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Abstract. In this paper, applying Lyapunov functional approach, we establish sufficient
conditions under which each equilibrium is globally asymptotically stable for a class of
multi-group SIR epidemic models. The incidence rate is given by nonlinear incidence
rates and distributed delays incorporating not only an exchange of individuals between
patches through migration but also cross patch infection between different groups. We
show that nonlinear incidence rates and distributed delays have no influence on the
global stability, but patch structure has. Moreover, the present results generalize known
results on the global stability of a heroin model with two delays considered in the recent
literatures. We also offer new techniques to prove the boundedness of the solutions, the
existence of the endemic equilibrium and permanence of the model.
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1 Introduction

Due to the recent development of qualitative and quantitative analysis for disease transmis-
sion models, mathematical models have widely been applied to investigate the spread of
habituation of getting addicted to drugs such as heroin (see e.g., [7,12,17,22,28,34, 35]).
Dividing the host population into three compartments; susceptible individuals S(#), heroin
users U (t) and heroin users undergoing treatment Uy (t), White and Comiskey [35] investi-
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gated the following heroin model:

S'(H) = b 55(;])(%1(” _ds(),
Ui (t) = ,55(;])(1;[)1(15) — U (t) + W — (d+e)Uy(t), (1.1)
Uy(t) = yUh(t) — ’W — (d +8)Uy(1).

Here b denotes the birth rate at which individuals in the general population enter the sus-
ceptible population. d denotes the death rate from natural causes. It is assumed that new
infection of a drug user arises through a standard incidence function, BS(#)U; (t)/N(t) (resp.
kU (t)Up(t)/N(t)) with B (resp. k) denoting the probability for susceptible individuals (resp.
drug users in treatment relapsing to untreated use) to be drug users not in treatment. Here
drug users in treatment are not assumed to be susceptible again after they quit using drugs.
v denotes the rate at which drug users undertake treatment and e represents a removal rate
of drug users not in treatment, a sum of drug-related deaths rate and a spontaneous recovery
rate. J is a removal rate of drug users in treatment, a sum of drug-related death rate and a
rate of successful “care” for drug user to be in a drug-free recovery. All the parameters are
assumed to be positive.

In addition to stability analysis for a drug-free equilibrium [35, Section 3], the stability
analysis for a unique endemic equilibrium is achieved by Mulone and Straughan [22] when
x < B. Later, Wang et al. [34] has formulated the model incorporating the mass action in-
cidence rate and established the global stability of the drug-free equilibrium and the unique
endemic equilibrium by means of the second compound matrix and under some conditions.
These systems are extended to a non-autonomous model by Samanta [28], proving that there
exists a unique positive periodic solution which is globally asymptotically stable by a direct
Lyapunov method.

Recently, Liu and Zhang [17] introduced distributed delays in the relapse term into a
heroin epidemic model without delays. Constructing a proper Lyapunov function, Huang
and Liu [12] established the global stability for the heroin epidemic model with a distributed
delay foh F(T)yUy (t — T)e(@+9)3ds in place of the term kU (t)Ua(t)/N(t) in the third equation
of the model (1.1).

Compared to the above “heavy drug” epidemic model with varying total population size
incorporating drug-related deaths as the model (1.1), Muroya et al. [25] considered the follow-
ing disease “light drug” epidemic model with “not varying total population size” eventually
and such that there are no drug-related deaths of the light drug users who are not in treatment
and in treatment.

S'(H) =b— 55(;])(%1(” —dS(t) + el () + (1),

i) = B () + atin) - @+ o)
Uy (t) = yUs () — oUsp(t) — (d + 6)Un(t).

In this case, we have lim;_, 1« (S(t) + Ui (t) + Ua(t)) = b/d. This also implies that the total
population size does not eventually vary oscillatory but converges to a positive constant b/d.

On the other hand, Guo et al. [8] have first succeeded in the proof of global stability for a
multi-group SIR epidemic model by making use of the theory of non-negative matrices, Lya-
punov functions and a subtle grouping technique in estimating the derivatives of Lyapunov



Global analysis of a multi-group SIR epidemic model 3

functions guided by graph theory. To analyze the global stability of various multi-group
epidemic models, many authors literature on multi-group models follow to use this graph
theoretic approach (see for example, [4,10,15,16,29,30,36,37]).

Recently, there are some interesting papers on construction techniques of Lyapunov func-
tions to prove the global stability of equilibria (see, for e.g., Li et al. [14], Kajiwara et al. [20] and
Vargas-De-Le6n [32]). Guo et al. [9,11] considered the stage-progression models for HIV /AIDS
with amelioration. Li et al. [14] established the global stability of a class of epidemic models
by using quite interesting approach, and Muroya et al. [24] generalized their method.

Multi-group epidemic models have played a crucial role to clarify one of the important
problems; transportation affects on the spreading pattern of the global pandemic of diseases
such as heroin (see for example, Arino [1], Bartlett [2] for a population movement among
different groups, Liu and Takeuchi [19], Liu and Zhou [18] and Nakata [26] for the effect of
transport-related infection with entry screening, Wang and Zhao [33] for an epidemic model
in a patchy environment). In particular, Muroya et al. [24] established general sufficient condi-
tions of the global stability for a multi-group SIR epidemic model with patch structure which
takes into account not only an exchange of individuals between patches through migration
but also cross patch infection between different groups.

Recently, Fang et al. [7] presented the following heroin epidemic model with two dis-
tributed delays and establish the global asymptotic stability.

h ~
S'(t) = A—BS(t) / 1f (T)U (t — T)e~ FHFPITET — 1S(1),
() = BS(t / FO)Un (= T)e 004077 4 p / UL (£ — T)e- P74,
h
Ué(t) = pul( ) (]4+52 UZ p/ ’ ul t—T) —(V+(51+P)Vd~f,

where fohl f(t)dt =1 and fohz g(t)dt = 1. Motivated by Fang et al. [7], in this paper, we aim
to investigate the global dynamics of a multi-group epidemic model related to heroin model
with nonlinear incidence rates and distributed delays. In the formulation of the model, we
divide each population into n € IN groups and use the following notations (in what follows,
k and j belong to {1,2,...,n}):

* Si(t): the number of susceptible individuals in city k at time ¢;
 [i(t): the number of infected individuals (heroin users) in city k at time ¢;

e Ri(t): the number of recovered individuals (heroin users under treatment) in city k at
time t;

* by: the recruitment rate of the population in city k;

* 1y the natural death rates of susceptible (i = 1), infected (i = 2) and recovered (i = 3)
individuals in city k, respectively, satistfying

trr < min(pg, grz) forany k=1,2,...,n; (1.2)

* pByj: the transmission parameter between the susceptible individuals in city k and the
infected individuals in city j;

* 7 the recovery rate of the infected individuals in city k;
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* Iy the per capita rate at which the susceptible individuals in city j leave toward city k

(e = 0);
* my;: the per capita rate at which the infected individuals in city j leave toward city k
(mye = 0);

* ny;: the per capita rate at which the recovered individuals in city j leave toward city k;

d fk]( T) (0 < T < In): the distribution kernel for the time delay of infection such that

fO fk] dT =1
. gk]( 0) (0<o < hz): the distribution kernel for the time delay of movement such that
f o 8kj(0)do =

* pr(0) (0 < o < h3): the distribution kernel for the time delay for which a heroin user
under treatment returns to untreated user after cessation of a drug treatment program

such that fo pr(o)do = 1.

