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Abstract. This paper is concerned with the following quasilinear Schrodinger equations
with critical exponent:

—Apu + V() |u|P~2u — Ap(|u\2“’)|u|z“’_2u = ak(x)|u|72u + b|u| >V ~2u, x € RN,

Here Ayu = div(|Vu|P~2Vu) is the p-Laplacian operator with 1 < p < N, p* = NN—fp is

the critical Sobolev exponent. 1 < 2w < g < 2wp, a and b are suitable positive parame-
ters, V € C(RV, [0,)), k € C(RN, R). With the help of the concentration-compactness
principle and R. Kajikiya’s new version of symmetric Mountain Pass Lemma, we obtain
infinitely many solutions which tend to zero under mild assumptions on V and k.

Keywords: critical exponent, concentration-compactness principle, symmetric Moun-
tain Pass Theorem.
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1 Introduction and main result
In this paper, we establish the existence of infinitely many solutions which tend to zero for
the following quasilinear Schrodinger equations with critical exponent

— Apu+ V() [u]P 20 — Dy (Ju) ) |u22u = ak(x) |u]72u + blu|*P 2y, x € RN, (1.1)
The energy functional associated with (1.1) is given by

) =+ /RN(WW +V(0)[uf?)dx + (2“;3}’1

p
b .
_z 9dy — 2wp
q/lRNk(x)]u\ dx 0p /IRNM dx.

a
Here Ayu = div(|Vu|P~2Vu) is the p-Laplacian operator with 1 < p < N, p* = £ is the
critical Sobolev exponent. 1 < 2w < g < 2wp, a and b are positive parameters. V(x)

are continuous and satisfy the following conditions:

/IRN [P0 |7 u|Pdx

M Corresponding author. Emails: wangli.423@163.com (L. Wang), wangjixiul27@aliyun.com (J. Wang),
944595309@qq.com (X. Li).


https://doi.org/10.14232/ejqtde.2019.1.5
https://www.math.u-szeged.hu/ejqtde/

2 L. Wang, |. Wang and X. Li

(V) V e C(RN,[0,0)) satisfies inf,.gn V(x) > Vo > 0, and for each M > 0, meas{x € RN :
V(x) < M} < +o0o, where V} is a constant and meas denotes the Lebesgue measure
in RN,

(K) 0<k(x) € L'(RN) with r = 2"

In recent years, a great attention has been focused on the study of solutions to quasilinear
Schrodinger equations. Such equations arise in various branches of mathematical physics. For
example, when p = 2, w = 1, the solutions of (1.1) are related to the existence of solitary wave
solutions for quasilinear Schrodinger equations

Y = A 4 W) — (Y)Y kAP0 (¥ )Y, (13)
where ¥ : RxRYN - CW: RN - Risa given potential, «, h are real constants and p,fl
are real functions. This type of equations appear more naturally in mathematical physics and
have been derived as models of several physical phenomena corresponding to various types
of p(s). In the case p(s) = s, (1.3) was used for the superfluid film equation in plasma physics
by Kurihara in [12] and [13]. In the case p(s) = (1 +s)/2, (1.3) models the self-channeling
of a high-power ultrashort laser in matter (see [4,6]). Considering the case p(s) = s,k > 0
and putting ¥ (t, x) = exp(—4L)u(x),F € R is some real constant, it is clear that ¥ (t, x) solves
(1.3) if and only if u(x) solves the following elliptic equation:

— Au+ V()u — axA([u*) |u*2u = h(x,u), x € RV, (1.4)

where we have renamed W(x) — F to be V(x).
For the case ax = 1,(x,u) = 8|u|P~'u, Poppenberg, Schmitt and Wang in [19] studied the
equation (1.4) by translating it into an ODE

—u" +V(x)u — (u?)"u = 0lu|Pu, x €R, (1.5)

and then a ground state solution u € W'2(R) of problem (1.5) was obtained. They also got that
the equation (1.5) admits a positive solution u € W?(R) for any arbitrarily large values of 6.
Later, Liu, Wang and Wang in [17] established the existence of ground states of soliton-type
solutions for (1.4) as in the case « = 1,x = 3 by the variational methods. Using a constrained
minimization argument, Liu, Wang and Wang in [16] established the existence of a positive
ground state solution for (1.4). As we know, Nehari method is used to get the existence results
of ground state solutions in [10] and the problem is transformed to a semilinear one in [2,9] by
a change of variables. Recently, the author in [23] studied the equation (1.4) and obtained that
it has a positive and a negative weak solution under proper conditions of «,V,g. A natural
question is that weather there exist infinitely many solutions for equations like (1.4). The
authors in [7,8] investigated the following type quasilinear elliptic equation:

