Electronic Journal of Qualitative Theory of Differential Equations
2010, No. 11, 1-30; http://www.math.u-szeged.hu/ejqtde/

Linear impulsive dynamic systems on time scales
Vasile Lupulescu®!, Akbar Zada**

*“Constantin Brancusi” University, Republicii 1, 210152 Targu-Jiu, Romania.
E-mail: lupulescu_v@yahoo.com
**Government College University, Abdus Salam School of Mathematical Sciences,
(ASSMS), Lahore, Pakistan. E-mail : zadababo@yahoo.com

Abstract. The purpose of this paper is to present the fundamental con-
cepts of the basic theory for linear impulsive systems on time scales. First, we
introduce the transition matrix for linear impulsive dynamic systems on time
scales and we establish some properties of them. Second, we prove the existence
and uniqueness of solutions for linear impulsive dynamic systems on time scales.
Also we give some sufficient conditions for the stability of linear impulsive dy-
namic systems on time scales.

1 Introduction

Differential equations with impulse provide an adequate mathematical descrip-
tion of various real-word phenomena in physics, engineering, biology, economics,
neutral network, social sciences, etc. Also, the theory of impulsive differential
equations is much richer than the corresponding theory of differential equations
without impulse effects. In the last fifty years the theory of impulsive differen-
tial equations has been studied by many authors. We refer to the monographs
[10]-[12], [27], [33], [42] and the references therein.

S. Hilger [28] introduced the theory of time scales (measure chains) in order
to create a theory that can unify continuous and discrete analysis. The theory of
dynamic systems on time scales allows us to study both continuous and discrete
dynamic systems simultaneously (see [8], [9], [28], [29]). Since Hilger’s initial
work [28] there has been significant growth in the theory of dynamic systems
on time scales, covering a variety of different qualitative aspects. We refer to
the books [9], [15], [16], [32] and the papers [1], [3], [17], [20], [21], [24], [30],
[34], [38], [40], [41]. In recent years, some authors studied impulsive dynamic
systems on time scales [13], [25], [34], [36], but only few authors have studied
linear impulsive dynamic systems on time scales.

In this paper we study some aspects of the qualitative theory of linear impul-
sive dynamic systems on time scales. In Section 2 we present some preliminary
results on linear dynamic systems on time scales and also we give an impulsive
inequality on time scales. In Section 3 we prove the existence and uniqueness of
solutions for homogeneous linear impulsive dynamic systems on time scales. For
this, we introduce the transition matrix for linear impulsive dynamic systems
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on time scales and we give some properties of the transition matrix. In Section
4 we prove the existence and uniqueness of solutions for nonhomogeneous linear
impulsive dynamic systems on time scales. In Section 5 we give some sufficient
conditions for the stability of linear impulsive dynamic systems on time scales.
Finally, in Section 6 we present a brief summary of time scales analysis.

2 Preliminaries

Let R™ be the space of n-dimensional column vectors x = col(z1, 22, ...z, ) with a
norm ||-||. Also, by the same symbol ||| we will denote the corresponding matrix
norm in the space M, (R) of n x n matrices. If A € M,,(R), then we denote by
AT its conjugate transpose. We recall that ||A|| := sup{||Az||; ||z|| < 1} and
the following inequality ||Az|| < ||A]|-||=|| holds for all A € M,,(R) and = € R™.
A time scales T is a nonempty closed subset of R. The set of all rd-continuous
functions f : T — R™ will be denoted by C,.4(T,R").

The notations [a, b], [a,b), and so on, will denote time scales intervals such
as [a,b] == {t € T;a < t < b}, where a,b € T. Also, for any 7 € T, let
T(y :=[r,00) NT and Ty := T(g). Then

BCrd(T(T)v]Rn) = {f S Crd(T(T)an);tS%p ||f(t)|| < +OO}
€l

is a Banach space with the norm ||f|| := sup ||f(t)]
teT ()

We denote by R (respectively RT) the set of all regressive (respectively
positively regressive) functions from T to R.

The space of all rd-continuous and regressive functions from T to R is denoted
by CrqR(T,R). Also,

CHR(T,R) == {p € CrqR(T,R); 1 + u(t)p(t) > 0 for all t € T}.

We denote by C},(T,R") the set of all functions f : T — R™ that are
differentiable on T and its delta-derivative f2(t) € C,4(T,R"™). The set of rd-
continuous (respectively rd-continuous and regressive) functions 4 : T — M, (R)
is denoted by C,.4(T, M,,(R)) (respectively by CyqR(T, M, (R))). We recall that
a matrix-valued function A is said to be regressive if I + u(t)A(t) is invertible
for all ¢ € T, where [ is the n x n identity matrix.

Now consider the following dynamic system on time scales

2 = A(t)x (2.1)

where A € C.gR(T4, M, (R)). This is a homogeneous linear dynamic system on
time scales that is nonautonomous, or time-variant. The corresponding nonho-
mogeneous linear dynamic system is given by

2 = A(t)x + h(t) (2.2)
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where h € Crq(T4,R™).
A function = € C},(T+,R™) is said to be a solution of (2.2) on T4 provided
o2 (t) = A(t)x(t) + h(t) for all t € T .

Theorem 2.1. (Existence and Uniqueness Theorem [15, Theorem 5.8])
If A e CyR(T4,M,(R)) and h € Crq(T4,R™), then for each (1,n) €
Ty x R™ the initial value problem

™ = At)x +h(t), x(1)=mn

has a unique solution x : Ty — R"™. 0

A matrix X4 € CrgR(T4, M, (R)) is said to be a matriz solution of (2.1) if
each column of X4 satisfies (2.1). A fundamental matriz of (2.1) is a matrix
solution X 4 of (2.1) such that det X 4(¢) # 0 for all t € T4. A transition matric
of (2.1) at initial time 7 € T4 is a fundamental matrix such that X(7) = I.
The transition matrix of (2.1) at initial time 7 € T will be denoted by ® 4 (¢, 7).
Therefore, the transition matrix of (2.1) at initial time 7 € T4 is the unique
solution of the following matrix initial value problem

Y& = A@)Y, Y(r) =1,
and x(t) = ®4(t,7)n, t > 7, is the unique solution of initial value problem

= Az, =(r) =1.

Theorem 2.2. ([15, Theorem 5.21]) If A € CoqR(T, M, (R)) then
(i) Dalt,t) =1I;
(i) a(o(t),s) =[I+ u(t)A(t)]Pal(t,s);
(iii) @' (t,s) = DL 1 (t, 5);
(iv) @alt,s) = 03" (s,) = L 4r (5,1);

(V) ®a(t,s)Pa(s,r) =Da(t,r),t>s>r. 0

Theorem 2.3. ( [15, Theorem 5.24]) If A € CrqR(T+, Mp(R)) and h €
Cra(T4,R™), then for each (7,m) € T4 x R™ the initial value problem

o = A(t)z + h(t), =(r) =

has a unique solution x : Ty — R™ given by

x(t) = (I)A(t,T)T]+/ D4(t,o(s))h(s)As, t>71. O
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As in the scalar case, along with (2.1), we consider its adjoint equation
y® = —AT(t)a". (2.3)

If A € CryR(Ty, M,(R)), then the initial value problem y» = —AT(t)z7,
x(7) = 0, has a unique solution y : T(,) — R™ given by y(t) = ®gar(t,7)n,
t>T.