In what follows, we assume that g;;(¢) = 0 and px(¢) = 0 outside of each domain. Then,

putting max(hy, h3) as hy again, we have that th2 gki(o)do = fo pr(0)do = 1. Moreover, we
use a locally Lipschitz continuous function G(I) on [0, +oo) such that

there exists some sufficiently large positive constant b such that G(I) is monotone
increasing on [0, b] and I/G(I) is monotone increasing on (0, +c0) and (1.3)
li =1

lim(1/G0) =1

Notice that from the condition (1.3), one can see that G(I) < I for I > 0 and G(0) = 0. Using
these parameters, we formulate the following multi-group SIR epidemic model with nonlinear
incidence rates and distributed delays, which is related to the heroin model:

ds(:l(t(t) — bk - :uklsk Sk Z ,Bk] / fk] t o T))dT

+i(lk]/ Ski(0)S;(t —a)da—ljksk(t)),

]=

dlflit) = Si(t) <Z ﬁk]/ fri(T)G(ILi(t — T))dT) — (2 + 70 L (1)
o [ o) I~ )0 (14)
n hy
+ ]; <mkj /0 Ski(0)I;(t — o)do — m]-klk(t)> ,

hy
Frant Vil (£) — ')’k/o pr(o)e e (t — o)do — R (t)

ho
+Z<1’lk]'/0 gk]'(O')R]'(t—O')d(T—i’lijk(t)>, k=1,2,...,n.

j=1

In the model (1.4), the number of newly infected individuals in city k is given by a sum
of nonlinear incidence rates Bj;Si(t fo fij(T)G(I;(t — 7))dt for k,j = 1,2,...,n. One can
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see that the term pBy;Si(t fo fj(T)G(I;(t — 7))dT with k # j describes the effect of cross
patch infection between groups k and j, j # k who travel shortly from other city j into city
k with a time delay T 6 [0,1]. On the other hand, the term ¥/ Iy th2 gki(0)Si(t — o)do
(resp. Z] 1 Mgj fo gk] )I;(t — 0)do) describes the inflow of susceptible individuals (resp. in-
fected individuals) from all other cities j into city k at time t. The term }.7; [;Sk(t) (resp.
L1 mjl(t)) is the outflow of susceptible individuals (resp. infected 1nd1v1duals) from city
k towards all other cities j. Once an individual in patch j moves to patch k, then the indi-
vidual homogeneously mixes with individuals in patch k and is counted as an individual in
patch k since there is no track for each individual. By regarding I; as the number of heroin
users and Ry as that of heroin users under treatment, the model (1.4) can be interpreted as the
heroin model. In the model (1.4), as in Fang et al. [7], we assume that the heroin users under
treatment can return to untreated users depending on their different characters and external
influences. Such difference can be taken into account by the time delay modulated by the
distribution kernel pi (o).

Since the first two equations in system (1.4) do not contain the variable R, k =1,2,...,n,
it is equivalent to

dsgt(t) = b — pa Sk(t) Zﬁk] fk; )G(Ij(t — 7))dT
+Z<lk]/ gk] ( —U')dO'—l]'kSk(t)>,
)
‘”" = Si(t) (Zﬁk]/ fii(t t—r))dr) — (2 + 1) Ie (1) (1.5)
& Hr3o
+’Yk/0 pr(0)e MR (t — o)do
ha
+ <mk] ; Ski(o) ;(t —U)da—mjklk(t)>, k=1,2,...,n.
j=
Let
— & —Hi30 Pk( )eiwﬁa ~ .
=, PO (<), fule) = i T = e (0.

Then, the second equation in (1.5) becomes

dlglg - <Z'B’V/ fii(T t_T))dT> — (M2 + ) Le (1)
— il (t) +Kk/0 Sk (o) I (t — o)dor

n Iy
+ ;12 (mkj/o 8kj(0)1j(t — o)do — mjklk(t)), k=1,2,...,n

Without loss of generality, we can regard x; as my, $i(0) as g (o) and since my = 0 in
original and f0h2 G (0)do = 1. Furthermore, for simplicity, we omit the notation ~ from 7.
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Then, we arrive at the following main form of our model:

(B s Zﬂk] " (DGt — 7))
+]f1(lk] / 25 (0S¢ —U)da—lijk(t)),
S =50 (L [ S0~ — i) "
+Z(mk]/ 8ki(0)] (—a)da—mjklk(t)>, k=1,2,...,n

Note that (1.6) is an extended model of that in Muroya et al. [24] in that nonlinear incidence
rates with delays are incorporated.
The initial conditions of system (1.6) take the form

Sko = ¢F € C([~hy,0],Ry), Lio=¢5 e C([~h0],Ry), h=max(h,h), k=1,2,...,n
(1.7)

Moreover, we assume that
the n X n matrix B = [‘Bkj]nxn is irreducible, (1.8)
and there exists a positive vector (ci,cy,...,¢,) such that
n
CkMk1 + Z(l]’kck — lk]'Cj) > 0, k=1,2,...,n (1.9)

j=1

The last condition (1.9) is used to guarantee the boundedness of the solutions of (1.6) for
the delayed terms of patch structure in the proof of Lemma 2.1 (cf. Muroya et al. [24]). For
example, if pq + g (I — ;) > 0, k=1,2,...,n, then (1.9) is satisfied.

Put

. L 1, if k=],
lie = 1—6u)lix, 1 = 1-9 ik Oki = k=1,2,...,n. (110
kk Jg( ]k) jk kk — E( ]k) jk kj {O, i k7£], ( )

From (1.8), one can see that Z}“zl(l - 5kj),3k]' +1 >0,k=1,2,...,n. Let Hand bbeann x n
matrix and a positive n-column vector defined by

ui + I —hy - —lin by
iy A A b

H— e 2 and b=| |, (1.11)
—In —ln R Tnn by

and S° = (S9,59,...,52)T be the positive n-column vector such that
S =H 'b. (1.12)

By (1.10), H is an M-matrix (see, e.g., Berman and Plemmons [3] or Varga [31]), and S’
depends on lk]-, k,j=1,2,...,n
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For S = (51,52, ,S,)T and 8% = (59,9, --,S9)T defined by (1.12), let V be an n x n
matrix such that

V1 o ... 0
. 0 V, -+ 0 )
V = : . . . ’ Vk:],[k2+’)/k+ﬁ’lkk, k:1,2,...,n,

and F(S) be an n x n matrix such that

Fu($1) F2(S1) -+ Eu(S1)

f(s) = PZl(:SZ) Fﬂ(:SZ) FMESZ) = [ (5] +
Fa(Ss) Fa(S) - FulS)
SkPrjs k=j

Fij(Sk) = { .
] SkPrj +myj, k # .

Let us also define M(S) to be an n x n matrix such that

. N - SkBrj + (1 — Okj)my;

M(S) =V 'E(S) = [My] ., M= kj=12,...n
( ) ( ) [ k]]nxn kj ,uk2+7k+mkk J n
Let the threshold parameter Ry be defined by
Ro = p(M(8")). (1.13)

It is easy to see that Ry corresponds to the well-known basic reproduction number Ry (see for
example, Diekmann and Heesterbeek [5]). We now consider the following set I' defined by

r— {(51,11,52,12,...,sn,1n) ERY S, <SY, Sp+ I < Nj, k= 1,2,...,n}, (1.14)

where N,f, k=1,2,...,n are the positive solutions of the following system:

n _
("l/lkz—I—ﬁ”lkk—1—1’1”11{]()1\],;|< — kajN]fk = bk, k=1,2,...,n,
=1

and
n
by == by + max{ (s + i + 1itg) — (ia + Iii), O3S} + Y max{ly; — my;, 0}57.
j=1
Since I' is a positive invariant set (see Lemma 2.1) for the solutions of (1.6), to choose T
as the feasible region of (1.6), we need the last part of (1.14) (see the proof of the first part of
Theorem 1.1 for Ry < 1 in Section 3). Let I'? be the interior of T.
By (1.8), we have that
M(S) is irreducible in T. (1.15)

In this paper, we establish the global stability for the multi-group SIR model (1.6) with
patch structure. This implies that we extend not only the result of Fang et al. [7] for the
multi-group heroin model with patch structure, but also the result of Muroya et al. [24] for
the model with delays and nonlinear incidence rates. Moreover, we offer new techniques to
prove the boundedness of the solutions of (1.6), the existence of the endemic equilibrium and
permanence of (1.6).

