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Abstract. In this paper, we study the following Schrédinger—Poisson system

—Au+V(x)u+pu = f(x,u) +g(x), x€R3,
—Ap =12, x € R3.

Under appropriate assumptions on V, f and g, using the Mountain Pass Theorem and
the Ekeland’s variational principle, we establish two existence theorems to ensure that
the above system has at least two different solutions. Recent results from the literature
are extended and improved.
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1 Introduction and main results

In this paper, we consider the following nonlinear Schrodinger—Poisson system
—Au+V(x)u+ou=f(x,u)+g(x), x€R5 1)
_A¢ = uzl x e R3/ ‘

where V € C (1R3, ]R), fecC (]R3 X R, ]R) and the conditions on g will be given later.

System (1.1) is also called Schrodinger-Maxwell system, arises in an interesting physical
context. In fact, according to a classical model, the interaction of a charge particle with an
electromagnetic field can be described by coupling the nonlinear Schrodinger’s and Poisson’s
equations. For more information on the physical relevance of the Schrodinger-Poisson system,
we refer the readers to the papers [3,23] and the references therein.

If ¢(x) = 0, system (1.1) becomes the well known Schrodinger-Poisson system, which has
been extensively investigated in the last years by the aid of the modern variational methods
and critical point theory. Moreover, since the pioneering work of Benci and Fortunato [5],
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there is huge literature on the studies of the existence and behavior of solutions of the system
(1.1) with g(x) = 0, see for example [1,2,7,9,10,14,16-18,21,24-26,30-32,34] and the references
therein.

Compared to the homogeneous case (i.e., g(x) = 0), there are few papers concerning the
case where g¢(x) # 0, see for example [8,12,15,22,28,35]. Particularly, in [8] the authors ob-
tained the existence of two nontrivial solutions for system (1.1) by using Ekeland’s variational
principle and the Mountain Pass Theorem when g € L?(R3),g # 0, and f and V satisfy the
following assumptions, respectively:

(Vo) V(x) € C(R3R) satisfies inf,.gs V(x) > Vy > 0, where Vj is a constant. Moreover,
for every M > 0, meas{x € R3: V(x) < M} < oo, where (and in the sequel) meas(-)
denotes the Lebesgue measure in R®.

(f1) f € C(R® x R), and there exist constants a > 0 and p € (2,6) such that
f(x,u)| <a (1 n |uyr’*1) . Y(xu) eR®xR,
where 6 = 2* = % is the critical Sobolev exponent;

(f2) lim, o f(xT”) = 0 uniformly for x € R5;
(f3) there exists u > 4 such that
uF(x,u) < f(x,u)u, Y(x,u) € R® xR, (1.2)
where (and in the sequel) F(x,t) = fotf(x,s)ds;
(fa)

inf  F(x,u) > 0.
x€R3, |u|=1

Specifically, the authors established the following theorem in [8].

Theorem 1.1 ([8]). Suppose that g € L2(R%), g # 0. Let (Vo) and (f1)~(fa) hold, then there exists
a constant mo > 0 such that problem (1.1) admits at least two different solutions when ||g||;2 < my.

It is worth pointing out that the combination of (f3)-(fi) implies that the rang of p in
condition (f7) should be 4 < p < 6. In fact, for any x € R3, u € R, define

h(t) = F(x, t 7 tu)tt,  Vte[l,4o00).
Then, for |u| > 1 and t € [1,|ul], it follows from (1.2) that
W(t) = [yl—"(x,t‘lu) —f(x,t_lu)t_lu} 1 <o.

Therefore, h(1) > h(|u|). Hence, (fi) implies that

F(x,u) > F(x,‘Z’) lu|* > clul¥, Vx € R® and |u| > 1, (1.3)

where, ¢ = inf,cgs =1 F(x,u) > 0. If p <4, by (f1) we have

1 1
IF(x, u)| g/ \f(x,tu)u\dtga/ (14 [t Dluldt < a(|t] + [tF),  Y(xu) € R xR,
0 0
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which implies that

lim sup <a uniformly in x € R3.

t—+o00
This contradicts (1.3). Thus, 4 < p < 6.