Theorem 2.4. ( [15, Theorem 5.27]) If A € CrqR(T+, Mp(R)) and h €
Cra(T4,R™), then for each (1,m) € T4 x R™ the initial value problem

y® = —AT()y” + h(t), =(r) =7
has a unique solution x : Ty — R™ given by
t

() = Boar (6 + [ BT\t s)h(s)As, € T,

Lemma 2.1. Let 7 € T4, y,b € C,qR(T4+,R), p € CHR(T4+,R) and ¢, by, € Ry,
k=1,2,.... Then

y(t) <c +/ p(s)y(s)As+ > bry(te), t € Try (2.4)
T Tt <t
implies
y(t) <c [I A +brlep(t,7),t>T. (2.5)
Tt <t

t

Proof. Let v(t) := c+ [ p(s)y(s)As + >, ., bry(ty), t > 7. Then

{ vA(t) = p(t)y(t), t # tr, v(T) = ¢
v(t) = v(ty) + bry(te), k= 1,2, ...

3

Since y(t) < wv(t), t > 7, we then have

{ vA(t) < p(t)v(t), t # tr, v(T) = ¢
v(t) = (1 +bp)v(ty), k=1,2,....

An application of Lemma A.4 yields

v(t) <c [I @A+brey(t,7),t>r,
T<tp<t

which implies (2.5). O
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3 Homogeneous linear impulsive dynamic sys-
tem on time scales

Consider the following homogeneous linear impulsive dynamic system on time
scales A
x> =At)x, t €Ty, t#tg
{ z(t)) =z(t;) + Brx(ty), k=1,2,..
where B, € M,(R), k = 1,2,..., A € C.gR(T4, M,,(R)), 0 =ty < t1 < ta <
o <t < .., With klim tr = 0o, x(t, ) represent the left limit of x(t) at t = ¢

(3.1)

(with z(t, ) = z(t) if t; is left-scattered) and z(t]) represents the right limit
of z(t) at t = tx (with z(t)) = x(t) if t) is right-scattered). We assume for
the remainder of the paper that, for £k = 1,2, ..., the points of impulse t; are
rigth-dense.

Along with (3.1) we consider the following initial value problem

e = At)z, t€T(r, t # by
w(tf) = x(ty) + Bra(ty), k= 1,2,... (3.2)
a(rt)=n, T=0.

We note that, instead of the usual initial condition z(7) = 1, we impose the
limiting condition z(7") = n which, in general case, is natural for (3.2) since
(7,m) may be such that 7 = t, for some k = 1,2, .... In the case when 7 # ¢}, for
any k, we shall understand the initial condition z(7%) = 5 in the usual sense,
that is, z(1) = 7.

In order to define the solution of (3.2), we introduce the following spaces

Q:={z: T4 >R 2 € C((th, tr41),R"), k = 0,1, ..., z(t])
and z(t, ) exist with z(t; ) = z(tx), k= 1,2, ...}

and
O = {z e Q; z e C ((ty, trr1),R™), k=0,1,...},

where C((tg,tr+1),R™) is the set of all continuous functions on (tg,tx+1) and
C((tg,trs1) is the set of all continuously differentiable functions on (tx,tx41),
k=0,1,...

A function = € QM) is said to be a solution of (3.1), if it satisfies z(t) =
A(t)z(t), everywhere on T )\ {7, ti(r), tk(r)+1, ---} and for each j = k(7), k(7)+
1, ... satisfies the impulsive conditions x(t;r) = z(t;) + Bjz(t;) and the initial
condition z(7) = n, where k(7) := min{k = 1,2, ...;7 < tx}.

Theorem 3.1. If A € CryR(T4, M, (R)) and B, € M,(R), k = 1,2, ...,

then any solution of (3.2) is also a solution of the impulsive integral equation

z(t):x(T)Jr/ A(s)z(s)As+ > Bjalty), t > . (3.3)

Tt <t

and conversely.
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Proof. There exists ¢ € {1,2,...} such that 7 € [t;_1,¢;). Then any so-
lution of (3.2) on [7,t;) is also a solution of integral equation z(t) = x(7) +
f: A(s)x(s)As, t € [1,t;]. Further, any solution of the initial value problem

a® = A(t)z, t€ (ti,tip1)
{ o(t]) = x(ts) + Bia(ts).

is a solution of integral equation z(t) = z(t]") + ftt_ A(s)x(s)As, t € [t tir1). Tt
follows that
t

x(t) = z(t:r) +/ A(s)x(s)As = z(t;) + Bix(t;) +/ A(s)x(s)As

t; t;

x(T) —|—/ i A(s)x(s)As —|—/ A(s)x(s)As + B;x(t;)

t;

2(r) + / A()2()As + Biz(ti), £ € [tistisn).

Next, we suppose that, for any k > 7 + 2, any solution of (3.2) on [tx—1,t)
is a solution of (3.3). Then any solution of the initial value problem

{ 2 = At)x, t € (tp,trs1]
(t)) = x(te) + Bra(ty)

is a solution of integral equation z(t) = z(¢}) + fttk A(s)x(s)As, t € [tk,tpt1)-
It follows that

x(t)

t

z(t;) +/ A(s)x(s)As = z(tg) + Bra(t) +/ A(s)x(s)As

tr tr

z(T)Jr/’“A(s):c(s)Aer Z Bjx(tj)+ka(tk)+/ A(s)x(s)As

Tt <tk 23

x(¢)+/ A(s)z(s)As + Z Bjx(t)), t € [tk tht1)-

T<t;<t
Therefore, by the Mathematical Induction Principle, (3.3) is proved. The
converse statement follows trivially and the proof is complete. [

Theorem 3.2. If A € CryR(T4, M, (R)) and B, € M, (R), k = 1,2, ...,
then the solution of (3.2) satisfies the following estimate

lz@Il < [lz(0)Il T (1 +|[Bxl]) exp (/ IIA(S)IIAS)7 (3-4)

T<tp<t

for 7,t € T4 witht > 7.
Proof. From (3.3) we obtain that

IIw(t)IISIIw(T)IIJr/ A - lleNAs+ > 1Bl llety)ll, t > 7.

T<t; <t
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Then, by Lemma 2.1, it follows that

lz@OIF < [l TT (1 + [IBkll) expyacy(t,7); t = 7.