The main theorem in this paper is as follows.
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Theorem 1.1.

(i) For Ry < 1, if there exists a positive n-column vector u = (uy, ua, ..., un)T such that

ur(pgn + Tee) — E ui(1—06p)lx >0,
=1 (1.16)
lzlk(‘l/lkz + vk + ﬁlkk — Z M]{‘B]kS? + (1 — 5]k)m]k} >0, fOl’ any k=1,2,...,n,
=1

then the disease-free equilibrium E® = (89,0, 59,0,...,59,0) of (1.6) is globally asymptotically
stable in T.

(ii) For Ry > 1, system (1.6) is uniformly persistent in T and there exists at least one endemic
equilibrium E* = (S}, I{,S5,15,...,5;,1;) in . Moreover, if there exists a positive n-column
vector v = (v1,0,...,0,)7 such that

n

O (i + Ti) — Z (1—06j)lix >0,

n G I*
Ok (M2 + v + rﬁkk) Ev]{ﬁ]ks* (I 0 +(1- (5jk)mjk} >0, foranyk=1,2,...,n,
k

=
(1.17)

then E* is globally asymptotically stable in T.

We note that if Sg = by/p of (1.12), for example, [; = 0 for any k # j, then for Ry =1, we
can conclude that the disease-free equilibrium E0 = (S(l), 0, Sg, 0,... ,52,0) of (1.6) is globally
asymptotically stable in T, because for S? = by /i1 of (1.12), we have that by (1.8), p(M(S)) <
p(M(S%)) for any S = (S1,S2,...,S,) such that 0 < Sx < S?, k = 1,2,...,n. Otherwise, we
can not prove the fact that for Ry = 1, the disease-free equilibrium EY = (S(l), 0, Sg, o,..., 52,0)
of (1.6) is globally asymptotically stable in I' (see Proof of the first part of Theorem 1.1 for
Ry < 1 in Section 3).

Corollary 1.2. Assume (1.15) and Ry > 1. Then, there exists positive n-column vector v =
(v1,02,...,0,)7 such that

G(I})

n

va{ﬁka*

+(1- 5jk>mjk} = oe(p2 + M+ 1), k=1,2,...,m, (1.18)
]_

and for this v = (v1,02,...,0,)7, if
o (pp1 + D) — Zv]-(l —0i)ljx >0, foranyk=1,2,...,n, (1.19)
=1

then E* is globally asymptotically stable in T.
If there exists a positive n-column vector w = (wy, Wy, . .., wy) such that

Zw](l _5jk)ljk = wk(ykl —I—Tkk), k=1,2,...,n, (1.20)
=1

and

wi (2 + i + igk) — Z w]{ﬁ]kS* 5 0) +(1- 5jk)mjk} >0, k=1,2,...,n, (1.21)
j=1 k

then E* is globally asymptotically stable in T.
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The results generalize the known results of a heroin model with two delays considered in
the recent literature and imply that nonlinear incidence rates and distributed delays have no
influence on the global stability of the model but it depends on patch structure.

The rest of the present paper is organized as follows. In Section 2, we show eventual
boundedness of solutions for system (1.6). In Section 3, we prove the global asymptotic sta-
bility of the disease-free equilibrium for Ry < 1 (see Theorem 3.1). In Section 4, for Ry > 1,
we investigate the existence of the endemic equilibrium E* of system (1.6) for Ry > 1 and the
permanence of system (1.6). In Section 5, by means of a direct Lyapunov method, under the
condition (1.17), we establish the global asymptotic stability of the endemic equilibrium to
complete the proof of Theorem 1.1 and Corollary 1.2.

2 Positivity and eventual boundedness of solutions

Adding the first and second equations of (1.6), we have that

D540 + (D)) = Bult) — (e + e+ ma) {Se(0) + (1))

+2ka/ $(0){S)(t =) + [t — o) }o
where
- )
b(t) = br + { (a2 + 7k + re) — (b + L) FSk () + Z lyj — my; /o Ski(0)Si(t — o)do,

k=1,2,...,n. Thus, for Ni(t) = Sk(t) + I(t), k =1,2,...,n, we have

dNk(t)
dt

= bi(t) — (px + g + e Nyt +ka]/ Ski(0)Ni(t — o)do

and Ek(t) S 1:7]{, k= 1,2,. ..,n
The following lemma shows the positivity and eventual boundedness of Sy and I, k =
1,2,...,n of (1.6) (see Muroya et al. [24, Lemma 2.1]).

Lemma 2.1. For system (1.6), it holds that

Sk(t) >0, It(t) >0, foranyk=1,2,...,nandt >0,

and
lim sup Sk () < Sg, k=1,2,...,n,
t—+o0 ) (21)
limsup Ni(t) < N;, k=1,2,...,n,
t—-+oo

and T is a positive invariant set.

Proof. Suppose that there exist a positive constant #; and a positive integer k; € {1,2,...,n}
such that S, (t1) = 0 and Si(t) > 0 forany 0 < t < t; and k € {1,2,---,n}. On the
other hand, by (1.6), we have that S;q(tl) > by, > 0. This is a contradiction to the fact that
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Sk, (t) > 0 = Skl(tl) for any 0 < t < t;. Hence, we obtain that Sy(f) > 0 for any 0 < t < 400
and k = ,n. By (1.6) and (1.10),

t
Li(t) = o~ (Wt vttt 1(0) 4+ e~ (Mo +ri g )t / (Mo H g1 ) u

X{ <Z.Bk]/ 8k () G(Ij(u — dU) +Z — O;) mk]/hzgkj(g)lj(”—a)dg}du

fork=1,2,...,nand t > 0. This implies that I;(t) > 0 forany k =1,2,...,n and ¢t > 0.

On the other hand, for S, := limsup, , . Sk(t), k = 1,2,...,n, by the equation of S;,
k=1,2,...,n of (1.6), one can see that Sy < 400, k = 1,2,...,n. Because otherwise, for the
positive constants cx, k = 1,2,...,n of (1.9), there exists an integer ke {1,2,...,n} and a
sequence {,} % such that

Si(t Si(t
lim k(tp) = +oo, lim k( 2 >0, and
p—+oo CE p——+oo C,‘(
Si(t
S"C(t)g ki p), forany —hy <t <t, k=12...,n (2.2)
k k

By the first part of (1.6) and the fluctuation lemma, we have

Si(t,)  br Si(ty) n c; [h Si(u—o0) Si(ty)
0< -+ 7 S*k_ﬂfcl ey +Z<lf<jcj/0 812]'(‘7)7] o d‘T—leE k p)

IN
‘ S
=
|

=

=

—_

92}
=
—~

~
<
~—

_|_
1=
~
|
O

92}
=

I

] ~
<
~—
7N
1=
—
=
N———

92
=
—~

~
<
~—

from which we obtain

Selty) b
& i+ D (Lreg — Igicp)

< 400, pr=12,...