—Au+V(x)u — AI(u?)I'(u*)u = h(u), x€RN, (1.6)

Let 2yY/12
[(I(#7))']
5 .
Problem (1.6) can be reduced to the following quasilinear elliptic equations:

giu) =1+

—div(g®(u)Vu) + g(u)g' (u)|Vul® + V(x)u = h(u), x € RN, (1.7)
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By using the Pohozaev identity, the author has the nonexistence result for (1.7).

To the best of our knowledge, the existence of nontrivial radial solutions for (1.4) with
g(x,u) = pu?®)=1 was firstly studied by Moameni in [18], where the Orlicz space as the
same as it was used in [17]. However, it seems that there is almost no work on the existence
of infinitely many solutions to the quasilinear Schrodinger problem in RY involving critical
nonlinearities and generalized potential V(x).

Motivated by the above discussions, the main goal of this paper is to study the existence of
infinitely many solutions which tend to zero to the problem (1.1). The lack of compactness of
the embedding from W7(IRN) into LP" (RVN) prevents us from using the variational methods
in a standard way. To overcome the lack of compactness caused by the Sobolev embeddings
in unbounded domains and the critical exponent, some new estimates for (1.1) are needed
to be re-established. We apply Lions’ concentration-compactness principle [14,15] to give a
more detailed analysis for the compactness of our problem. Thanks to the new version of
symmetric Mountain Pass Lemma in [11], we give the proof of our main result. As far as we
know, there are few results on this question, so the research in this paper is meaningful.

Now we first give the definition of weak solutions for problem (1.1).

Definition 1.1. We say that u € W'/7(RN) N L

© (RYN) is a weak solution of (1.1), if

/N (]Vu|p*2VuV(p + V(x)|u]p’2uqo> dx
R
+ (2w)P 1 / N POV uP2VuV pdx 4 (2w)P / . |V u|P|u|PPo D=2 pdx
R R

o q—-2 o 2wp* -2 _
a/]RN k(x)|u|T“uqpdx b/]RN |1t updx =0
for any ¢ € C&°(RN).

In the sequel we will omit the term weak when referring to solutions that satisfy the
conditions of Definition 1.1. Our main result of this paper is stated as follows.

Theorem 1.2. Suppose that (V) and (K) hold, 1 < 2w < q < 2wp. Then

(i) Yb > 0,3 agp > 0 such that if 0 < a < ag, problem (1.1) has a sequence of solutions {u,} with
I(uy) <0, I(uy) — 0and lim,, e u, = 0.

(i) Ya > 0,3 by > 0 such that if 0 < b < by, problem (1.1) has a sequence of solutions {u,} with
I(uy) <0, I(1y) — 0and lim,,_ye tty, = 0.

Remark 1.3. From Theorem 1.2 it is natural to raise the open problems: What if 2wp < g < p*?
This problem would be investigated by the authors in future works.

The outline of this paper is as follows. Reformulation of the problem and some prelim-
inaries are given in the forthcoming section. In Section 3, behavior of (PS) sequences are
established. The proof of Theorem 1.2 is given in Section 4.

We denote that L (IRN) is the usual Lebesgue space with the norm [|ulll, = [pn [u[Pdx, 1 <
[u]]?

p < oo [lullP = [pu [VulPdx, Jully =[x ([VulP + V(@) ulP)dx. S = infycpi @ (o} HIuTL
p

is the best Sobolev constant. Various positive constants are denoted by C and C;.
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2 Reformulation of the problem and preliminaries

The purpose of this section is to establish the variational structure of (1.1) and the main
difficulty arises from the function space where the energy functional (1.2) is not well defined
in W7 (RN). For example, if 1 < p < N and u is defined by

u(x) = |x|(P~N/29r for x € By \ {0},
we then have that u € W7 (RV), but
/ [P~V |V |Pdx = +oo.
RN
To overcome this difficulty, we employ an argument developed by Liu, Wang and Wang in [17]

or Colin and Jeanjean in [5]. We use the change of variables v = f~1(u), where f is defined by

1

PO e iy

7

and f(0) = 0 on [0,4+o0) and by f(t) = —f(—t) on (—c0,0]. The following result is due to
Adachi and Watanabe in [1] which collects some properties of f .