Inspired by the above facts, in the present paper we shall consider the nonhomogeneous
Schrodinger-Poisson system, and we are interested in looking for multiple solutions for the
problem (1.1). Under much more relaxed assumptions on the nonlinearity f and the potential
function V, using some special proof techniques especially the verification of the boundedness
of Palais-Smale sequence, new results on the existence of multiple nontrivial solutions for
the system (1.1) are obtained, which extend and sharply improve some recent results in the
literature. In order to state the main results of this paper, we make the following assumptions.

F(x,t)
t

(V) V e C (R R) satisfies inf,cgs V(x) > Vo > 0, where V; is a constant. Moreover, there
exists rg > 0 such that

lim meas{x € R?: |x —y| <1, V(x) < M} =0, VM > 0.

|y|—o0

(H1) f € C(R?®x R,R), and there exist constants ¢1,c; > 0 and p € (4,6) such that

|f(x, 1) Scﬂt!—f—cﬂt\p’l, V(x,t) e R3x R.
(Hy) limy_ &tt) < p* uniformly for x € R? where

y = inf{/R3 (|Vul> + V(x)u?)dx : u € H'(R®), /IRS uldx = 1}.

(H3) limy_eo @ = oo uniformly in x € R3.
(Hs) There exist c3 > 0 and L > 0 such that

4F(x,t) < f(x, t)t +c3t?, forae.x € R® and V|t > L.

(H,) There exists L > 0 such that

4F(x,t) < f(x,t)t, forae.x € R®> and V|t| > L.

(Hs) g € LP'(R®%),g # 0, where % + % =1, p is defined by (Hj).
Now, we are ready to state the main results of this paper as follows.

Theorem 1.2. Assume that (V) and (Hy)—(Hs) hold. Then, there exists mo > 0 such that for any
g € LV (IR3) with || glly < mo, the system (1.1) possesses at least two different nontrivial solutions,
one is negative energy solution, and the other is positive enerqy solution.

The other aim of this paper is to study the existence of at least two different nontrivial
solutions for problem (1.1) involving a concave—convex nonlinearity. We also consider the
effect of the parameter A and the perturbation term g on the existence of solutions.
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Theorem 1.3. Let ¢ € L*(R%), ¢ # 0. Assume that (V) and

(He) f(x,u) = Ahy(x)|ul"2u+ho(x)ulP2uwithl <o <2,4<p<6forall (x,u) € R¥xR,
in which hy € L°(R®) N L®(R®) and hy € L®(R3) with o9 = 2/(2 — ). Moreover, there
exists a nonempty bounded domain Q) C R3 such that hy > 0 in Q.

Then there exist Ao, mo > 0 such that for all A € (0, Ag), the system (1.1) possesses at least two
different nontrivial solutions whenever ||g|l2 < mo, one is negative energy solution, and the other is
positive energy solution.

Obviously, the condition (H,) implies the condition (Hj), so we have the following corol-
lary.

Corollary 1.4. If we replace (Hy) with (H,) in Theorem 1.2, then the conclusion of Theorem 1.2
remains valid.

Remark 1.5. Since the problem (1.1) is defined in the whole space R, the main difficulty
of this problem is the lack of compactness for Sobolev embedding theorem. To overcome
this difficulty, the condition (V'), which was firstly introduced by Bartsch et al. [4], is always
assumed to preserve the compactness of the embedding of the working space. Furthermore,
condition (V) is weaker than condition (V}), and there are functions V(x) satisfying (V') but
not satisfying (V), see for example Remark 2 in [33].

Remark 1.6.

(1) Theorem 1.2 sharply improves Theorem 1.1. If fact, from Remark 3. in [33], we know that
the condition (Hj ) is much weaker than the combination of (f1) and (f2), and conditions
(H3)—(Hy) are much weaker than (f3)—(f1).

