unique fixed point ’y]yg’ A € Zy/2 which
is precisely a full solution of (4.5) with HC’y‘Z, ,(0) =y and solves the integral equation

() = e Mty / Lepp(T,7%, (1)) dT
+ / OIL po(1, 9, (1)) (6.14)

— [T AT py (0 (7))

t
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For y,z € Bx«(6) and t € R, similarly to (6.13), by (6.14) we have
_n
e |90 L (8) = o (D)l
i ovt —Tt—7| (=TT A Y z
<e My —zlu+kp) [ eI T2 L (1) = v (D) lla)dT
t —x =T _n
ko) [ (=) e D (Y (1) = 3, () o)
iy 1
+k(p) [ el (e ATy (1) = 1) )

<y =zl + Myl = ol 2

Hence

M
o = Vpall2ye < 7= 1y =2l
p’ p’ ,7/2 1_Mp

which implies that

1754 (0) = 754 (0) o < ly — 2. (6.15)

For each p € H and A € I,,(1/8), define a mapping from X¥ to X!, as

0
E) = [ M TLapa(r,Y (1))

o (6.16)
A 51 ~
—/0 EA*TH,pp(T,’)/z’/\(T))dT, y € Bx«(0).
Setting t = 0 in (6.14) leads to
120 =y+&(y), v €Bx(d) (6.17)

We conclude from (6.15), (6.16) and (6.17) that CQ(-) : Bx2(8) — XY is a Lipschitz continuous
mapping uniformly on p and A. More specifically, let

M

Li:=

+1

Then for each y,z € Bx:(0),
165 (W) = &5 (@)lla < 1150 (0) = V5 (O)lla + Ily — 2]
< Lifly — z/[a-

Since 'y’yj, ) = 0is a full solution of (6.6), we have é‘;}(O) =0, and thus

lim A +=0
im0

uniformly on p € H and A € I),(1/8).
Take a sufficiently small ¢ > 0 such that

ly+ &I <8 veBle)
Define for each p € H the p-section as

Mioe(p) ={y+ & () : y € Bxe(0)}-
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By the definition of p,, M (+) := {M3 (p)}pen is a local invariant manifold of the cocycle
semiflow @), A € I,,(17/8) generated by (4.5). And for each p € H, the section M7} (p) is
homeomorphic to Bxz (o).

In the last part, we show ¢, (y) : Iy, (17/8) — Xj is Lipschitz uniformly on y € Bx:(0) and

p € P. Indeed, for Ay, A, € 1),(7/8) with Ay < Ay, we have for t € R that
et — e A < e Ae | 1 — e ah|
< eiltl. 11— e*()\r/\l)w‘

Then for t € R,

A
e 2|f\/ le= p(T, 'Yp/\l( ))_eiAcz(tir)pP(T”Y%ﬂz(T))HdT
_n
< /0 ek (p) (7297 1, (1) = 73, (D) o) o
T aa_ . _Ir
+ [T (o)1 — e eI (T2 () dT (618)

t n 1
<klp) [ e (e E My (1) =44, () ) T
kp)M/O s |1 — e~ (a=M)(t=7) |4,
We can apply very similar arguments to get that
[ e Ay (02 (1) e Ay (a5 (1))
< k(p) / (t— 1)t 40 (e Helllod (1) = (D)) dT (6.19)
oM [ (1=t 101 e e A6
and
[ e (1,985, (1) — e 22D (a8 (1)) de
< k(p) /t we%(f-ﬂ (e-f'f‘ 170, (1) = 70, (D) dT (620)
+ k()M / T A0 |1 - a0 g
y (6.18), (6.19) and (6.20), we derive that
e 3l (8) = 70, (Bl

Ly b M, _AM
<ot M T)P(T/’YZM(T))—@ (T, (7)) T

A
+ e 2l / (T T, M( 7)) — e_Asz(t_T)p(T”Yly?/\z(T))HdT
) (6.21)
et [T oD p(r2, (1)) - e D8, (1))
< k(p)/ 2+t ")e it . supe z\f|||r),pA1( ) — ﬂm(t)lla
0 teR

* —ay,— 1t (A=At
p)M/O (24t %)e 4 (e 27 1>dt.
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It follows that
185 () = &2 (W) lla = [, (0) — 12, (0) ||

1
< supe MY () =L, ()]
teR
ki(p)M [ —ay = _
< o t (A=At _
_1_Mp/0(2+t )64(6 1)dt

< kl(p)M/ 2+t %) pe -G Mltgr |3y — 2y,
1-— Mp 0

where the differential mean value is applied to e(*2~41)

the integral

' —1 to get the last term. It is clear that

/00(2 e i Mltgy — /W(Zt il el ety
0 0

converges. Therefore
&' () = &P W) < LaAr = Ao,
where

Ly := ky (p)M

_ * 1oy ,—[1—(A—A1)]t
: 1_Mp/0 (2t + ) el dt,

and thus ¢, (y) is Lipschitz continuous on Iy, (#7/8) uniformly on p € P and y € Bx:(g). [
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