Lemma 2.1. The function f(t) enjoys the following properties:

(1) f is uniquely defined C* function and invertible.
(@) If' (1) <1, 1F(D)] < (2w)%P|¢|3 forall t € R,
(3) @%1ast—>0.

(4) M 0> 0as t — +oo.

t2w

(5) o f(t) < tf'(t) < f(t) forall t > 0.

(6) There exists a positive constant C such that

f()] > {Ct’ =t

Clt|=, |t > 1.

After the above change of variables, we can rewrite our energy functional (1.2) in the terms
of v:
1

@ = [ (ol + VU@ )dx =2 [ k)l (o)l -

We first give the proof of the following weakly continuous lemma.

b
2wp*

[ @ ax

Lemma 2.2.

(i) The functional F(v) = [pn k(x)|f (v)|7dx is well defined and weakly continuous on W (RN).
Moreover, F(v) is continuously differentiable, its derivative F' : WY@P(RN) — (WLP(RN))*
is given by

(F'(v),8) = q/RN k() f@)"2f(0)f (v)gdx, Vg€ WIP(RY).
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(ii) The functional G(v) = [pn f(0)*“P"dx is well defined. Moreover, G(v) is continuously differ-
entiable, its derzvatzve G Wb F’(IRN ) — (WYP(RN))* is given by
(G'(0),8) = 20p" [ If@)P7 2f@)f (0)gdx, ¥ g€ WHRY).

Proof. Firstly, by (3) and (4) in Lemma 2.1, it is clear that F(v) and G(v) are well defined
on WIP(RRVN). Next, we prove that F(v),G(v) € C}(RYN). It suffices to show that both F(v)
and G(v) have continuous Gateaux derivatives on W?(RN). We only prove that F(v) has
continuous Gateaux derivatives on W'7(IRN) since the case of the proof for G(v) is simpler.
Our proof is the same as the proof of Lemma 3.10 in [22] , for the convenience of the readers,
we present the process. Let v,g € W'?(RVN). Given 0 < |t| < 1, by the mean value theorem,
there exists A € (0,1) such that

[f (@ + )17 = |f(0) ]

£

= qlf(0+tAg) |7 f (v + tAQ)lg]

_ |f' (v +tAg)]
=qlf(v+ Mg)\qm| \

< Clo+ tAg|% v+ tAg]'|g]
= Clo+tAg =" [g]

42w 9
< C(lo] 2 [g] +1gl2),

where the conclusions of Lemma 2.1 (2) and (5) are used. By the Holder inequality and
assumption of (K), we have

[ KGOIel 1]+ g1 )dx < k() gl

It follows from the Lebesgue Dominated Convergence Theorem that F(v) is Gateaux differ-
entiable and

-2 920
ol 2 + [l =)

) =0 [ K@)IF©)I72f(0)f (0)gdx.
Now, we give the proof of continuity of Gateaux derivative. Assume that v, — vin W'P(RYN),
then f2(v,) — f*(v) in WLP(RN). By the continuity of the embedding W'?(RN) < L?" (RN),
we get that f2(v,) — f2(v) in L (RYN). Define K(v) = k(x)|f(v)|72f(v)f'(v). Then K €
(LP"(RN), C(LP" (RN))"). It follows that K(v,) — K(v) in (L7 (RN))'. Using the Holder and
Sobolev inequalities, we have

(F'(vn) = F'(0),8) < |1K(vn) = K@)l oy lIgllpr < CIK(vn) = K ()l -y lIg]I
Hence || F'(v,) — F'(v)|| — 0 and F € CL. O
From the above analysis we can get that [(v) is well defined on W?(IRN) under the as-
sumptions of (V) and (K). The standard arguments applied in [20,22] show that J(v) belongs

to C1(W'?(RN),R). As in [5], we note that if v is a nontrivial critical point of J, v then is a
nontrivial solution of the problem