T<tp <t
Since for any a > 0,
. In(1 + au) a if u(s) =0
m — = n ap(s .
wals) mLE) < if pu(s) > 0,

then explicit estimation of the modulus of the exponential function on time
scales (see [24]) gives

! In(1 + ul|A(s)]]) )
ex at, 7)) = ex lim ————— 27 As
Pljac))(t:7) P(/T i ”

exp (/t ||A(s)||As> >

Along with (3.1) we consider the impulsive transition matrix S4(t,s), 0 <
s < 't, associated with {By,t;}7> ,, given by

IN

Thus we obtain (3.4). O

D4(t,s) iftp—1 < s <t <ty
DAt t5)(I + B)Palty,s) if ty1 < s <ty <t <tprs;
Sa(t:s)=3 ®alt,t)[ T[T I+ Bj)®alty, t] NI + Bi)®alti,s)
s<t; <t
ifti1 <s<t; <. <t <t<ilps1,
(3.5)
where ®4(t, ), 0 < s < t, is the transition matrix of (2.1) at initial time s € T .

Remark 3.1. Since

SA(t, S) =

Palt, )+ B)® (1 1) L 0 B, (1, 01T + B (5 5),
S J k

it follows that

Sa(t,s) =Pa(t,t])(I + By)Salty,s) for timg <s<t; <..<tp <t<tgpsr.

In the following, we will assume that I + By, is invertible for each k = 1,2, ....

Theorem 3.3. If A € C,.qR(T+, M,(R)) and By € M,(R), k = 1,2, ...,
then for each (1,m) € T4 x R™ the initial value problem (3.2) has a unique
solution given by

x(t) = Salt,T)n, t> 7.
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Proof. Let (1,n) € T4 x R™. Then there exists i € {1,2,...} such that
T € [ti—1,t;). Then the unique solution of (3.2) on [r,t;) is given by z(t) =
D4(t,T)n=Sa(t,7)n, t € [1,1;).

Further, we consider the initial value problem

a® = A(t)z, t€ (titir)
{ o(t]) = x(t:) + Bia(ts).

This initial value problem has the unique solution given by z(t) = ® 4 (¢, ¢ )2 (t]),
t € [ti,tit1). It follows that

z(t) = @alt,t))x(t]) =®a(t,t])I + Bi)z(t:)
= DAt t7)I + Bi)®alti, 7)n
SA(t’T)TIa

and so x(t) = Sa(t,7)n, t € [t;, tit1). Next, we suppose that, for any k& > i + 2,
the unique solution of (3.2) on [tx_1, tx] is given by

w(t) = Sa(t,m)n = @alt, t;_,) lt_[ t(f + Bj)®a(ty, t]_1)](I + Bi)®alti, 7).

Then the initial value problem

{ 22 = A(t)z, t € (tg,tprr)
z(tf) = x(tr) + Bra(te)

has the unique solution z(t) = ® 4 (¢, )x(t)), t € [tk, t+1). It follows that

w(t) = @t t0)a(t]) = (640 + Bya(ty) =

AL+ B0t )] TT (4Bt I+ B2y (t )

= D4 (t, 1) lt_[ t(I+Bj)q)A(tj7tj—1)](I+ B)®,(t;,7)

= Salt,7)n,

and so z(t) = Sa(t,7)n, t € [tk, tr+1]. Therefore, by the Mathematical Induction
Principle, the theorem is proved. [

Corollary 3.1. If A € C.qR(Ty, M,(R)) and By, € M,(R), k = 1,2,...,
then the impulsive transition matriz Sa(t,s), 0 < s < t, is the unique solution
of the following matrix initial value problem

YA = A(t)Y, t e T(s), t £ty
Y(t5) =1+ By)Y(ty), k=1,2, ... (3.6)
Y(st)=1, s>0.

Moreover, the following properties hold:
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(i) SA(tgvs) = (I+Bk)SA(tk75)7 ty > S, k= 1527 e
(i) Sa(t,tf) =Sa(t, ty)I + Bp)™ Lt <t, k=1,2,..;
(iii) Sa(t,t)Sa(t},s) =Sa(t,s),0<s <t <t, k=1,2,... O

From the Theorems 3.2 and 3.3, we obtain the following result.

Corollary 3.2. If A € C.qR(T4, M,,(R)) and B € M,(R), k = 1,2,...,

then we have the following estimate
t
Isatoll < T+ lmdyes ([ laias). (37)
T<tp <t T

for 7,t € Ty with t > 7. Moreover, for any 7,t € Ty the function (r,s) —
Sa(r,s) is bounded on set {(r,s) € T4 x Ty;7 <s<r <t}

Proof. Using the Theorems 3.2 and 3.3, for all 7,¢t € Ty with ¢t € T(;), it
follows

z@I = [[Sat, ()| < [lz(n)|] I (1+||Bk||)exp(/ IIA(S)IIAS),

Tt <t
which implies (3.7). O

Let X4(t), t € T4, be the unique solution of (3.6) with the initial condition
Y(O) = I, ie., XA(ﬁ) = SA(t,O), te T-l"

Theorem 3.4. If A € C,yR(T4, M,(R)) and B, € M,(R), then the im-

pulsive transition matriz Sa(t,s) has the following properties
(i) Salt,s) = Xa(t)X'(s), 0<s <t
(ii) Sa(t,t)=1,t>0;
(ifi) Sa(t,s) =S, ' (s,1),0<s<t;
(iv) Sa(o(t),s) = [I + pu(t)A@)]Sa(t,s), 0 < s <t;
(v) Sa(t,s)Sa(s,r) = Sa(t,r), 0<r < s<t.
Proof. (i). Let Y (t) := X4(t)X ;'(s), 0 < s < t. Then we have that
YA(t) = X3 ()X (s) = AW Xa(H) X 3 (5) = A)Y (2), t # th.
Also, Y (s) = Xa(s)X ;' (s) = I, and
Y () = Y(tk) = Xa(ti) X3 (s) = Xa(te) X3 (5)
= [Xa(ty) — Xa(tn)] X3 (s) = BrXa(te) X5 (s)

= BkY(ﬁk)
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for each t;, > s. Therefore, Y (t) = X 4(t)X ;'(s) solves the initial value problem
(3.6), which has exactly one solution. Therefore, Sa(t,s) = Xa(t)X;"(s), 0 <
s <t.

The properties (ii) and (iii) follows from (i). Now, from Theorem A.2 and
Corollary 3.1, we have that

Sa(o(t),s) = Sa(t,s) + u(t)S2(t, s)
= Sa(t,s)+ p)At)Sal(t,s)
= [[+ pt)A@®)]Sa(t; s),

and so (iv) is true.
Further, let Y'(¢) := Sa(t, $)Sa(s,r), 0 <r < s <t Then we have

YA(t) = 52 (t,5)Sa(s,m) = A()Sa(t, 5)Sa(s,r) = AW)Y (t), t # ty,

and Y (rt) = Sa(rt,s)Sa(s,rt) = Sa(rt,s)S;* (r, s) = I according to (iii).
Also,
V() = Sa(t{,5)Sa(s,r) = (I + Bi)Sa(te,s)Sa(s,r)

= (I+Bk)SA(tk,T) = (I+ Bk)Y(tk)

for each t;, > s. Therefore, Y (t) solves (3.6) with initial condition Y (r*) =
I, r € T,. By the uniqueness of solution, it follows that Sa(t,r) = Y(t) =
Sa(t,s)Sa(s,r), 0 <r <s<t, and so (v) is true. O

Theorem 3.5. If A € C.qR(T,, M,(R)), By € M,(R) and a,b,7 € T4,
then 9

A—SSA(t,S) = —Sa(t,0(s))A(s), s # tr.