(2) The condition (H;) which gives the behaviour of f(x,u)/u for u near to the origin, is
very essential for obtain the positive energy solution in Theorem 1.2. Moreover, it seems
to be nearly optimal for obtain a such existence result.

(3) As a function f satisfying the assumptions (Hj)-(Hs), one can take

w(4In|u| +1), lu| > 1,
f(x’u) = 2
—(2v —1)u* 4 2vu, lu| <1,

where 0 < v < ”7 (1* is given by (Hy)). A straightforward computation deduces that

F(x,u) = utlnfu| + 442, lu| > 1,
’ — 2138 4 v, lu| <1,

and

4
f(x,u)u—4F(x,u):u4—§(1/+1), Vx € R?, lu| > 1.

Hence, it is easy to check that f satisfies the assumptions (H;)—(Hy). However, it does
not satisfy the assumptions of Theorem 1.1. In fact, we have lim; .o &tt) =2v >0
uniformly for x € R3, which implies that f does not satisfy the condition ( f2). Moreover,
for any p > 4, we have

flx,u)u — uF(x,u) = —(p — 4Hu*In|u| + u* — %(V—i—l) — —oo, as|u| — oo,

which shows that the condition (f3) is not satisfying for our choice.
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Remark 1.7. The assumptions of Theorems 1.2 and 1.3 can be used to deal with the existence
of nontrivial solutions for the following nonhomogeneous Kirchhoff-type equations

—(a+4Db [ |Vuldx) Au+V(x)u = f(x,u) +g(x), inR,
u(x) =0 as |x| — oo,

where a > 0,b > 0 are constants. So, the conclusions of Theorems 1.2 and 1.3 still hold for the
above problem.

The paper is organized as follows. In Section 2, we present some preliminary results.
Section 3 is devoted to the proof of Theorems 1.2 and 1.3.

2 Preliminaries

In the following, we will introduce the variational setting for Problem (1.1). In the sequel, we
denote by || - ||, the usual norm of the space L¥ (IR?), ¢;, C; or C stand for different positive
constants.

As usual, for 1 < p < 400, we let

1
p
lully = ([ JuPax)", e @),

and
||| := esssup |u(x)|, u € L*(R%).
xeR3

Let
HY(R®) = {u € L*(R®) : Vu € L*(R?)},

with the inner product and norm

(1, ) = /w (VuVo+uo)dy,  |ullg = (u,u)2,.
Define our working space
E= {u € H'(R?): /11{3 V(x)|ul?dx < +00}.
Then E is a Hilbert space equipped with the inner product and norm
(u,0) = /w (VuVo+ V(x)uv)dx,  |u| = (u,u)}.
Let D!2(R3) be the completion of C{’(R®) with respect to the norm

||u||%)1,2 - /]R3 |Vu|2dx.

Then, the embedding D'?(R3) < L%(R3) is continuous (see for instance [29]). Since the
embedding H'(R®) — L*(R3?) (2 < s < 6) is continuous, then the embedding E < L® (R?)
(2 <'s < 6) is continuous under the condition (V), that is, there exist #7; > 0 such that

lulls < nsllul|, Yu€eE, se€]l26]. (2.1)

Moreover, we have the following compactness results from [4, Lemma 3.1.].
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Lemma 2.1 ([4]). Under the assumption (V), the embedding E — L* (RN) is compact for s € [2,6).

Recall that i € R is called an eigenvalue of the operator —A + V(x) provided there exists
a nontrivial weak solution u( of the equation:
—Au+ V(x)u = pu, x € R,
ie, forany ¢ € E,
/]R3 (VugVo + V(x)upp)dx = u /]R3 uppdx.

Lemma 2.2. Assume that (V) holds. Then u* is an eigenvalue of the operator —A + V (x) and there
exists a corresponding eigenfunction g1 with @1 > 0 for all x € R3.