= 8o+ V() If(0) P2 f (0)f'(v) = ak(x) | f (0)|72f (0) f' (v) + Bl f(0) P72 f(0) ' (0). (2.1)

Therefore, let u = f(v) and since (f1)'(t) = [1 + (2w)P~! ]f(t)|p(2“’_1)]%, we conclude that u
is a nontrivial solution of the problem (1.1).
Now we can restate Theorem 1.2 as follows.
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Theorem 2.3. Suppose that (V) and (K) are held, w > 1/2,2w < q < 2wp. Then

(i) Vb > 0,3 ag > 0 such that if 0 < a < ap, problem (2.1) has a sequence of solutions {v, } with
J(vn) <0,](v,) = 0and lim,_,e v, = 0.

(ii) VYa > 0,3 by > 0 such that if 0 < b < by, problem (2.1) has a sequence of solutions {v, } with
J(vn) <0,J(v,) — 0and limy,_e v,, = 0.

3 Properties of (PS). sequences

In this section, we perform a careful analysis of the behavior of minimizing sequences with
the aid of Lions’ concentration—-compactness principle [14,15], which allows us to recover the
compactness below some critical threshold.

Let E be a real Banach space and ] : E — R be a function of class C'. We say that {v,} C E
is a (PS). sequence if J(v,) — c and J'(v,) — 0. ] is said to satisfy the Palais-Smale condition
at level c ((PS). for short) if any (PS). sequence contains a convergent subsequence.

Lemma 3.1. Assume (V) and (K), {v,} € WYP(RN) be a (PS). sequence for | at level ¢ < 0 and
2w < q < 2wp. Then

(i) there exists C > 0 such that, for all n € IN, ||vy||v < C;
(ii) Vb > 0,3 a, > 0 such that if 0 < a < a., then | satisfies (PS).;
(iii) Ya > 0,3 by > 0 such that if 0 < b < by, then | satisfies (PS)..

Proof. At first, we prove that {v,} is bounded in W'?(RN). Let {v,} be a (PS), sequence in
WLP(RN) such that for all ¢ € CF(RY), we have that

ctoullo) = J(on) = [ (1V0al + V) lf(on) ) dx
. b ) (3.1)
0 J K@If@a e =5 [P d
and
onlllonl) = (@), g) = [ (I90al" 20,V 9+ V(x) £(2) |2 (o) (0n) )
—a [ K IF )72 (00)f (o) pdx 62

b [ IF@)PT 2 f(0,) (o) gl

Choose ¢ = @, = [1+ (Zw)l’*l\f(vn)]P(wal)]%f(vn), we have ¢, € W'?(RN) and then |¢,| <
2w|vy|. Since

(20 — 1)(20)" ! f (0"~
T+ (2w)P 1| (o) [P D

we get || @u|| < Cl|vy]|. It follows from (3.2) that
on([[onll) = (J'(vn), @u) < /RN(ZCUIV%\” + V(x)|f(vn)[F)dx

—a [ K@U @)Ix=b [ 1f@)P dx.

V(pn: 1"—

] Vo, < (2w)Voy, f'(0n)@un = f(vn),

(3.3)
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Since
|Vf2w(vn)|p = \waz“’_l(vn)f/(vn)VUnV
2 (o)
— (2w)? Vo, |P
o oy e ! y
B PO LT U el oY
T Q)P f () [P0 !
< 2w|Vv,|?,
we get
_ _ !
0> c+on(|[vall) = J(vn) 2w0p (J' (vn), @u)
> L[ \wopde (Lo 2 / V()| f(on)|Pdx — = [ k(x)|f(va)|7dx
~“NJrv' " p 2wp*) Jry " qr Jry "
q
1 a x 2wp®
> p 4 _Z 2w 4
> 3 fon Vel £ VO = Skl ( [ 17001 dr)
1 . . o (3.5)
_ p P - w p
> 3 fou V0l + VxS ([ 1972 0ol
q
1 %y
_ P P — p
> [ Vol + V@)l (0n) ) dx - C [/RN’W"’ dx}
q
1 Zp
> 3 fou (V0 £ V@I @) = Co | [ (1F0u 4 V@]
which implies that for n large enough, there exists C > 0 such that
o (Voul + V() flon)]")dx < C. 6)

In the following, we need to show {v,} is bounded in W?(IRY). From (3.6), we need to prove
that [px V(x)|v,|Pdx is bounded. By (V),

r*
/ V(x)|on|Pdx < M loa|P dx < MS™ 7 (/ |an|”dx> ",
{x:]vq|>1} {

{x:[vn[>1} x:|v,|>1}

and using Lemma 2.1 (6),
/{x:vnlﬁl} Vel s é /{x:mgl} VElf(on)ldx < é /]RN V)lf(on)Fdx.