This is a contradiction to (2.2).
By (1.12) and the fact that H defined by (1.11) is an M-matrix, we obtain 5y < 52, k =
1,2,...,n. Thus,
limsup Si(t) < S,((], k=1,2,...,n,
t—-+oo
which is the first part of (2.1), and b < 400, k=1,2,...,n
Next, for the solution Ni(¢) (k =1,2,...,n) of the following system:

dN(t)
dt

= l:7k (Mro + Mg + Mk Nk +ka]/ gk] (t— o)de, k=1,2,...,n, (2.3)
let us consider the following Lyapunov functional:

Uy () :== i{NIjg<N§g)> + imijj* /th gkj(0'> /t;g(nj(u))duda},
i=

k=1
g(x):=x—1—-Inx>g(1) =0, for x > 0.
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For the usage of the function g(x) in Lyapunov functions, see McCluskey [21] for instance.
We show that

dU d B 1 Ni(t)
N/ ¢(n +b < >}§0,n t):i=—2%, k=1,2,...,n (24
< - - {matistnt) +Bis (1 ()= 24
and
tLiTm Ne(t) =N, k=1,2,...,n. (2.5)

Differentiating Uy along the solution of (2.3) and using the equilibrium condition by =
(M + 1 + myge ) N — Y mij]f", k=1,2,...,n, we obtain

Tl (S # L7 [ a0 500) ~ g0t~ o}

P Ni(t)
and
(- 56) "
= (1 - Nt?t)) {Zk (Hro + g + myge ) N () + ka]/ ki (o) N;(t — )d‘T}

N; _ . _
= (1 — Nkét)> {—(sz + 1 + ) { N () — N,j}+]; mkj/o g () {Nj(t— o) — N].*}d(f}

n hy
— (1 — nkl(t)> {—(sz + fitgg + myge ) N {mge () — 1}+]Z; mij].*/O gkj(o){n(t —o) — 1}d0}.

It is easy to check that the following equalities hold:

(1= ) ) =1} = gOmle) 45 (5 ).

and

(=g e == =stmt—en=s( %57 =557 )

It follows that

— (pr2 + 1t + mpge )N {g( +g<nk1(t)>}
+Emk]N hzgk] { (nj(t—o ))-g(n]f;(_)a>+g<nk1(t)>}da.
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Thus, we have

dUN i"[ (tra + g + M) f{g(”k(t))Jrg(nkl(f))}

(e ni(t—o) 1
+j21mijj s {sonte—on—s("”) +2 () o
# Som; [ o) sn0) - st — ) e |

2

= 3 [t o (om0 ()}
+j21 mijj*{g(”j(t)) [ 8kj(0)g<W>d“+g<nk1(t)> H '

Since }.i; mk]N = (pr2 + Mg + M) NS — by, k=1,2,...,n, we obtain

o

>\N

-
I

_

n _ - n 1
= ) (e + mg ) N g (me(t)) + ) { (pz + 1t + e ) N bk}8< o ))-
k=1 k=1
Hence, we obtain (2.4), which implies (2.5). By the comparison principle, we obtain the second
part of (2.1).
By the first and second part of (2.1), it is evident that I is a positive invariant set. Thus, we
obtain the last part of (2.1). This completes the proof. ]

Lemma 2.2. For any solution of system (1.6) with initial condition (1.7), it holds that

11m1nf5k( t) > 5, := = bk - k=1,2,...,n

t— 400 Uil + lkk + 2;1:1 ,Bk]G(N]*) ’

Proof. Let (S1(t), I1(t), R1(t), S2(t), L(t),Ra(t), ..., Su(t), In(t), Ry(t)) be any solution of sys-
tem (1.6) with initial condition (1.7). By (2.1), it holds that limsup, . IL(t) < N{, k =
1,2,...,n. This implies that ¢ > 0 sufficiently small, there is a Ty > 0 such that [;(t) < N} + ¢
fort > Ty, k =1,2,...,n. Therefore, from the first part of the hypothesis (1.3) that there exists
some sufficiently large positive constant b such that G(I) is monotone increasing on [0, b], we
derive

dS.(t . & c
C’l‘t( ) > by — {,ukl + lue + Y BiiG (Nj* +€> }Sk(t)/ k=1,2,...,n,
j=1

which implies that

liminf Sy (f) > bk . ,
£ oo it + I + Loy BG (N7 +¢)
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Since the above inequality holds for arbitrary € > 0 sufficiently small, it immediately follows
that

liminfSi(t) >S,, k=12,...,n,

t— o0

which completes the proof. O

By Lemma 2.2, for any small positive constant ¢ < S, there exists a positive constant T;
such that

Si(t)>8,—e>0, k=1,2,...,n, foranyt>T. (2.6)

3 Global stability of the disease-free equilibrium E° for Ry, < 1

In this section, for Ry < 1, we prove the first part of Theorem 1.1 by means of Lyapunov func-
tional method. We note that there always exists the disease-free equilibrium E' = (S‘l), 0, Sg, 0,
...,8%,0) of (1.6) in T such that

n

b, = (]/‘kl + Tkk)S,‘z — 2(1 — (Sk]‘)lk]‘.s;), k
=1

1L2,...,n 3.1)

holds. We rewrite (1.6) as

( dS;t(t) = br — (i + Do + L) Sk (1)
n h hy
_ Jg (,Bkjsk(t) /0 fi(T)G(Li(t —T))dT — Iy /0 Ski(0)S;(t — U)da), .
dl L h Iy
git) = ]; <5kj5k(t)/0 fij(T)G(Ii(t — T))dT + mkj/o ki (o) i (t — U)da)
— (o + vk F g +mg) (1), k=1,2...,n

Proof of the first part of Theorem 1.1 for Ry < 1. It is sufficient to show that the disease-free
equilibrium E® = (59,0, 59,0, ...,59,0) of (1.6) is globally asymptotically stable.

Assume that (1.16) holds and for this positive vector (11, u, ..., u,), consider the following
Lyapunov functional:

n n Iy t
Wi = Y [sgg<sk(t)> +I(t) +j21{5kjsg/0 fi(7) /t_TG(Ij(u))dudT

Si

h t Si(u) Iy t
+ij5?/0 Ski(o) /t0g< ]SQ )dudcr+mkj/0 Ski(o) /talj(u)duda}]’

]
gx)=x—1—-Inx>g(1) =0, foranyx >0.
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Differentiating W(t) along the solution of (1.6), we have

B0 _ (- ) 50 )

k=1

Y [Bust [ fyo160) - Gl - 1)
=1

k=1 j
+ 1S} /th gkj(a){g(s’;;)> - g<sj(ts?_ U)) }da

+ /th g6 () {I;(£) — (- U)}da] .