Proof. The proof of this lemma is almost the same to the one of Lemma 2.3 in [13]. So we omit
it here. O

For every u € H'(IR?), by the Lax-Milgram theorem, we know that there exists a unique
¢y € DV?(R?) such that
— A¢p, =u?, inR>. (2.2)

Furthermore, ¢, has the following integral expression

2
pu(x) = ﬁ / ) 4> o 2.3)

® |x — Yl

From (2.1), for any u € E, using the Holder inequality we obtain

w2 = /]R3 purPdx < [ pullsllullfy/s < Cllgullpralluliys: (24)

Therefore
[ Pullpre < Cllull3,s- (2.5)

By (2.4), (2.5) and the Sobolev inequality, we obtain

1 w()uy) oo ) A
E//uzsxuzs =y Wix= /IRa Putt"dx < CofJul|". (2.6)

Moreover, ¢, has the following properties (for a proof, see [6,21]).
Lemma 2.3. For u € E we have
(i) ¢ = t2py, forall t > 0;

(ii) If uy, — win E, then ¢, — ¢, in DV2(R3) and

lim /]R3 P, undx = /11{3 Py u’dx.

n—o00

Now, we define the energy functional | : E — R associated with problem (1.1) by

1 1
J(u) = 5/1123 (|Vul® + V(x)[ul?) dx+1/]R3 (,buuzdx—/]Re’F(x,u)dx—/mg(x)udx. (2.7)
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Therefore, combining (2.5), (2.6), (H;)-(Hz) and Lemma 2.1, | is well defined and | € C!(E,R)
with
(J'(u),v) = /3 (VuVo+ V(x)uv) dx+/3gbuuvdx
R R

- /]R3f(x,u)vdx - /leg(x)de, Vv eE.

Moreover, if u € E is a critical point of ], then the pair (1, ¢, ) is a solution of system (1.1).
Recall that a sequence {u,} C E is said to be a Palais-Smale sequence at the level ¢ € R
((PS)-sequence for short) if J(u,) — ¢ and J'(u,) — 0, ] is said to satisfy the Palais-Smale
condition at the level ¢ ((PS).-condition for short) if any (PS)c.-sequence has a convergent
subsequence.
In order to prove the existence of positive energy solution for problem (1.1), we shall use
the following Mountain Pass Theorem (cf. [20,29]).

(2.8)

Proposition 2.4 ([20,29]). Let E be a Banach space, ] € C'(E,R) satisfies the (PS)-condition for any
c>0,](0)=0,and

(i) there exist p, o > O such that [|3p, > a;
(ii) there exists e € E \ B, such that J(e) < 0.
Then | has at least a critical value ¢ > «.

On the other hand, the following Ekeland’s variational principle is the main tool to obtain
the negative energy solution for problem (1.1)

Proposition 2.5 ([19, Theorem 4.1]). Let M be a complete metric space with metric d and let | :
M — (—o0, +00] be a lower semicontinuous function, bounded from below and not identical to +oo.
Let € > 0 be given and u € M be such that

< inf .
J(u) < inf] +e
Then, there exists v € M such that
J(v) < J(u),  d(u,o) <1,

and for each w € M, one has
J(v) < J(w) +ed(v, w).

We also need the following auxiliary result, see [27].

Lemma 2.6. Assume that p1,p2 > 1,1,q > 1and QQ C RN, Let f(x,t) be a Carathéodory function
on Q) x R satisfying

1f(x, )] < ag|t| =077 gyt (P2= 1)/, V(x,t) € O xR,

where, ay,a, > 0. If uy — ug in LP1(Q) N LP2(QY), and u, — up ae. x € Q, then for any
v € LPI(Q) N LPI(QY),

lim /Q F(x, 1) — F(x, 10)|"|o0]dx — 0.

n—00
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3 Proof of main results

In this section we shall prove Theorems 1.2 and 1.3. We first prove some lemmas, which are
crucial to prove our main results.

Lemma 3.1. Assume that the assumptions (V), (Hy), (Hz) and (Hs) hold. Then, there exist p, « and
mo > 0 such that J(u) > « whenever |[u|| = p and ||g||,» < mo.