These estimates imply that {v,} is bounded in W'P(RN). Then {f(v,)} is also bounded in
WLP(IRYN). Therefore we can assume that

v, v weakly in WP (RY),

Uy — 0 a.e. in ]RN,

v, v  strongly in LI _(RY) forall t € [1,p*).
Since f € C*, we have

2(v,) = f“(v)  weakly in WP (RY),

2(v,) = f“(v)  ae. inRY,
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In view of the concentration—compactness principle [14,15], there exist a subsequence, still
denoted by {f(v,)}, u,v € M(RN U {co}) which are the positive finite Radon measures on
RN U {0}, an at most countable set 7, a set of different points {x;} C RY, and real numbers
1j, vj such that the following convergence hold in the sense of measures
V20" = dp > [V @)17 + ) oy,
jeg
‘wa(Un)’p* —dv = ‘wa(Z))‘p* + Z dexf'
jeJg
From the above two equations and the Sobolev inequalities, it follows easily that
N

pj > Syl forallje J. (3.7)
Concentration at infinity of the sequence {u, } is described by the following quantities:

foo := lim lim sup |V 2 (v,)|Pdx,

R—o0 n—oo {x:]x|>R}

Voo := lim limsup | F2 (0,)|F" da.
R—oo n—oo J{x:|x|>R}

We claim that
J is finite and, for j € J, eitherv; =0 or v; > (b~15)N/2,

In fact, for ¢ > 0, letting x; be a singular point of the measures y; and v;, ¢;j(x) be a
smooth cut-off function centered at x; such that 0 < ¢;(x) < 1, ¢;(x) = 0 on |[x — xj| > 2,
¢i(x) = 1on |x —x;] <1, and |[V¢j(x)| < 2 for all x € RN, Letting qbf(x) = ¢i(3), 0 =
1+ (Zw)”_l]f(vn)|P(2“’_1)]%f(vn), then we get that {¢,,} is bounded in W'?(RYN). Testing
J'(v,) with ¢n¢]§, we obtain lim,_,« (] (vy,), ljanbjg.(x)) =0, that is

—1im [ (1 20)7 N f(0a) PRV f(00) | VoulP Vo, Vtda

n—oo JRN
. 1+2w(2w)i’*1|f( )|p (2w-1)
- nlgrolo I:/]RN 1+ (2w)P1|f(v )|p (2w—1) ‘an’pﬁb]dX—F/ ’f(vn”p‘:b]dx (3.8)

~a [ L@ ligix —b [ 1F(on) R gic|.

In the following we estimate each term in (3.8). By Lemma 2.1 (5) and the expression of f’,
we have

’}(,((f;ﬁ' < 2w[on] = [1+ (20)P £ (0) PP V]| f(02)] < 2o,
Thus
0 < lim lim

e—(0 n—oo

[+ )P F(o)PE 0] £ (o) [ VoulP V0, Vi

< lim lim
e—0n—oo JRN

p=t 1
< lim lim 20 /R LIVoardx) 7 ( /R | [oaVgE|rdx)’ (3.9)

e—0n—oo

2wvy, | Vo, \”’ZVUHV%? dx

1
<l Jin C( [ Jon¥05d)
1

N o N N
<Cli / P dx)” / VP rdx ) = 0.
- sg%( B(x;,2¢) |Un’ > ( B(x;,2¢) | 4)]‘ x)
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Also we have

lim [ V) Pgidx = [ gidx= [ V@G -+, (3.10)
and
lim [ If)P gy = [ grav > [ 1f(@)P gidx+ v, (3.11)

By the weak continuity of F(v), we get

lim lim k(x)|f(vn)|"¢jdx = 0. (3.12)

e—~>0n—o0 JRN

From (3.9)-(3.12), by the weak continuity of F, we have

o 1+ 2w(2w)P | f (0a) [P :
0= B | o E o VR [ VOl

~a [ kI gidr b [ 1) gy o)
>ty ly | 9/ 0 P = [ K onlfas b [ 1fon P aies
:]/[]—bI/]

Combining with (3.7), we obtain

N
p

either (i)v; =0 or (ii)v;> (b7'S)7,
which implies that 7 is finite. The claim is thereby proved.