Proof. Indeed, from Theorem 3.4 and Theorem A.2, we have

DSalts) = 2-53Ms 1) = 530 (), D e Sals, 1]S3 (5, )

= —Sgl(o‘(s), t)A(S)SA(Sa t)SXl(S, t)
= —Sa(t,0(s))A(s).

Therefore, %SA(t, s) = =Sa(t,o(s))A(s) foralls e Ty , s #tg, k=1,2,....

Theorem 3.6. If A € CrqR(T4+, Mp(R)) and By, € M, (R), then

Sat(t,s) = SL,r(t,s),0<s <t (3.8)
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Proof. Let Y (t) := (S;'(t,5))", 0 < s < t. According to Theorem A.2 and
(6.5), we have

VA1) = —(Sit(ot),s)S5(t,8)S, (¢, s))

and hence
YA = (@ATY, t>s, t £ty

Also, Y (%) = (S7(s*,s7)T = (I")T = I and
Y() = (831t 8)" = (Xa() X ()T = (X)) XA ()"
= (X)X ()T + By)) ™t = (I +B)~1(XZ) " (te) X4 (s)
= (I +B) "(Xa(s)X 3 (t:)" = (I + BE) (S5 (th, 5)"
= (I +Cp)Y(ts)

for each t;, > s, where Cy, := —BT(I + BF)~!, k = 1,2, .... Therefore, Y(t) =
(Sgl(t, s)T, 0 < s <t, solve the initial value problem

{ YA = (@A)T#)Y,t>s,t+#ty.

Y(t5) =T +Co)Y(t), k=1,2,...
+
)

which has exactly one solution. Tt follows that Sg 7 (t,5) = Y (t) = (S;*(t,5))7,
and so S, (t,s) = ST o (t,s),0< s <t. O

Remark 3.2. The matrix equation Y2 = —AT(¢)Y? is equivalent to the
equation Y2 = (0A4)T(1)Y.

Indeed, we have

y® —AT(t)y” = —AT(O)[y + p(t)y"]
= —AT(t)y — ) AT (t)y*,

that is,
[T+ p(t) AT (D)]y> = —AT(t)y.

Since A is regressive, then AT is also regressive. Then, by (6.5), the above
equality is equivalent to

y® = —[I + p) AT ()] AT (t)y = (0AT)(t)y.
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Remark 3.3. If A € C.qR(T+, M, (R)) and By, € M,(R), then y(t) =
SgAT (t,7)n, 0 < 7 <, is the unique solution of initial value problem

yo = ATy, t > 7, t # i
y(r) =n,
where Cy, := —BT(I + B)™', k=1,2,....
The homogeneous linear impulsive dynamic system on time scales (3.9) is
called the adjoint dynamic system of (3.2).
Corollary 3.3. If A € C.yR(T+, M,(R)) and By, € M,(R), k = 1,2,...,

then any solution of (3.9) is also a solution of the impulsive integral equation

y(t) = y(7) —/ AT (s)y7 (s)As + Z B]-Ty(tj), teTe.

Tt <t

and conversely.

4 Nonhomogeneous linear impulsive dynamic sys-
tem on time scales

Let I°°(R™) be the space of all sequences ¢ := {cx}32,, cx € R”, k=1,2,...;such
that supy>; [|cx|| < 0o. Then I°°(R™) is a Banach space with the norm ||c[| :=
Supg>1 l|ck]l-
Consider the following nonhomogeneous initial value problem
™ = A(t)x + h(t), t €Ty, t #ti
z(t)) = z(ty) + Bra(ty) + ok, k= 1,2, ... (4.1)
z(tt)=n, 7>0.
where By, € M,(R), k =1,2,..., A € Co.yR(T4+, M,,(R)), ¢ := {ex}32, € I (R™)
and h: T4 — R” is a given function.
Theorem 4.1. If B, € M,(R), k =1,2,..., A € CrqR(T4+, Mp(R)), ¢ :=
{cr}p2, € I(R™) and h € CrqgR(T+,R") then, for each (1,m) € T4 x R", the

initial value problem (4.1) has a unique solution given by

t
z(t) = Salt,m)n —|—/ Sa(t,o(s))h(s)As + Z SA(t,t;')cj, t>7. (4.2)
o Tt;<t
Proof. Let (7,7) € T4 x R™. Then there exists ¢ € {1,2,...} such that
T € [ti—1,t;). Then the unique solution of (4.1) on [r,t;] is given by
¢

z(t) = @A(t,T)n+/ D 4(t,0(s))h(s)As

T

Sa(t,7)n +/ Sa(t,o(s))h(s)As,t € [1,t;].
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For t € (t;,t;41] the Cauchy problem

a® = A(t) + h(t), t € (titiv1)
{ a(t) = (t:) + Biw(t:) + i,

has the unique solution

z(t) = Pt t)2(t]) + /t D A(t,o(s))h(s)As, t € (t;, tir1].

It follows that )
2(t)= ®a(t,t])[(I + Ba(t,) + ¢+ [] Dalt,a(s))h(s)As
=0 u(t,t]) (L + B)[@ 4, T+ [1 Salt,, o (s)h(s)As]
@At t] e+ [ ®alt,o(s)h(s)As =
DAt ) (I + By Py (t, Tt [ @a(t,t7)(I+ B,)® 4 (L, 0(5)h(s)As

+®a(t ] e+ [ Dalt,o(s)h(s)As
Using (3.5) we get that

x(t) =
Sa(t,r)n+ [1* Sat,o(s)h(s)As + [} Sa(t,o(s))h(s)As + Sa(t, t])e;

and so
t
2(8) = Sa(t, P + / Salt, o())h(s)As + Sa(t t)er, ¢ € (titisa].

Next, we suppose that, for any & > i + 2, the unique solution of (4.1) on
[tk—1,tk] is given by

t
z(t) = Salt,7)n + / Sa(t,o(s)h(s)As+ > Sa(t,th)ej, t € [th, tera].
T Tt;<t
Then the initial value problem

{ a® = A(t)r + h(t), t € (t trs]
a(t)) = x(ty) + Bra(ty) + cx

has the unique solution

(1) :<I)A(t,t'k")$(t;:)+/ B a(t, o())h(s)As, t € o trsa].

ty

It follows that
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()= Da(t,t1)[(I + Bpa(ty) + e+ [ @alt,o(s)h(s)As =
@A(t,tz)(f + B.)[S 4 (t, T)n+ f:k Sa(ty,o(s))h(s)As+ Er<tj<t,€ Salty, t;r)cj]

+®a(t, 1 oyt [ @a(t,o(s))h(s)As,

hence

z(t)=
DAt + B)S 4ty )t [ @a(t ) (I + By)S 4ty o(s))h(s)As
T rcty<t, Palt, i) (I + By)S 4t t;r)cj+SA(ta e,

+ [ Salt,o(s)h(s)As.