Put

By (3.1) and (3.2), we have that

dS;ft) = b — (1 + D + L) Sk (2)
n I y
_]; <,Bkjsk(t)/0 fii(T)G(I;(t — 7))dT — lk]-/0 ()8 (t — 0)d(7>
= — (e + Do + L) (Sk () — SP)
_ ]é <5kj5k(t) /Om fii(T)G(Li(t — T))dT — I /th ki (o) (Sj(t — o) — S?)da>,
and
dlflit) = ]:1 <5kj5k(t) /0h1 fii(TDG(Li(t — 7))dT + my, /th Qi (o) Li(t — a)da)
— (a2 + v + 1itgge + myge) I ().
Then,
dW(t) & S9 3
T k;uk [(1 - Sk(kt)> {—(Vkl + T + L) (Sk(t) — SP)

n Iy
_;(.Bkjsk(t)/o fii(T)G(I;(t — 7))dT

]
— i /th 8kj(0)(Si(t — o) — s;?)da) }
n I hy
i {]; <ﬁkjsk(t) /0 fg(D)GUj(E = T))dT + mkf/o 8k (o) j(t — 0)d0>
— (k2 + Yk + Titgge + mkk)Ik(t)}

]

3 (Bt [ Fa(DAG0) ~ GLie — o) ae
— ki%k [ ki j j
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i) [ g0 500 ~ 80t — o))

s [ @00~ 1 o )

— fuk[(l— Sf(%)){ (yk1+lkk+lkk)sk<5’;() 1>

k=1 k

+Elk] ]/ Ski(o )(Sj(tso_a)—l>d0’}

]

_ i <,Bk]Sk / fii(T)G(Ii(t —7))dT — ,Bk]Sk/ fii(T)G(Ij(t — T))dT)

j=1

+ i(ﬁk]sk /fk] (t—T))dTerk,/ gkj(a)lj(t—a)da>

=1
= (M2 + v + g + mkk)lk(f)}
3 (st [ Ai(O{G0) - G- 1)t
=1
i) [ g0){(20)) — (1t~ o))}
sy [ 940} (10 - 1t~ o)} )|
= —Zuk[(ﬂkl+l~kk+lkk)sg<1 xl(t)>( ( )—1)

_ilk]s?/ 8kj( )(1—%)1(0><x]~(t—0)—1>da}

T i {i <5k15k (5)+(1 - 5kj)mkj1j(t)> — (2 + e + mkk)lk(t)}
k=1 =1

# o S? [ g oHs 800 —sladle = o))t 63

=1 j=1
Let us now consider the first part of the last equation in (3.3). Since
1 1 1
(1= 375 400 =) = 0+ s =2 = 50+ 5 )
and
B U P PN v -0 1
(1 xg(t)>( ](t U) 1)_ ](t ‘7) xg(t) +x?(t) 1
x}(t—0)
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and by (1.10), it holds that

3 + e S8 (1 5 ) 60 - 1)

Z k(i + T + L) S {g(xg(t)) +g<x21(t)> }, (3.4)

n n hy
Zukzzkjs;?/o 3i(7) <1—01(t)>(x§?(t—a) ~1)do

X

) 1S} /th gkf(v){g(X?(f —0)) —g<x? i;&ﬁ) +g<x21( t)> }dw (3.5)

, (3.4) and (3.5) that

I
T
o8

»
Il

A
~
Il

—

It follows from (3.

W
N

cﬂ/;/t(t) = - I:Z; we(per + T + lkk)S,?{g(x‘k)(t)) +g<x21(t)> }

n n ha xo(t —0') 1
AT [ s { st -on - L ) +g(x2(t)) bio
+ 3 2 (BysG(0) + (1= 8myh(1)) = G-+ -+ (0}

P
Sy ) h) [ o) (000) — g~ o))}
k=1 j=1
= — i (uk(ykl + lkk) — i Ll]‘(l 5]k)l]k) Skg(xk(t))
k=1 =1
- k; Mk{(ﬂld + 1) S — ]g(l - 5kj>lkjs?}g<x21(t)>
n n Ot — o)
"L oS T )
+ i ”k{i@k]sk +(1 5k])mk]>1 (t) = (i + i + 1) I (¢ )}
k=1 j=1
¥ kiukilﬁkjs,‘z{cu,( ) -5t}
—1  j=
- ;:Zl (uk(ykl + i) — i_; uj(1— (5]k)l]k> Spg(x(t E ukbkg< (t))
n n X0t — o)
— k; uk]Z;(l — 5kj)lk]S]8< ]xg(t) >
+ ki{; Uj (.BJkSJ + (1 - 5jk)m]k> — (2 + 7 + mkk)}fk( )
£ Y0 Y RSG5 (1)~ ()} <0 66)

»
Il

—_
-
Il

—
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Let us note that we make use of assumption (1.2), (1.16) and G(I;(t)) < I;(t).

It is obvious from (3.6) that Ry < 1 if and only if Si(t) = 52 and I(f) =0, k=1,2,...,n
Thus, it follows from the classical LaSalle’s invariance principle (see [13]) that the disease-free
equilibrium E° of the system (1.6) is globally asymptotically stable. Hence, we obtain the first
part Ry < 1 of Theorem 1.1. O

It should also be noted that if Ry = 1, then from (3.6), we can not show Si(t) = S? and
L(t)=0,k=1,2,...,n

4 Existence of the endemic equilibrium and permanence for R, > 1

In this section, our attention is focused on the case Ry > 1. First, we show the existence of an
endemic equilibrium E* and the second, we show the permanence of system (1.6). Finally, we
prove the global asymptotic stability of it by applying Lyapunov functional method.

By (1.13), it follows from the Perron—Frobenius theorem that Ry = p(M(S?)) is an eigen-
value of matrix M(S?) associated with a positive (right) eigenvector w = (w1, w, ..., wy) such
that wy >0,k =1,2,...,n. For such w, we have

M(8%)w = p(M(S°))w

which is equivalent to
Z{S Brj + (1 — ) myj}w; — p(M(S°)) (i + i + miyg )y = 0.
Thus, by p(M(S )) = R > 1, it holds that

n
Y {BiiSt + (1= &kj)myjtw; — (o + v + )i >0, k=1,2,...,m.
i=1

4.1 Existence of the endemic equilibrium

First, we prove the existence of an endemic equilibrium E* of system (1.6) when Ry > 1.

Lemma 4.1. Let Ry and T be defined by (1.13) and (1.14), respectively. If Ry > 1, then system (1.6)
has an endemic equilibrium E* = (S}, 17,53, 1;,...,55, 1)) € 0 such that

n
be = (i + I) S + Z,Bk]sk — Y (1=6)lyS;,
j=1 j=1
. (4.1)
(pi2 + yie + 1) I = Zﬂk]Sk +Z — 0j) mk]], k=1,2,...,n.
j=1

Proof. Since Ry > 1 implies that for p(M(S%)) > 1, there exists a positive eigenvector w =
(w1, ws, ..., wy)T such that M(S°)w = p(M(S%))w, where S? < Nf, k = 1,2,...,n and
(SO) [S%Bk] ( - (5kj)mkj] X and V = [5kj(,uk2 + v+ ﬂlkk)]nxn are n X n matrices.
Since by Lemma 2.1, S; + I = N = 52, k=1,2,...,n if the endemic equilibrium exists,
we may consider the existence of solution x = (x1, xp, ..., ;) of the system F(x) = 0, where

F(x) = (A(), 2(0), -, fa(0))T = [a(0)] 1y x= (21,32, ., 20)T,
fi(x) ( Z,Bk] — (k2 + 7k + itk ) X + Z 5kj)mijj>

j=1
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under the conditions 0 < x; < N} and

n

(Z BiiG(xj) + (i + ) ) — ) (1= ) IkjSj(x) — by =0

j=1

for k = 1,2,...,n. Let us also note that x; (k = 1,2,...,n) correspond to the number of
infected individual for patch k (k = 1,2,...,n) appeared in the endemic equilibrium E*. One
can see that

F(x) = [ 2 BiG(xj) — (2 + vk + i) X + Z 5kj)mijj]
j=1 nx1
= — (P(SO)X — VX) - [Sk(x)ﬁk]ix]) - 52,3](]:| X,
and hence,
(E(S) — T G(wj)
Flw)=—(F(S°)w—Vw) — [ k(w)Brj——— w, Sk,l%k]] w, and
—(F(8"w — Vw) = —V{M(S")w — w} = =V {p(M(S°)) —1}w < 0,

where the ordering of vectors in R” is the usual element-wise one in R".
For any a > 0, we have

F(ocw) _ a{_(ﬁ(SO)w _ Vw) — [Sk(aw)lgkjcl(:::j]) _ Sl(c)ﬁk]:| CU},

and by assumption (1.3) and (2.1), lim;, o I/G(I) = 1 and by (1.12) and the last part of
(4.1), one can see that lim,_,g Sg(aw) = 52, k=1,2,...,n. Thus, there exists a small positive
constant ¢ < 1 such that

F(aw) < 0.