To analyze the concentration at oo, we follow closely the argument used in [21]. By
choosing a suitable cut-off function ¢ € C(RY,[0,1]) such that ¢(x) = 0 on |x| < 1 and
¢(x) = 1 on |x| > 2. Setting ¢r(x) = ¢(%), then {@r,} is bounded in W'?(RV), and
limy o (J'(v1), rYy) = 0, that is

—lim [ [14 2w)P Y f(00) P2 D]7 f(0,)| VouP 2V 0, Vgrdx

n—oo JRN
[ 20 e ,,
= jim [/RN 1+ (2w)P 1 f(vg) [P2o-D | Vou| qudx—i—/ x)|f(on)|Pprdx  (3.14)

~a [ KL @l grds = [ 17(00) P pad].

Similar to the process of (3.9), we can get

lim lim [ [1+ (20)P 72| f(00) P2 V] f(00)|Vou|P 2V 0, Vrdx = 0. (3.15)

R—ocon—oo JRN

Using the weak continuity of F, we have

lim lim k(x)|f(vy)|T@rdx = 0.

R—ocon—rco JRN

Therefore,
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1 1+ 2w (2w)P 1| f (va) [P~V p p
0= fim M, |:/]RN 1+ (2w)P=t | f (0n) [P~ Vol q)Rder/ Of (n)Pgrdx

~a L GO @) s = [ 1) grds]

> lim lim [ [ IV Poul grdx —a [ k(x)lf (@) igrdx —b [ 1F(02) grdx
—00 1—+00
= Hoo — DVco. (3.16)
By
L*
Hoo > SV, (3.17)
we get

either (ili) Voo =0 or (iv) Ve > (b_ls)%.

Next, we claim that (ii) and (iv) cannot occur if 2 and b are chosen properly. In fact, by
(3.4) and (V), we have

[ 090l + V@)l @IP)dx > [ 9ol > oo [ V)P,

Then if (iv) holds, from the weak lower semicontinuity of the norm and the weak continuity
of F, we have,

0>c= lim [](Un) - Za}p* <]/(Un)/€0n>}

: 1 1 a w %
> Jim | (5= 50 ) [ 050uP + VI Fon) P = 2 kG (o)
> 5 o IV0P + V@ IFE)P)dx = 2kl L @)l
> %-% VA @)Pdx — k)£ )

> 1 gl - & 20 () || 20
> 2w S @I = k) 7))
This inequality implies that
1£2(0)l < Ca%v .
Therefore from (3.17) and (iv),

0> ¢ = lim |1(0,) = 50 (/' (00), )|
im 11 v x| f(v X — a4 X 2w (g i*
> Jim [ (5= 5 ) [ (V0P + VLA @) = S Ik 00
> Jim fim | [ (90, + VL0 = 5 KL 001

S 1 SM C 2
— USSP — wp=q
= NV a

> b NSN C
4 a=v .
N
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However, if a2 > 0 is given, we can choose small b, so that for every 0 < b < b,, the last term
on the right-hand side above is greater than zero, which is a contradiction. Similarly, if b > 0
is given, we can take small a4, so that for every 0 < a < a,, the last term on the right-hand side
above is greater than zero. Similarly, we can prove that (ii) cannot occur for each j. Hence

LF2 @n)llpe = 112 (@)]lp as n — oo,

and

/}RN k) (f )T = 1f @) dx < kG ALf @7 = [£ ()7 20y

Thus, from the weak lower semicontinuity of the norm and F € C* we have

o(lleall) = (7' (0), o)
_ (20 — 1)(2w)? £ (o)
= J o Vel + [ | B
—a ]RNk( x)|f (v, ]qu—b/ (0,) 2“7 dx

= [ [VOn = VOIP +[Vo|" + V(x)|f(0)]F)dx

|Vo,|Pdx

(2w = 1)(20)" 1| f(0) [P
1+ (2w)r 1 (o))

—a [ K @Idx b [ F@P e+ o(oul)
— [ I¥00 - VoPds-+ofa])

+
RN

] |Vo|Pdx

since J'(v) = 0. Thus we prove that {v,} strongly converges to v in W (RN). O

4 Proofs of the main results

In this section, we use the minimax procedure (see [20]) to prove the existence of infinitely
many solutions. Let X be a Banach space and X be the class of subsets of X \ {0} which are
closed and symmetric with respect to the origin. For A € X, we define the genus y(A) by

Y(A) = min{n € N: 3p € C(A,R"\ {0}), 9() = —p(~=)}.