Using the Remark 3.1, we obtain that
th t

x(t) = Salt,7)n+ Sa(t,o(s))h(s)As + Sa(t,o(s))h(s)As

T tr

+ > Salt.th)e,

Tt <t
and so,
t
o(t) = Saltrin+ [ Salto(Dh()As+ 3 Sattte.
T Tt <t

Therefore, by the Mathematical Induction Principle, (4.2) is proved. OJ

Corollary 4.1. If B, € M,(R), k =1,2,..., A € CryR(T+, M,(R)), and
h € CrgR(T4,R™) then, for each (1,m) € T4 x R™, the initial value problem

zt = A(t)x + h(t), te T(T), t £ ty,
a(tf) = x(ty) + Bra(ty), k= 1,2, ...
a(tt)=n, 7>0.

has a unique solution given by

x(t) = Sa(t,7)n +/ Sa(t,o(s))h(s)As, t € T(ry.
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Theorem 4.2. If B, € M,(R), k =1,2,...; A € CrqR(T4, Mp,(R)), c:
{cx}72, € I(R") and h € CrqgR(T+,R") then, for each (1,nm) € T4 x R", the
inatial value problem

yA = ATy +h(t), t > 1, t # ty.
y
Y

) = (I +Cr)y(te) + e k=1,2, ... (4.3)
(%) =n.

has a unique solution given by

t
y(t) = Sgar (t,T)nJr/ Soar(t,s)h(s)As+ > Sear(t,t])ej, t > 7, (4.4)
T Tt <t
where Cy, .= —BT(I + Bl )™Y', k=1,2,....
Proof. We have

y® = —AT(t)y" +h(t) = —AT(O)y + u(t)y™] + h(t)

= —AT(t)y — pt) AT (t)y> + h(t),

that is,
[+ u(®) AT (6)]y™ = —AT ()y + h(?).

Since A is regressive, then AT is also regressive, and thus the above inequality
is equivalent to

v = [+ u®AT @) AT (y + [+ p() AT ()] h(t)

= (©AT)(O)y + [I + u(t) AT ()] h(t).

From Theorem 4.1 it follows that (4.3) has the unique solution

y(1) = Soar (6,700 + [ Sear(t,0()) + u(s) AT (s)] " h(s) As .
5ty ca Sear (b ) 1> 7.
Since, by Theorem 3.4 and (3.8), we have
Sear (o (I + () AT ()1 = {1 + pu(s) AT(5)] 2T 4 (. 0(s)))T
= {1+ () AT ()] 1S5 (1,0 ()T = {1 + p(s)AT(5)] 2 Sa(o(s). 1))
= ST (s.1) = (53" (5,1)" = Soar(t,5).

then from (4.5) we obtain (4.4). O
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5 Boundedness and stability of linear impulsive
dynamic system on time scales

Definition 5.1. The dynamic system (3.2) is said to be exponentially stable
(e.s.) if there exists a positive constant A with —\ € R™ such that for every
7 € T4, there exists N = N(7) > 1 such that the solution of (3.2) through
(1,z(7)) satisfies

[|z(2)]] < Nl|lz()|le—x(t,7) for all t € T(.
The dynamic system (3.2) is said to be uniformly exponentially stable (u.e.s.)
if it is e.s. and the constant N can be chosen independently of 7 € T,..

Theorem 5.1. Suppose that By, € M, (R), k=1,2,..., A € C,.qR(T+, M, (R)),
and there exists a positive constant 6 such that tig41 —tx < 0, k =1,2,.... If
the solution of initial value problem

o8 = A(t)z, t € Tipy, t # i
z(t)) = z(ty) + Bra(ty) + ok, k= 1,2, ... (5.1)
() =0, 7>0,

is bounded for any c := {c}32, € I (R™), then there exists a positive constants
N = N(1) > 1, X with =\ € RY such that

[Salt,7]] < Ne_x(t,7) for all t € T(y.

Proof. From Theorem 4.1, the solution of (5.1) is given by
o)=Y Salt,t])ej t € Ty, (5.2)
Tt <t

For each fixed ¢t € T, by the Corollary 3.2, the operator Uy : I™(R") —
R™, given by U(c) := x(t), is a bounded linear operator. In fact, ||Us(c)|| <
Dot <t ||SA(t,t;')|| ]|z < 0o for any ¢ € I°°(R™). Since the solution z(t)
of (5.1) is bounded for any ¢ € I°°(R™), then uniform boundedness principle
implies that there exists a constant K > 0 such that

[lz(t)|] < Kllc||j for all ¢ € I°(R™) and 7 € T,
that is,

1Y Salt,t])esl| < Kllelli= for all ¢ € I°(R") and 7 € T (5.3)

T<t;<t

Let 7 € T, be fixed. Then there exists ¢ € {1,2,...} such that 7 € [t;_1,t;).
We define the sequences {3;}52; and {c;}32; € [°(R") given by

g [0 ifj<i 4. ._f0 if j <i
T NSaS L g =i MG g8af )y i >
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respectively. Here y is an arbitrary fixed element of R™\{0}. Also, we observe
that ||c|lz= = 1. Hence, from (5.3) we obtain

1
1Sa(t, )yl > = < Kllyl| for all t € T(,,.

T<t; <t

Since y is an arbitrary element of R™\{0} then it follows that

1
[1Sa(t, 7] Z — < K forall t € T(,). (5.4)

T<tj<t I
Now, if t;, > t; and t € [7,tr11) then, from (5.4), we obtain that

1
1Salt;, Z - <K for all t € [7,t541),

r<t;<tp 7
that is,

1
Bk E 7 < K forallt € [r,tri1). (5.5)
r<t;j<tp ' 7

If t € [1,ti+1) then, from (5.4), we obtain
||SA(t,7')|| < Kﬂz for all t € (ti,ti+1>.

Without loss of generality we can assume that K > 1.
Further, if t € [7,t;42) then, from (5.5), we obtain ﬂiJrl(% + ﬁ) < K, and
SO 6¢+1 S (K — 1)51

If t € [7,ti1+3) then, from (5.5), we obtain 6“2(% + ﬁ + ﬁ) < K. Then

Bit2 Bito Bive  Bito
1+ + <1422 <K,
(K -1)8 Bi Bit1 Bi

that is, 22 (5 +1) < K — 1. It follows that 42 < S5,

Further, we prove by induction that if ¢ € (7,t,4;) then

—_ 1)
(K 11) B; for all j > 1. (5.6)

Bitj < TR

Suppose that (5.6) is true for all j <1 —1. If t € [r,t;4;) then, from (5.5)
we have that

1 1 1
Bivi(=+—>—+ ...+ <K.
* (51' Bit1 6i+l)
It follows that
1+ B [i + ! + s + .t L]
B R e R e R S )
1 1 1
< 1+6i+l(5 + 6—-1-1 + ...+ ﬁ'+l—1> <K,
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hence

Biti 1 K K'=2
1 et J<K-1
R S T SRR S el
and so0, By < L8, Now, let j > 1 be fixed and let {¢}§2, € I°(R") be
the sequence defined by
(o0 fl£i+j
L SA(tlJr,T)y ifl=i+7

where y is an arbitrary fixed element of R™\{0}. Then from (5.3) and using

(5.6) we obtain that ||Sa(t, 7)|| < K||SA(t;er,T)|| = KQBit+; < (KKJ;EZ)]@-, hence

ISt < B

~ Wﬁz fort e [T, ti+j+1).