Proof. By (H1) and (Hz), there exist &g > 0 and ¢4 > 0 such that
F(x,u) < ) 5 |u|2—|—c4|u\” Y(x,u) € R x R. (3.1)
Combining (2.1), (2.3), (2.7) and (3.1), we have
J(u) = —HMH2 / Puutdx —/ F(x,u)dx — /Sg(x)udx
R
L2
> —||ul| —/]RSF(x,u)dx—/]ng(x)udx

i (32)
2 — <0 2 _ Pdxy — ,
> Sl =B [P —ea [ fulPdx = gl ull
€0 2 p
2 o 11l = camp [ull” =gl
Taking
C= P Loy
Ap (catty +11p)
mo = pP~!in (3.2), we then get
80 2
> = — .
J) 2 gre=a>0 Viull=p
The proof is completed. O

Lemma 3.2. Assume that the assumptions (V'), (Hy), (Hs) and (Hs) hold. Then there exists e € E
with ||e|| > p such that J(e) < 0, where p is given in Lemma 3.1.

Proof. By (H1) and (H3) we have, for any M > 0, there exists Cp; > 0 such that

F(x,u) > Mlul* — Cpmlul?>,  V(x,u) € R¥xR. (3.3)
Consequently, it follows from (2.6), (2.7) and (3.3) that

t2 1
o) = SlorlP+5 [ g torPdx— [ Fltondr—t [ g(x)gn(x)dx
> » 44 4
FlorlP+Cillgrl* =M [ [gufiax
2 2
+t CM/R3\(p1] dx—t/leg(x)(pl(x)dx

t2 t4
< F+2Cu)llgn ]~ 7 (4Mllilli = Cillgnl) ¢ | g(x)gr(x)dx.

Therefore, choosing M > 0 such that 4M||¢1||; — C1||@1]|* > 0, then, it follows from (3.4) that
J(tg1) — —oco ast — +o0. Hence, there exists #; > 0 so large that ||t1¢1|| > p and J(t1¢1) < 0.
Thus, the lemma is proved by taking e = t;¢;. O

IN

(3.4)
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Lemma 3.3. Assume that (V'), (Hy)—(Hs) hold. Then ] satisfies the (PS)-condition on E.

Proof. Let {u,} C E be such that
J (un) = ¢ and J'(u,) — 0. (3.5)

We first show that {u,} is bounded in E. Otherwise, set v, = 2, then ||v,|| = 1 and

7
[loa ]

lonlly < npllonl| = 11p (see 2.1). It follows from (H;) that
[F(x,u)| = [F(x,u) — F(x,0)]
1
/ f(x, tu)udt‘
0

1
g/o (cl\u|2t+c2|u|PtP—1> dt

- %W + sz\uv’, V(x,u) € R® x R,

Let F(x,uy) = f(x,uy)u, — 4F(x,u,). Therefore, for x € R3 and |u(x)| < L, by (3.6), we have
|f (e uju — 4F(x,u)| < |f(x, u)u| + 4[F (x,u)]
4
< (c1|ul* + calul?) + <2c1|u|2 + ;2|u|7">
< <3C1 + 4—;pC2Lp2) ]u\z

= 07|u|2,

where L > 0 is given by (Hs). Combining the above inequality with (Hs), we conclude that
there exists cg > 0 such that

fx,u)u —4F (x,u) > —cglul?, V(x,u) € R® x R. (3.7)

By (Hs), (2.7), (2.8), (3.5), (3.7) and the Holder inequality, without loss of generality, we may
assume that for all n € IN, we have

1
1 e il 2 (1) = 40" (), 00)

1 1 3
- ZHWHMZ/RS F(x, u)dx — ZL/R3g(x)undx
1 2 €8 2 3
> il = S [ unPax = Slgly

1 [oF3 3
> Nl = a3 = Syl

which implies that

a3 011 el 3l

[unll> = s cs | [lual? [[ea |
3npligll

[l

4(c+1)