If there is no mapping as above for any n € N, then y(A) = +co. Let £, denote the family
of closed symmetric subsets A of X such that 0 ¢ A and y(A) > n. We list some properties of
the genus (see [11,20]).

Proposition 4.1. Let A and B be closed symmetric subsets of X which do not contain the origin. Then
the following hold:

(i) If there exists an odd continuous mapping from A to B, then y(A) < 7v(B);
(ii) If there is an odd homeomorphism from A to B, then y(A) = y(B);
(iii) If v(B) < oo, then y(A\B) > v(A) — v(B);

(iv) n-dimensional sphere S, has a genus of n + 1 by the Borsuk—Ulam Theorem;
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(v) If A is compact, then y(A) < o0 and there exists & > 0 such that Ns(A) C X and y(Ns(A)) =
v(A), where Ns(A) = {x € X : ||[x — A| < }.

Thanks to the work of Kajikiya in [11], we take the following version of the symmetric
mountain-pass lemma.

Proposition 4.2. Let E be an infinite-dimensional space and ] € C*(E,R) and suppose the following
conditions hold:

(A1) J(u) is even, bounded from below, J(0) = 0 and J(u) satisfies the local Palais—Smale condition
(PS for short).

(Az) For each k € N, there exists an Ay € Xy such that sup,,. o J(u) <O0.
Then either (i) or (ii) below holds.

(i) There exists a sequence {uy} such that J'(uy) =0, J(ux) < 0 and {uy} converges to zero.

(ii) There exist two sequences {uy} and {vy} such that J'(ux) = 0, J(ux) = 0, ux # 0,
limy sty = 0;]'(vx) = 0,J(vr) < 0, limg_oo J(vx) = 0, and {vy} converges to a
non-zero limit.

Remark 4.3. From Proposition 4.2 we have a sequence {u;} of critical points such that J(uy) <
0, Uy 75 0 and limk_m U = 0.

In order to get infinitely many solutions we need some lemmas. Let J(v) be the functional
defined as before, 1 < 2w < g < 2wp, and a > 0,b > 0. Then, by (3.4),

J(v) = ;/IRN(WW + V(x)|f(v)|p)dx—Z/]RNk(x”f(v”qu_ zasz* /IRN PR
> :,/RN(‘WV +V(x)|f(0)")dx — ZHk(x)HerZ“’(v) j _ 2019* /RN ()2 s
> ;/IRN(IW +V(x)|f(0)|P)dx — Zq(/m szww)'pdx)th
e [ 1)
v S o) - 5 (] o)

9 *
> Cs|[o||P — aCe|lv]|> = bCyllof|”".

Define
g(t) = CstP — aCeto — bCyt?.

Since 1 < 2w < q < 2wp, it is easy to see that, for the given b > 0, we can choose small a* > 0
such that if 0 < a < a*, there exists 0 < fy < t; such that g(t) < 0 for 0 < t < tp; g(f) > 0 for
to <t <ty;g(t) <O0fort>t.
Similarly, for the given a > 0, we can choose small b* > 0 such that if 0 < b < b*, there
exists 0 < tp < t; such that g(t) < 0for 0 < t < to; g(f) > 0 for tg < t < t1; g(t) < 0 for t > .
Clearly, g(tp) = 0 = g(t1). Following the same idea as in [3], we consider the truncated
functional

[0 = [ (V0 + VE@dr =2 [ kx)1fe) i -

b
2wp*

$(o) [ 1f P dx,
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where ¥(v) = 7(||v||) and T : R™ — [0,1] is a non-increasing C* function such that 7(t) = 1
if t < tpand 7(t) = 0if t > t;. Obviously, J(v) is even. Thus, following Lemma 3.1, we obtain
the following lemma.