Since try1—tr < 0, k= 1,2, ..., it follows that, for t € [t;1;,t;1+j+1), we have
t—7 <tipjp1—ti < (j+2)0, that is, j > 4(t — 7) — 2. Therefore, we have that
K4 1.1

mﬁi(l a _)E(tﬂ) for ¢ € [titj, titjy)-

1846, < N

Further, we define the positive function A(t), with —A(t) € R, as the
solution of the inequality e_x(¢,7) > (1 — %)%(t’”, for t € [tiyj,titj41). Let

K sa ol
(K71)2 “TSt<ti 67,\(t,7')

Then for all ¢,7 € T4 with t € T(;), we obtain that

N = max{

||SA(t’T)|| < Ne—/\(taT)a

and so the theorem is proved. [J

Remark 5.1. For example, when T = R, the solution of the inequality
6_)\(25,7') = e AEt-T) > (1 - %)%(t_ﬂ, for 7 € [ti;ti—i-l)a t e [ti+j,ti+j+1] and
j>0,is0<A< —3In(1- %), K > 1.

When

oo

T =P, = J[2k 2k +1],
k=0

then e_(t,7) = (1-\)7e " =T)eMN for 7 € [24,2i41) and t € [2(i+5), 2(i+7)+1]
with j > 0. In this case, pu(t) = 0if t € | [2k,2k + 1) and pu(t) = 1 if
k=0

t € U {2k +1}. It follows that —\ € R* if and only if A € [0,1). Next, we
k=0
consider the function

; . 1.2
FO) = (1= AN — (1 - 23070, e [0,1), K > 1.
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Since f'(A) = —[j+ (1 =N (t —7—5)](1 = A\)?~Le 2= it follows that f(\)
is decreasing on [0, 1). Then, f(0) =1— (1 — %)é(t’” > 0 and limy ~ f(\) =
—(1— %)é(t*” < 0, implies that there exists a unique Ag € (0,1) such that
f(Xo) = 0. Therefore, the solution of the inequality

1

G,A(t,’T) = (1 - )\)‘jei)‘(tiT)eAj Z (1 _ K)%(tf'r)

fort € 2(i47),2(+7)+ 1] with j > 0is 0 < A < Ag.

Corollary 5.1. Suppose that B, € M, (R), k=1,2,..., A € CryR(T4+, M,,(R)),
and there exists a positive constant 0 such that tp1 —1t, <0, k=1,2,.... If the
solution of initial value problem (5.1) is bounded for any c := {c}72, € I7°(R™),
then the dynamic system (8.2) is e.s.

Proof. From Theorem 5.1, exists a positive constants N = N(7) > 1, A with
—X € RT such that [|Sa(t,7)|| < Ne_x(t,7) for all t € T(,). For any 7 € T,
the solution of (3.2) satisfies

@I = [[Sat, )x(T)|| < [[Salt, 7)[[|lz(7)]] < Nlx(T)[le-x(t, 7) for all t € T(7)

and thus exponential stability is proved. [J

Lemma 5.1. If there exist a constant 8 > 0 such that t+1 — tp < 6, for
k=1,2,..., then for each constant \ > 0 with % > 0 we have that —\ € RT.

Proof. Since t;, and ti41 are right-dense points then, for ¢ € [tx, txy1], we
have that t;, <t < o(t) < tgy1. It follows that u(t) = o(t) — t < tgy1 — tr, < 6
for t € [ty trs1]. Therefore, p(t) < @ for t € T,. If 3+ > 6 then we have that
1= Ap(t) > 1 — u(t) >0 and thus —X € RT. O

Theorem 5.2. Suppose that A € Cr.qR(T4, M,(R)), By € M,(R), k =

1,2, ..., and there exist positive constants 0, b, and M such that
trt1
bost —te < 0, sup||Bell < b, / IA()[As < M, k=1,2,...  (5.7)
E>1 th

If the solution of initial value problem (5.1) is bounded for any c := {cx}32, €
I°°(R™), then there emists a positive constants N, A with —\ € Rt such that

[[Sa(t, )|l < Ne_x(t,T) for all t € T(y).

Proof. Let k € {1,2,...} be fixed. For an arbitrary fixed y € R™\{0}, we
define the sequence {c;}32; € I™°(R") given by ¢, = y and ¢; = 0 if j # k.
Then z(t) = Sa(t,t] )y, t > t, is the solution of (5.1) with initial condition
z(t)) = 0.

From Theorem 5.1 we obtain that

[Sa(t,t)]] < Nye_x(t,t) for all t > ty,
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where

i Sat,tf
® eSOl sup lISatt 61

N = max
t te<t<tirs e-a(L 1))

Now we have to show that Nj can be chosen independently of k.

From Corollary 3.2 and (5.7), we obtain that |[Sa(t,t])]| < M, t €
[t trr1]. It follows that ||Sa(t 1, )| < [T+ Bk||[Sa(ter1, t)]] < (b+1)e.
On the other hand, since ¢t — tg <tgy1 —tp <0, t € [tg,tps1] then, by Lemma
5.1, we can choose a constant A with % > 0 such that that —\ € RT. Using the
Bernoulli’s inequality, we have that

et tf) > 1= At —tF)>1-X >0,

and thus

e,x(lt,t,j) < 1}A0' Hence ||SA(tvt;)|| < Ne,)\(t,T), where N =
4
max{ 7((17;?5)(2 eM LMy
Next, let 7 € T4 be arbitrary. Then there exists k € {1,2,...} such that
T € [tg,tg+1). Then we have

1A = IISaltt)Sa 7| < [1Salt DI Sale )l <
< Ne_x(t,tF)Ne_\Sa(tf,7) = N2e_(t, 7).
Therefore ||Sa(t,7)]| < Ne_x(t,7), with N = N2, and the theorem is
proved. [J

Corollary 5.2. Suppose that By, € M, (R), k=1,2,..., A € C.qyR(T4+, M,(R)),
and there exist positive constants 0, b, and M such that

tr41
boss — tn < 0, sup||Byl| <, / A(s)||As < M, k=1,2, .
k>1 th

If the solution of initial value problem (5.1) is bounded for any c := {cx}3>, €
I”°(R™), then the dynamic system (3.2) is u.e.s. O