Therefore, for sufficiently large n such that T + Yo< %, we then get
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Consequently, we conclude that
[onll2 > 0. (3.8)

Let O, = {x € R®: |uy(x)] < L} and A, = {x € R? : v,(x) # 0}, then meas(A,) > 0.
Moreover, since ||u,|| — oo as n — oo, we obtain

|un(x)| — c0 asn— o0 forx e A,

Hence, A, C R3 \Q, forn e N large enough. It follows from (Hs) and the Holder inequality
that for any B € (1,6), one has

g(X)Mndx’ < ||ng’H”n||P < HgHP' 0, (3.9)

R [l ualB T P P

since ||u,|| — c0 as n — oo. By (Hi), (H3), (2.1), (2.6), (3.5), (3.6), (3.8), (3.9) and Fatou’s
lemma, we have

) 1 1 F(x,uy) g(x)uy,
= lim + / uzdx—/ dx—/ dx
n—o0 [ZHMnH2 AT Jro Pt R Juen]* R ||

F F(x,
< (C; — lim [/ (x'4un)0fldx + (x:l”)vﬁdx}
n—oo 0 un ]R3\Qn un
. 1 1, € _2> 2 F(x,un) 4 ]
<C—-lm|——= =+ =LPF +/ vrdx
b hunHz <2 p 2T Jeeva,  ud (3.10)
< Cj — liminf F(x. u")vidx
n—o0 1R3\Qn u%
F
<C;— [ liminf (x,4un) vrdx
A, N uy
_ (i) 4
=C - - hrfgglfT%[XAn(x)]vndx

— —00, asn — oo.

This is an obvious contradiction. Hence {u,} C E is bounded. So, up to a subsequence we
may assume that u, — uy weakly in E. By Lemma 2.1, u, — ug strongly in L® (R®) for
2 <s < 6and u,(x) — up(x) a.e. on R3. It follows from (2.7) and (2.8) that

it = w0l[* = (J'(s) = J" (1) 105 = w0} + [ [F(t,100) = £t 0)] (1 — i)
R (3.11)
— [ @usttn = pugtio) (02 = o).

Obviously, (J' (un) — J' (o), tn — 1) — 0 as n — oo. Let us take r = g = 1 in Lemma 2.6 and
combine with u, — 1 strongly in L (IR?) for 2 < s < 6, to get

/IR3 [f(x, un) — f(x,up)](uy — up)dx — 0. (3.12)

Furthermore, from Lemma 2.3 (ii), we have that [ (¢, un — Puytio) (s — 1g)dx — 0. Conse-
quently, u, — up in E. This completes the proof. O
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Proof of Theorem 1.2. The proof is divided in two steps, the first one for the negative energy
solution, the second one for the positive energy solution.

Step 1. By using Ekeland’s variational principle, we first show that there exists a function
up € E such that J'(u9) = 0 and J(up) < 0. By (3.3) fixing M > 0 a constant Cp; > 0 exists
such that

F(x,u) > Mlu[* — Cmlul>,  V(x,u) € R>xR.

Since ¢ € L (R%) and g # 0, we may choose a function v € E such that
/1R3 g(x)v(x)dx > 0.
Therefore,
J(tv) = ﬁHsz + t4/ P0*dx —/ F(x,tv)dx — t/ g(x)ov(x)dx
2 4 Jre R? R
< ol + & ol — Mol + Culol ¢ [ s(oo(e)dx <o,
for t > 0 small enough, which implies that

inf{J(u) :u € B,} <O,

where p > 0 is given by Lemma 3.1, and B, = {u € E : |lu|| < p}. On the other hand, by (3.2),
one has

€0
Jw) 25

> — catpp||ullP — 1y lIgllyIlull,

loall* = campluellP = mpllglprf1e

which implies that | is bounded below in B,. Thus, we obtain
—o00 < ¢ =inf{J(u) : u € By} <O.

By Ekeland’s variational principle, there exists a sequence {1,} C B, such that

1
COSI(un) SCO—*—E/

and .
J () S](ZU)—FEHL!n—wH, VZUEEP.