On the other hand, from the second and the last part of (4.1), we have

n
(1 + ) Sk (%) = Y (1 = 6) ki Sj(x) = by + Z — O )mix; — (pra + vi + ) X (4.2)
=1
Let A = [a;]nxn be a n X n matrix defined by

k= i + I axj = —lj, j#k k=1,2,...,n

Then, by the theory of M-matrices, A = [ak]-]nxn is a nonsingular M-matrix and there exists
(-1

its nonnegative positive inverse matrix ACD = [ak]. )]nxn, agj >0, k,j =12,...,n and
from (4.2),

Sk(x) = Z a](cj_l) <bj -+ 2(1 — 5]'1)771]'19{1 — (]/ljz + ’)’]‘ + nﬁjj)xj>
1

(b]' + 12(1 — (5]-1)m]-lxl — (VjZ + Vi + ﬁijj)x])
=1

<bj — (np+ “Yj)xJ')f
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where we use the relation 27:1 Yo (1 =6)mjx; = Z] 1 8= (1= 6j)myjx; = 2;7:1 mjix;. There-
fore, for x = (%,%,%,...,%) with ¥ > 0, we have

fi(%) = ( Zﬁk] — (Hr2 + vx + g ) X i (1 — 6kj)my;® >
=

(-1) n n .
- (e >§(b 4 0)%) }
— (Hra + Yk + Titge ) X +Z 1 — o) myx }
j=
>

1) v
- [{ <k,jrrll,%,).(..,n A ) ]Z; (b] (2 + )% ) } Z Br;

n
— (pa2 + vx + 1) + Z (1 —d%j) mk]}
j=1

and hence, for a sufficiently large positive constant X, we obtain F(x) > 0.
Moreover, for system (4.1), the elements of the Fréchet derivative F'(x) = [df;/0dx;] are

afk(xll x2/' . '/xi’l)

8x]-
dS . )
— a’;(k Xy _Z,Bk] (xj) = Sk(X) B G’ (xx) + (b2 + vk + 1tge), for j =k, k=1,2,...,n,
") asi(x) ¢ ,
— k( ) Zﬁk]G(x]) — Sk()_()ﬁk]G/(X]) — mk]' S 0, fOI‘] 75 k, k= 1,2,. ..,n,

E)x]-

I
—_

]

where by the last part of (4.1), a%"xl I =1,2,...,n satisty
aSk( L 0S5, (x
<2 BriG (%)) + (i + k) > (X - ) (1—4j) Zk]akx() —BiG'(xj), k=1,2,...,n,
j=1

from which by the monotone property on the argument of function G and the theory of M-
matrices (see, for example, Berman and Plemmons [3] or Varga [31]), one can easily see that

9Sk(X)
E)xl

<0, j#k k=1,2,...,n

Then, for a sufficiently large positive constant / > 0 such that

I> max{ max ( 95¢(%) y- Zﬁk] (xj) = Sk(X)BrkG' (k) + (o + v + ﬁikk)>,

1<k<n 0x =

9Sk(
akx Zﬁkj (%)) + Si(x ).Bij/(xj>+mkj};
I j=
B = [0l '] becomes a non-negative non-singular matrix and subinverse (see Ortega and

Rheinboldt [27] or Muroya [23]) of F/(x), i.e., BF(x) < I and F/(x)B < I for the unit ma-
trix I and any x with 0 < x; < %, k = 1,2,...,n. Thus, to the equation F(x) = 0 in R",
we can apply the monotone iteration such that xp = aw, yo = x with F(xp) < 0 < F(yo)



20 Y. Muroya, T. Kuniya and Y. Enatsu

and x,41 = x, — BF(xy), p = 1,2,...,n of Ortega and Rheinboldt [27, Theorem 4.1 and
Corollary 4.1] or Muroya [23, Theorem 3.1], we have a monotone increasing vector sequence
xo < x1 < ... <xp < Xpy1 < yo and a limit limy 10X, = x* = (x7,x3,...,x;) which is a
solution of F(x) = 0. Hence, we conclude that there exists an endemic equilibrium of (1.6). [

4.2 Permanence

Now, we show the permanence of system (1.6). Let I := m1n1<]<n liminf; ., o0 I (¢ )/ I*.
Without loss of generality, we can assume that k € {1,2,...,n} is an integer such that
lngrinf I(t)/ I} = I. Let us set

—+00

jk: {] S {1,2,...,1’1} ‘ ‘Bk] >0}.

By (1.8), we have j; # @.
Extending the result of Enatsu et al. [6, Lemma 4.1] on permanence to the model (1.6), we
introduce the following lemmas, which play a key role to obtain the permanence.

Lemma 4.2. For Ro > 1, if

k
I

Sk(t) > S, % > & ), forany 0<t<hy, and
# > lk(tlg_g), forany 0<o<hy, j=12,...,n,
]

then I (t) > 0. If I (t) < 0, then

k
I](tI/:(T) S Ik(tII;(T)/ forany OSU'SI/IZ/ j:l,z,...,ﬂ

{Sk(t)<S,’(‘, or %g ), forany 0<t<hy or

Proof. Assume that Rp > 1. By the second equations of (1.6) and (4.1), we have that

((t) = i BiSk(t)G(I}) Ohl fk]'(T)G(Ié;(gﬁ_)T))dT — (M2 + i + Titgge + g ) If Ikl(*t)

j=1 ] ;

! 'nzlm"flf /th 8j(7) Ij(t]? D o
= j

n . hy G(I(t - n . L(t

= Lo [ s> g ar— (L pusicn) + ot ) 7
n hZ t— )

+ ka} gk] T ————do

=1 -

= iﬁkj{Sk(f) —572}/0 fi(T)G(Li(t — 1))dT
=1
# Lo [ (T - o
- j

& i(t—0)  L(t)
ka}lj gk] < I* Ilj )d(T

]

from which we obtain the conclusion of this lemma. O
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For a positive constant T, the following lemma holds true.