Lemma 5.2. For any constant A > 0 with —\ € R™, we have that

e_x(t,7) < e M7 forall 7,¢ € T with ¢ € T(yy. (5.8)
Proof. Indeed, —\ € R* implies that 1 — Au(¢) > 0 for allt € T,. Since
. In(1 — Au) —-A if u(s) =0
im ————2 = n(1—Au(s .
wils) ROAED <\ if pis) € (0,3)

then, using the explicit estimation of the modulus of the exponential function
on time scales (see [24]), we have that

t
e_a(t,7) = exp(/ lim

uN\p(s) u
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and the inequality (5.8) is proved. O

Theorem 5.3. Suppose that By, € M, (R), k=1,2,..., A € Cr.yR(T,
and there exist positive constants ~y, 6, b, and M such that

trt1
v <tptr —tr <0, sup||Bkl|| < b, / [|A(s)||[As < M, k=1,2,...
k>1 th

My(R)),

If the solution of initial value problem (5.1) is bounded for any ¢ := {cx}32, €

I°(R™), then the solution of (4.1) is bounded for each h € BCrqR(T4+,R

Proof. Let i € {1,2,...} be such that 7 € [t;,t;11) By Theorem 5.2 there

exist positive constants N and A\ with —\ € R+ such that

[[Sa(t,7)|| < Ne_x(t,7) for all t € T(.

For every function h € CrqR(T4,R™), the corresponding solution xp, of (4.1) is

given by (4.2). From (4.2) we obtain that

llzn @I < 1S, 7)]] - [[nl] +/ 1Sa(t, a(s))I] - [[h(s)]|As

+ > NSat NN - llegll < Nlinlle-x(t, )

T<t;<t

/N||h Meoatto(s)As + 3 e a(ttH)lelli-

Tt <t
‘We have that
t

[ Nl e-atto(s)) s

N h
< N||h||/ e A(t,0(s))As = |A| e att7) = e_a(t )
N|[h]|

_ NIl
= 5y (I —e_x(t,7)) < N

Further, let 3, be the greatest of all ¢; < t. Then
t—tp—1 >t —th—1 >, t—tp—2>2v,t—1t; > (k—ih
and, by Lemma 5.2, we have that
- 1
+ M- =
D et <D e = g
T<t;<t j=i

Therefore,

NYAl | el
A 1—e M’

lzn (I < Nllnlle-x(t,7) +
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Since lim; o0 e—x(t,7) = 0 it follows that z, is bounded. O

Example 5.1. We consider the linear impulsive dynamic system

& = A(t)z, ift € Tiry, t # tog

z(t3,) = (I + Bog)z(tor), k=1,2, ... (5.9)
(1) =,
—Q 0 asj 0
WhereA(t):( 0 -3 ),I+B2k:(0 b ),ﬁ>a>0andtk:kz.

Also, we choose (a2x)r>1 and (bag)k>1 such that a;; := ag(i41)a2(i42)---A23i1j) <
a and b” = b2(i+1)b2(i+2)"'b2(i+j) < b for each fixed i > 0 and for ] = 1, 2,
If T = R, then then impulsive transition matrix associated with {Bag,tar}72

is given by -
a;;e” VT 0
SA(t; T) = ( jO bije—ﬁ(t—‘r) >

ifre [tgi, t2i+2) and t € [t2(i+j)at2(i+j+1)]a where ¢ > 0 is fixed and 7 = 1,2, ....
It follows that
1Sa(t,7)| < Nem*t=7) for t > 7,

where N = max{a, b}.
If T = IPy,1, then then impulsive transition matrix associated with { Bag, tax } 32 ;
is given by

ai;(1 —a)eet=")ex 0
Sa(t,7) = ( J 0 bij (1 — B)fe=PU=T)ebi

B aije—o(t,T) 0
o 0 bije_ﬁ(t,T)

if 7 e [tgi, t2i+1) and t € [t2(i+j)at2(i+j)+1]a where ¢ > 0 is fixed and j = 1,2, ....
It follows that
[Sa(t,7)|| < Ne—a(t,7) for t > 7,

where N = max{a, b}.
Next, the solution of the initial value problem

A = A(t)l‘, te T(.,.), t # tok
z(t5,) = x(tax) + Boxx(tor) + con, k= 1,2, ... (5.10)
z(tT)=0, 7>0,

is given by

J
x(t) = Z Sal(t, t;(m))%(m)
=1
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when 7 € [tgi, t2i+2) and t € [t2(i+j)at2(i+j+1)] if T=R or when 7 € [tQi,tQiJrl)
and t € [t2(i+j)at2(i+j)+1] if T= Pl,h where ¢ > 0 is fixed andj = 1, 2, .... Then

le® < 3 [[Satt )| - elli
=1

IN

o
Z max{a;, bz‘l}efm(lil) lelfiee s
=1

where 7 > 0 is fixed.
Therefore, if for each fixed i > 0 we have that >_,°; max{a;, by e 2e(-1) <
00, then the solution of the initial value problem (5.10) is bounded for any

c:={ep}32, € I°(R™). Moreover, that Hail < 00, Hbil < oo for each fixed

=1 =1
i > 0, then

[Sa(t; )| < Ne—qft,7) for t >,

where N = max{a, b} and

e_a(t_T) ifteR
e_olt,T) = (1-a)le—ot-"eal iftc Py, = U[Ql, 2l +1].
=0

Consequently, the impulsive dynamic system (5.9) is uniformly exponentially
stable.

6 Appendix on time scales analysis

We recall some basic definitions and results in the calculus on time scales analy-
sis. We refer to [15, 16], and also to the paper [1, 2, 3, 8], for more information on
analysis on time scales. A time scales T is a nonempty closed subset of R, and the
forward jump operator o : T — T is defined by o(t) := inf{s € T;s > ¢} (supple-
mented by inf ) = supT), the backward jump operator p: T — T is defined by
p(t) :=sup{s € T;s < t} (supplemented by sup () = inf T), while the graininess
p: T =Ry is given by p(t) := o(t) —t. For our purpose, we will assume that the
time scales T is unbounded above, i.e., sup T = co. The point t € T is left-dense,
left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t, o(t) = ¢, o(t) > t,
respectively. A time scales T is said to be discrete if ¢ is left-scattered and right-
scattered for each ¢t € T. The notations [a, b], [a,b), and so on, will denote time
scales intervals such as [a, b] := {t € T;a <t < b}, where a,b € T. Let R™ be the
space of n-dimensional column vectors x = col(z1, 22, ...z, ) with a norm || - ||.
Also, by the same symbol || - || we will denote the corresponding matrix norm in
the space M, (R) of n x n matrices. We recall that || A|| := sup{||Az]||;||z|| < 1}
and the following inequality ||Az|| < ||A]| - ||z|| holds for all A € M, (R) and
x €R".