Then, following the idea of [11] (see pp. 534-535), we can show that {u, } is a bounded Palais-
Smale sequence of J. Therefore, by Lemma 3.3, {1, } has a strongly convergent subsequence,
still denoted by {u,} and u, — uy € §p as n — oo. Hence, we conclude that there exists
up € E such that J(ug) = infuegp J(u) = co < 0and J'(up) = 0, this completes the Step 1.

Step 2. Now, we show that there exists a function 7y € E such that J(iip) = ¢y > 0 and
J'(#p) = 0 by means of the Mountain Pass Theorem. Obviously, ] € C!(E,R) and J(0) = 0.
By Lemmas 3.1 and 3.2, the functional ] satisfies the geometric property of the mountain
pass theorem whenever ||g||,; < . Lemma 3.3 implies that | satisfies the (PS)-condition.
Therefore, applying Proposition 2.4, we deduce that there exists %y € E such that J(up) = cp >
a > 0and J'(1ip) = 0, we complete the Step 2.

Therefore, by the above two steps the proof of Theorem 1.2 is completed. O
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Next, we will give the proof of Theorem 1.3. Under the assumption (Hg), we can easily
find that the energy functional associated to problem (1.1)

_Loes! 200 o4y L p _/
() = Sllul +4/]R3cpuu dx U/1R3hl(x)|u| dx p/whz(x)|u| dx— [ g(xudz, (313)
is of class C! on E and for any v € E, we have

(J'(u),v) = /]1{3 (VuVo + V(x)uv) dx+/]R3 qbuuvdx—)\/]R3 By (x)|u| *uvdx 1
—/]R3 ho ()| u|P~2uvdx — /]R3g(x)vdx.

Lemma 3.4. Suppose that the assumptions (V) and (He) are satisfied. Then, there exist p, o and
mo > 0 such that J(u) > a whenever ||u|| = p and ||g]l2 < mo.

Proof. By the Holder inequality, we have
[ InGllutdx < il il < Vo il
where 0y = 2/(2 — ¢). On the other hand, by (2.1), we have
/IR3 [ (o) || dx < [ Ba ool < 17 (12l eo ]

Similarly, we have by Young’s inequality,

-3 1,02, 1 2
/IR3 1g(0)|[uldx < |Igll2llulla < Vg 2lIgll2llull < S llull” + VOHg||2'

Therefore, it follows from (2.3) and (3.13) that
> Lup-a 7 — P— Vv Ygll3 3.15
J(u) = Zlull® = ABullul]” = Ballull” = Vo8], (3.15)

where, 1 = %VO_THMHUO,,BQ = %nthsz. Let

E(t) = ARt 2+ BatP ™2, t>0.

We claim ¢(t9) <  for some ty > 0. Note that () — +oo as t — 0 or t — +oo. Then, &(t)
has a minimum at o > 0. In order to find ¢y, note

1/(p—0)
£t0) = A (0= 2+ falp~ 2t P =0 and =2/ (BRI T

Thus, &(ty) = AP-2/(=0) (g, p{=2/=2) 4 g glr=2/ =)y \yith By = B1(2 — 0)/Ba(p — 2).
This shows that there exists Ag > 0 such that forall A € (0, ), &(t) < %. Hence, (3.15) implies
that there exists mg, « > 0 such that J(u) > a whenever ||u|| =ty = p and ||g]|2 < my. O

Lemma 3.5. Suppose that the assumptions (V') and (He) are satisfied. Then there exists e € E with
lle]] > p such that J(e) < 0, where p is given in Lemma 3.4.
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Proof. Choose ¢, € C°(Q2), 92 > 0, ¢ # 0. By (Hg), we know that /i > 0 in (), then

tor) = Ellgal2+ £ | 5d
I(t9) = Sl + 5 [ opodax

—M/ I (x)] |‘7dx—tp/ () lgalPdx — t [ g(x)gadx

s Jo™ P2 v Ja 2 ¢2 Qg ¢2
— — 00

ast — 4oo with1 < ¢ < 2 and p > 4. Thus, there exists t, > 0 large enough, such that
J(t2¢2) < 0. Thus, we complete the proof by taking e = t>¢;. O
Lemma 3.6. Assume that (V') and (He) hold. Then ] satisfies the (PS)-condition on E.