Lemma 4.3. Assume that 0 < q < 1 and there exist a t > Ty and some k € {1,2,...,n} such that
I[(t) < 0. If there exists an integer j € ji such that

I(t—T
](I*)>q, forany 0<t<hy, (4.3)
F

then 8
(Sk— ),ka (qﬁ)

I > 1,(7;9) : > 0. 4.4
k() > L(fq) = T e+ T T (4.4)

Proof. Assume that 0 < g < 1. If there exist a t > Ty, some k € {1,2,...,n} and an integer
7 € jx such that (4.3) holds. Then, by (2.6) and (1.8), Sy(t) > S, —e > 0 and Bi; > 0, and by the
second equation of (1.6),

0> I(t) = Sk(t Zﬁk]/ fri(T)G(I(t — 7))dT — (pra + Yi + At + M) I (£)

+ka]/ ki (0)Ii(t — o)do

> (8¢ — &)BiG (L) — (i + i+ 1t + mig) (1),
from which we have R
() > (Sk— 5)5ij(‘11;*)
¢ Mk + Yk + kg + Mg
Thus, (4.4) holds. This completes the proof. O

Lemma 4.4. If Ry > 1, then for any solution of system (1.6) with initial condition (1.7), it holds that

liminf I (t) > I, := 1(q) exp{— max (o + Vi + e + mkk)p(q)}, k=1,2,...,n,

t—+o0 <k<n

where for 0 < g < 1, put

I(q) == min L(j;q) >0,

1<k<n,jEjx
G(q[*) B n . (45)
G = oax G(1) <L and 1= pga + g+l + 46 ]g BrG(I}),

and q is chosen sufficiently small and p(q) > 0 is chosen sufficiently large to satisfy the following
inequalities:

Si < G- Sp < st = e, k=1,2,...n. (4.6)

Tk Tk
Proof. Assume that Ry > 1 and let (S1(t), I1(t), S2(t), Ia(t), . .., Su(t), I, (t)) be any solution of
system (1.6) with initial condition (1.7), and 0 < g < 1 and p(q) > 0 are a fixed sufficiently
small constant and a large constant, respectively, such that (4.6) holds.
Fort > Ty, let k(t) € {1,2,...,n} be defined by
Tp (¢ Li(t
k(t)( ) = min i( ), for any t > Tj, 4.7)

*

1<j<n
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and put
I(t) == Iy (t), S(t) = Sy (t), and é]_ = Bk(y)j, forany j € jiy), and t > Th.

Hereafter, for simplicity without loss of generality and for the readers’ convenience, it is better
to express k(t) temporally as k for each t > Tj.
Put
I](t — T) . .
Di(q) =<t>T, ‘ T <gq, foranyjc€ji, and 0 <t < hy ¢, k=1,2,...,n,
j
and for t > Tj,

1(t) = 1,}(;),

where k = k(t) € {1,2,...,n} is an integer such that (4.7) holds.
Because by Lemma 4.3, for t > Tj,

I(t) > Ir(q) »= min Li(f;q) > 0, if t & De(q), (4.8)

J€Ik

to prove that there exists a positive constant I independent from the initial conditions (1.7)
such that

L(t) .
I = min liminf i) >,

1<j<n t—+oo I]?k

we may hereafter restrict our attention to the case that there exists a sufficiently large t <
D(q).

We now prove that it is impossible that there exists a nonnegative constant fy > T; such
that t € Dy(k) for all t > ty. Suppose on the contrary that t € D;(k) for all £ > t;. Consider
the following functional:

t

V(t) = L(t) +j£;<.8kj /Oh1 fri(T) /ttr Sk(u+T)G(Ij(u))dudt + my; /thgkj(a)/t

—0

I]-(u)duda).

By (4.5) and the inequality G(I;(t — 7)) < G(qI]?") < qGG(I;‘),j =1,2,...,nfort >ty+ M,
one can obtain that

dS, (¢ ) n )
cll<t< ) > by — <}”k + I + e + 96 Y BriG (I )>Sk(t) = b — rSk(t), for t > to + hy,
=1
which yields

t
Sk(t) > e~nli=~ho) <5k(t0) + bk/ e’k(s_t“)ds>
to

> l;k(l —e )y for £ > b+ hy. (4.9)
k

Hence, if we choose p(q) > 0 sufficiently large to satisfy S; < SkA = bp(1— e W) /7, of
(4.6), then it follows from (4.9) that

Se(t) > %(1 —e W) =82 > 55, fort >ty + hy + p(q). (4.10)
k
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Since t € Dy(q) implies I;(t — T)/I;‘ <g<lforj€iji, 0<7<h andt > T;, we have
Ii(t) < I for j € ji and t > fo+ hy. By the second part of the hypothesis (1.3), it holds
that G(I;(t))/1;(t) = G(I)/I;, which is equivalent to I;(t)/I; < G(Ij(t))/G(I}), j € ji for
t> t0+h1 Thus, by Ii(t)/I; < Ij(t)/Ij*, j=12,...,n we obtam I (¢ )/I* < G( i(t ))/G(I*)
j=12,...,nfort>ty+hy.

By the above discussion and Lemma 4.2, we obtain I;(t) > 0 for any t > to + hy + p(q),
and there exists a j € {1,2,...,n} and an s; € [t — hy,t) such that I;(t) > I;(s;). For a positive
constant [ = ming () <s<to+h+p(q) 1i(8) > 0, we thus obtain that

I(t) > 1 foranyt>to+h+p(q). (4.11)

Calculating the derivative of V() along solutions of system (1.6) gives as follows.

T iﬁkjsk(t) O.hl Fii(T)G(Li(t — 7))dT — (pra + Vi + Ttk + M) I (2)

# 32 (B [ A+ G 0) =SNG ¢~ )hae

sy [0} (50 - 5t - o)}

- Zﬁk}/ fig(T Sk(t+T)G(1f(f>)dT—(sz+vk+mkk+mkk)lzflk1§;) £y Imy L)

kji%i Ty«
p= b
o Gt i () & Lt
> Zﬁkjs G(I) ((]1(*)) — (g2 + yi + gy + myge) I "I(*) + ) myl; ]1(*)
j j=1 j
* i(t) Lt
> Z/;k]s 61 1* Z/&k]sk +Z ]( D kI(*)>
k
1
—sk Zﬂk] kfff)' fort > to+hi +p(q),

because by (4.10), Si(t) > SkA > S; for t > tg+hi + p(q) and by t € Di(q) and the definition
of k and the above note, we have that G(I]-(t))/G(I].*) > I]-(t)/I].* > Ii(t) /I for t > to + hy.

Thus, lim;_, 1o V(t) = +00. However, from (2.1) and the first part of the hypothesis (1.3),
it holds that

n
limsup V(¢) < N + Z{/skjsghlc(N;) + myiha N3 < o0,
t—+oo ]:1
This leads to a contradiction. Hence the claim is proved.

By the claim and (4.8), there exist sufficiently large constants t; < t, and f1,t, € Di(q)
such that for any t; < t < tp, t € Di(q), but there exists a 0 < t3 < t; and t4 > f; such that
ts, ta & Di(q).

We now show that I(t) >
large constants t1,t, € D(q) s

for all t sufficiently large t € Di(q). Let t; < t; be sufficiently
ch that

c &]N)

I(t1) > 1Ik(q), I(t2) > 1,(q), t € Dx(q), foranyt; <t < t,.
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Since from the second equation of system (1.6), we have

dIi(t)
dt

—(pr2 + Yie + Mg + myg) I (), for £ > 1.

Then,

I (t) > Ik(t1)g*(llk1+7k+”~1kk+mkk)(t7t1)
zk(q)ef(Vk2+'7k+n~1kk+mkk)p(q)
I

fort; <t <t;+p(q).

If t, > t; + p(g), then by applying the similar discussion to (4.10) and (4.11) in place of f( by

t1, we obtain I(t) > 1,1 for t; +p(q) < t < t,. Hence, we prove that I(t) > L] fort; <t <t
Since the interval t; < t < f; in Di(q) is arbitrarily chosen, we can easily conclude that

I(t) > lq holds for all ¢ sufficiently large t € Di(g). Thus, we obtain that liminf;_, « I(t) > La‘

This completes the proof. ]

By (2.1) and Lemmas 2.2, 4.2—4.4, we obtain the permanence of system (1.6) for Ry > 1.