Definition A.1. A function f: T —R" is said to be rd-contionous if
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(i) f is continuous at every right-dense point t € T,

(ii) f(¢t7):= lim f(s) exists and is finite at every left-dense point ¢ € T.
s—t—

The set of all rd-continuous functions f : T —R™ will be denoted by C,.4(T,R™).
A function p : T —R is said to be regressive (respectively positively regres-
sive) if 1 4 p(t)p(t) # 0 (respectively 1+ u(t)p(t) > 0) for all ¢ € T. The set R
(respectively RT) of all regressive (respectively positively regressive) functions
from T to R is an Abelian group with respect to the circle addition operation
@, given by
(0 (1) = p(t) + a(t) + p(Op(Da(t). (6.1)

The inverse element of p € R is given by

p(t)

op)(t) = ———2L 6.2
S ESTORE (02

and so, the circle subtraction operation & is defined by

t) —qlt
1+ u(t)q(t)
The space of all rd-continuous and regressive functions from T to R is denoted
by CrqR(T,R). Also,

CHR(T,R) := {p € CrqR(T,R); 1 + pu(t)p(t) > 0 for all t € T}.

roqt)=p@Pe(o9)(t) =

The set of rd-continuous (respectively rd-continuous and regressive) functions
A: T — M,(R) is denoted by C,.4(T, M,,(R)) (respectively by C.4R(T, M, (R))).
We recall that a matrix-valued function A is said to be regressive if T+ p(t) A(t)
is invertible for all ¢ € T, where I is the n x n identity matrix. Moreover, the set
R(T, M, (R)) of all regressive matrix-valued functions is a group with respect
to the addition operation @ define

(A® B)(t) = A(t) + B(t) + u(t) A(t)B(t) (6.4)
for all ¢ € T. The inverse element of A € R(T, M, (R)) is given by
(©A)(t) = —[I + ut)A®)] T At) = —AM)[T + p(t)AL)] ™ (6.5)
for allt € T.

Definition A.2. A function f: T —R" is said to be differentiable at t € T,
with delta-derivative f~(t) €R™ if given € > 0 there exists a neighborhood U of
t such that, for all s € T,

1/7(8) = f(s) = F2(@)[o(t) = s]l| < l(t) - s,
where f7(t) := f(o(t)) for all t € T.

We denote by C},(T,R") the set of all functions f : T —R" that are differ-
entiable on T and its delta-derivative f2(t) € Cy.q(T,R").

Theorem A.1. ([1, 15]) Assume that f: T —-R"™ and let t € T.
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(1) If f is differentiable at t, then f is continuous at t.

(i) If f is continuous at t and t is right-scattered, then f is differentiable at

t with
I AOESI0)

FA@) (01

(iii) If f is differentiable at t and t is right-dense, then

PR O]

s—t ﬁ—s

(iv) If f is differentiable at t, then fo(t) = f(t) + u(t)fA(t).

(v) If f,g: T —R" are both differentiable at t, then the product fTg is also
differentiable at t and

(fT9)2 () = FT (g™ (1) + (F1)2 ()" (1).

Theorem A.2. ([15]) If A, B: T — M, (R) are differentiable, then
(i) A%(t) = A(t) + u(t) A2 (t) for all t € T;
(if) (AT)% = (A%)T;
(iii) (A+ B)® = A® + B?, and (AB)® = A®B? 4 AB® = A°B» + A®B;
(iv) (A™HA = —(A%)71A2 A = —A~1AR(A%)~Lif AAY is invertible;
(v) (AB™1)2 = (A2 — AB"'B?)(B?)~! = [A® — (AB"')*B2|B~! if BB°

18 invertible.

Definition A.3. Let f € Cq4(T,R™). A function g : T — R" is called the
antiderivative of f on T if it is differentiable on T and satisfies g2 (t) = f(t) for
all t € T. In this cases, we define

/ f(s)As =g(t) — g(a), a,t €T.

Theorem 3. (Existence of Antiderivatives, ) Fvery function f € Crq(T,R™)
has an antiderivative. In particular if T € T, then the function F : T — R"

defined by
t
F(t) = / f(s)AsforteT

is an antiderivative of f.

Theorem A.4. ([2,15]) If a,b,c € T, o, 3 € R, and f,g € Cyrq(T,R™), then
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Q) [, (@f +Be) ()AL = a [} FOAL+ B [} g(t)At;

(i) [, F(OAL=— [} fB)AL

(iii) [ F(H)AL = p(a) f(a);

(iv) [o F(B)At= [7FB)AL+ [7 F()AL

V) [, I 09> (DAL = (fT9)(b) = (FTg)(a@) = [, (FT)A(B)g(o(t)At;
i) [ 17 ra| < 1 Irwlae

Let p € CrgR(T,R) and p(t) # 0 for all ¢t € T. Then the exponential function
on T is defined by

ln(ll-l-hz) if h # 0

ep(t,s) = exp (/t Eut) (p(T))AT) with & (2) == { - if h =0,

and it is the unique solution of the initial value problem y® = p(t)y, y(s) = 1.
Theorem A.5. ([15]) If p,q € C.qR(T,R) then the following hold:

(i) eo(t,s) =1 and ey(t,t) =1;

(i) ep(o(t),s) = [L+ p(t)p(t)lep(t, 5);

(iii) T:L‘S) =ep(s,t) = eqp(t,s);

(iv) ep(t, s)ep(s,r) = ep(t,7);

(V) ep(t,s)eq(t, s) = epaq(t,s) and Zzgzg = epeq(t, s);
A
i _1 _ __p® .
(vi) (()) G{COK
(vii) If p e R" then ey(t,s) >0 for all t,s € T;

(viii) fabp(s)ep(c, o(s))As = ep(c,a) — ep(c,b).

Lemma A.2. ([15, Theorem 6.1]) Let 7 € T, y,b € C,.qR(T,R) and p €
CHR(T,R). Then

y2(t) < p(t)y(t) + b(t) for all t € T

implies

y(t) <y(r)ep(t,7) —|—/ ep(t,o(s))b(s)As for all t € T.
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Lemma A.3. (Bernoulli’s inequality, [15, Theorem 6.2]) Let o € R with
a € RT. Then
ea(t,7) > 1+ a(t—7), forall t € T(,y.

Lemma A.4. (Gronwall’s inequality, [15, Theorem 6.4]) Let 7 € T, y,b €
CraR(T,R) and p € CLR(T,R), p > 0. Then

t

y(t) < b(t) +/ y(s)p(s)As for all t € T

-
implies

y(t) < b(t) + /t ep(t,o(s))b(s)As for all t € T.

Lemma A.5. ([31]) Let 7 € Ty, y € CrqR(T+,R), p € CHLR(TL,R) and
ck,dr €ER4+, k=1,2,.... Then

{ y2(t) <pt)y(t) +b(t) , t € T(ry, t #tr
y(ty) < ery(te) +diy k= 1,2, ...

implies

y() < y(r) I eaept,m)+ Y ( I1 cieplt,tn))ds
Tt <t T<tp<t te<t; <t

+/ IT crep(t,o(s))b(s)As.

s<tp<t
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