Proof. Let {u,} C E satisfying (3.5). We claim that {u,} is bounded in E. For n large enough,
it follows from (2.3), (3.5), (3.13) and (3.14) that

1
1T+c+ |[uqll > J(un) — E<]/(”n)r”n>

. 1 1 2 1 1 2 1 1 T
= (351t (5-5) fo bt =2 (53 [t
1
— 1—*/ nd
( P) o 8

1 1 1 1Y, -3 AR
> (575) Walp =2 (5= 5) v Flolall” = (1= ) V6 lglall.

Because 1 < 0 < 2 and p > 4, we deduce that {u,} is bounded in E. Therefore, there exists
u € E such that, up to a subsequence, we have 1, — u weakly in E, u,, — u strongly in L* (1R3 )
for 2 < s < 6 and u,(x) — u(x) a.e. on R®. Similar to the proof of Lemma 3.3 (see (3.11)), in
order to prove that u, — u strongly in E, it sufficient to show that

[ F o) = w)dx = [ Ay ) a2+ o () 020 1, = )tz = 0.
Since u, — u strongly in L* (R®) for 2 < s < 6, the Holder inequality implies that
/]R3 (|7 |t — ldx < |[aleg [l tw = ell2 — 0,

and
_ -1
/Rslhzllun!p Yuy — uldx < |[ho|oolunllb ||t — ull, — 0.

Therefore, | satisfies the (PS)-condition. O

Proof of Theorem 1.3. Similar to the proof of Theorem 1.2, we also divide the proof into two
steps.

Step 1. As the proof of Step 1 in Theorem 1.2, we first prove the existence of negative energy
solution via Ekeland’s variational principle (cf. Proposition 2.5). Since ¢ € L?(IR®) and g # 0,
we can choose a function v € E such that

/1R3 g(x)v(x)dx > 0.
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It follows from (3.13) that

) = Sl 5 [ gotar -2 [ oo
) 4 R34’v o Jre !

p
_tp/]R3 hz(x)\v\pdx—t/wg(x)vdx

#2 4 A7
< Sl + Cigllollt === [ m)fol7dx

p
_ tp /RB o (x) 0| Pdx — t/]Rag(x)vdx <0,

for t+ > 0 small enough, since 1 < ¢ < 2 and p > 4. Hence we deduce that inf{](u) : u €
B,} < 0, where p > 0 is given by Lemma 3.4. In addition, by (3.15) we have

J(u) > %Hull2 — ABullull” = BallullP — V51813
> —Ai[lull” = Ballull” — V5 lgll3,
which implies that | is bounded below in Ep. Furthermore, we have
—o0 < ¢ = inf{J(u) : u € By} <O0.
Therefore, the Ekleland’s variational principle implies that there exists a sequence {u,} C B,

such that .
co < ](un) < CO+EI

and 1
J(uy,) < ](w)+g||un—w||, Vw € B,.

Then, arguing as the proof Step 1. in Theorem 1.2, we conclude that there exists 1o € E such
that J(up) = inf, 5 J(u) =co < 0and J'(u9) = 0.

Step 2. Now, we apply Proposition 2.4 to obtain the positive energy solution. Evidently,
J] € CY(E,R) and J(0) = 0. By Lemma 3.4 ] satisfies (i) whenever ||g[l2 < m(. Moreover,
Lemma 3.5 implies that | satisfies (ii), and ] satisfies the (PS)—condition by Lemma 3.6.
Hence, Proposition 2.4 implies that there exists a function %y € E such that J(up) =¢p > a > 0
and J'(7p) = 0.

The proof is completed. O
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