Lemma 4.4. Let ¢ < 0 and 2w < q < 2wp. Then

(1) J € C! and | is bounded below.

(2) If J(v) <O, then ||v|| < to and J(v) = J(v).

(3) Vb > 0,3 a* = min{a.,a*} > 0 such that if 0 < a < a*, then | satisfies (PS)..
(4) Ya > 0,3 b* = min{b,,b*} > 0 such that if 0 < b < b*, then | satisfies (PS)..

Proof. The aforementioned (1) and (2) are immediate. To prove (3) and (4), observe that all
(PS) sequences for | with ¢ < 0 must be bounded. Similar to the proof of Lemma 3.1, there
exists a strong convergent subsequence in W# (RN). O

Remark 4.5. Denote K, = {v € W'P(RN); J'(v) = 0,](v) = ¢} If a,b are as in (3) or (4) above,
it then follows from (PS), that K.(c < 0) is compact.

Lemma 4.6. Assume that (K) is held, then for the given n € IN, there exists €, < 0 such that
v(J) = v({v € WP (RY) : J(v) < en}) 2 n.

Proof. Let X, be a n-dimensional subspace of wlr (]RN ). For any v € X, v # 0, write v = r,w
with w € X, ||[w|| = 1 and then r, = ||v]|. From the assumption (K), it is easy to see that, for
every w € X, with ||w|| = 1, there exists d,, > 0 such that [y k(x)|w|Zsdx > d,. Thus for
0 <r, <tgpand Lemma 2.1 (2),(5), we have

J) =) = ;, S V2P +VEIf @)= [ k) fo)lfdx 5 afp* [ o) Per
< 1/ (|VolP + V(x)(Clo]% + C))dx
p /RN
a q b *
L[ KRl Odx = 2 [ (ol + o
< 1/ (IVol? + V(x)Clol)dx — S [ k(x)Jo| T dx — / 0P dx — C
p RN l] RN pr* RN
< Cirh + Czrﬁ% — adnrfli“’ —bCyr! — Cy
— 61/10
Therefore we can choose small 7, € (0, ty) such that J(v) < €, < 0. Let
Sr, ={v € Xy vl =ru}. (4.1)

Then S,, N X, C Jé. Hence by Proposition 4.1,
v(J*) 2 (Sr, N X) = n. O
According to Lemma 4.4 we denote X, = {A € £ : y(A) > n} and let
Cn = Ainf sup J(v). 4.2)

npeA

Then —o < ¢, < €, < 0 since J¢ € ¥,, and J is bounded from below.
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Lemma 4.7. Let a,b be as in (3) or (4) of Lemma 4.4. Then all c, (given by (4.2)) are critical values
of J and c, — 0.

Proof. 1t is clear that ¢, < c¢,41. By (4.2) we have ¢, < 0. Hence ¢, — ¢ < 0. Moreover, since
that all ¢, are critical values of | [20], we claim that ¢ = 0. If ¢ < 0, then by Remark 4.5,
Kz = {v € WP (RN); J'(v) = 0,](v) = ¢} is compact and Kz € %, then 7(Kz) = ng < +o0 and
there exists 6 > 0 such that y(Kz) = y(Ns(Kz)) = ng, here N3(Kz) = {x € X;||x — K¢|| < 6}.
By the deformation lemma [22] there exist € > 0 (¢ 4+ € < 0) and an odd homeomorphism 7
such that

n(JE€\ Ns(Ke)) € J°e.

Since ¢, is increasing and converges to ¢, there exists n € IN such that ¢, > ¢ —e and ¢4, < C.
Choose A € 4y, such that sup,_, J(v) < ¢+ €. By the properties of 7, we have

Y(A\Ns(Ke)) = 7(A) = v(Ns(Ke))) = n,  y(7(A\Ns(Ke))) = n.

Therefore 77(A \ N5(K¢)) € Z,. Consequently sup,_ T AN J(v) > ¢, > ¢ — €, a contradic-
tion, hence ¢, — 0. O

Proof of Theorem 2.3. By Lemma 4.4 (2), J(v) = J(v) if ] < 0. This and Lemma 4.7 give the
result. O

Proof of Theorem 1.2. This follows from Theorem 2.3 since u,;, = f(vm) # tty = f(n) if Oy # On
and f € C*®. O
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