5 Global stability of the endemic equilibrium E* for Ry > 1
In this section, we assume Ry > 1. By Lemma 4.1, there exists an endemic equilibrium
E*=(S],{,55,1;,...,5;, L)

of (1.6) in T such that (4.1) holds. We rewrite (1.6) as

( dSE,;ft) = b — (1 + D + L) Sk (2)
—E(.Bkjsk / fk] t—T))dT—lk]/ gkj(U)Sj(t—U)d(T>,
(5.1)
dl( n
k Jg <ﬁk]sk / fk] (t_T)>dT+mk]/ gkj(U')I]‘(t—O')d0'>
— (ppo + yi + e + m) (1), k=1,2...,n.
Let us set

u(e) = 3o [skg(ss(f)) +iis(42)

k=1
+ 3 {pusicl /fk] [Tg<%)dudr

=

hy t I
+mk]1]/ ki (o) /t0g< ﬁ?)dudaH, (5.2)
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where vy, vy, ...,v, will be appropriately chosen later (see (1.17)). Differentiating U along the
solutions of (1 6), we have

kz { <1 - f<*t>> s (1 zklfw) dlfigt)}

= [y a G(Li(1)\  (GU(t—1))
+k:21 k[jzzlﬁkjsk / fk] {g( G *) g( G(I;‘k> >}dT
n ol S\ (Sit—0)
* LS sofs(5) -o(F ) Jor
" hz 1.() I(t—0)
Fhml ) gkf@{g( T > _g< T >}d‘7]
For simplicity, we put
xi(t) = S';Ekf), yi(t) = Iklé?, 7i(t) = Gé?l(f)) ) kj=12..m
j
From (4.1) and (5.1), we derive that fork =1,2,...,n,
dSb,;t(t) = b — (i + T + i) Sk (8)
~ 1 (Busi) [ 06— iy [ (015t )i
— (1 + I + T + L) (Sk () = S¢)
_Z{ﬁk]<5k / fiilT t—T))dT—SkG(]))
oy /th i (0)(S(t — o) — s;f)da}
— (Vkl + Tkk + lkk)S,j (xk(t) — 1)
n hy
~ X (Busiou) [ oo
ha
— IS} /0 gki(0) (xj(t — o) — 1)d¢7>,
and
d n
i = L (pso [ o om0t -0

— (a2 + v + 1itgge + myge) I (t)

3 (BusiGy) [ om0t e+ myty [ (ot =)
]

— (pi2 + 1e =+ itk + M) Iy (2)
-y (ﬁkjszGu*) [ i@ g~ ) — el

j=1

oty [ (@) - 0) — (0o ).
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Then, we have

Lo (sio) %+ (- aw) )

k=1

:k;kal_ ! ){—<ykl+fkk+zkk>sz<xk<t>—1)

X (t)
n I
-3 (Bysict) [ A g -0 - 1

j=1

n

= —) o {(V}a + T + L) S (1 e
k=1
zzk] [ o) (1- ) Gt — o) - ac]
[Zﬁk]sk D[ o] (1- 5 ) a - wont - )
+ (1= 5 ) G083 = ) = le) fae

Lot a1 i) e —0) —wiene], 53)

For the first part of the last equation in (5.3), we have

1
(1 _ xk(t)> (51() = 1) = (1) + 5 2

k_l

and
. - N x](t—O') 1
<1_xk(t)>(x](t 7)=1) =x(t-0) x(t) +xk(t) 1
xj(t—0) 1

and hence, by (1.10),

n

Z (i1 + e + L) Sf (

1
(
= kivk(ﬂu + T + lkk)SZ{g(xk(f)) +g<xk1(t)> },
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and

k=1 j=1 k
_ évk]_zlzk]s;‘{gm(t =g g 1))

For the remaining parts of the last equation in (5.3), we have

(1= 5 )@= m0ne -0+ (1= 5 ) @l0g -0 - w0
— (1= 1~ w0 - 450 -0)
+ (xk(t)g]-(t — 1) — xk(t)y;j((:)_ o _ yi(t) + 1)
2= gt -n - 2D
- —s(5m) —s(ULED) + et - ) - s,
and
(1- 1 )=o) ) =it - ) - 282D 41
~s(1) 4t — o)) — st}
Then,
Y| Lpasicr) " ao{ (1- 5 ) - xm - 0)

+ (17 5 ) G083 = ) = le) fae

- = o posiouns(ofy )+ [ s (M )
+ my; I /hz 8k](‘7)g<y];i(_t)a)>d0}
+ Y ae ks (Besiot) [ fy(o sttt - o) - gl

k=1 j=1

27
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We finally obtain that

dLCZZEt) = —kzlvk Vk1+lkk+lkk)5k{ <xk1(t))
+ki10k]i:11k]5] /hzgk]( { (xj(t—0))—g x]ii((t)(f) (xkl(t))}d‘f

- /th 20 (yj;((—t)(f) ) da]

E™\5
+j"211k]s] / (o) {8 (xi(1)) — 8(x;(t — o) o
+]Zl"’"f [ @ (i) ~ gty - oo

= - Lot + T+ Si{ ) + 5 (55 ) }

e Zo ko [ s (g7 <o) b

0y (ﬁk]sk I @0 — et} + ml {g(w;() — g(yka))})

=

B

_|_
7=

[uy

< - an)lvk it + I + L) Sf {g(xk(t)) +g<xk1(t)> }

|
1=
AS
1=
| — |
=
ey
O
()
=
N—
—
oQ

»
I

—_
-
Il

—_
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Here, we use the relation g(7;(t)) < g(v;(t)), j = 1,2,..., n (see Enatsu ef al. [6, Lemma
3.2]), because y;(t) = I]-(t‘)/I]Tk > 1if and only if

L(t)  G(I(t)  G(Ii(t) [ Li(t) Ir
WO IO=T ey <y (G(]Ij(t))_G(]I;‘)> .
which yields
du(t) n

< = Lot + T s {st0) +5(55) |
+kn21vkilk15, / (0 >{g<x]-<t)>—g(""f;‘

k

+mylf / a8 (7

+ Z Uk Z (:Bkjsk i* ) +(1- 5kj)mkj) I{g(y;(t) — gy (t))}- (5.5)

k=1 j=1

—~
=
Q
~—
N——
+
oQ
N
=
~
—~| =
~—
~—
N———
H/_/
[
S

On the other hand, by (4.1), we have that

n n G(IF

Uk ):{ (ﬁkjsztgfﬂ]) +(1- 5kj)mkj> L{g(y(t) — g(yk(t))}
n n G
- Yol (Busi 7 + (1= 8 ) 1)

g G(I7)
k; Uk{JZ% (ﬁkjSZFZ +(1- (5kj)mkj) I; }8(yk(f))

no G(I;
= Z%;( *S; E* ) +(1— 5]k)m1k> I g (yx(t) ka M2 + i+ i) Ig g (yi (1))
j=1 =1
n n G I,*
= Z{Z v; <,3]k5]* i* ) +(1— 5jk)mjk> — Ok (pr + v + mkk)}lfg(yk(f))- (5.6)
k=1 \j=1

From (5.5) and (5.6), we therefore obtain that

A < ivk(ﬂkl et zkk)s;g{g(xk(t)) —|—g<x:(t)> }
+) v ilkjs}k /th 8kj(0){8(xj(t)) —8<xj§;(_t)0)> +g<xkl(t)) }da
B i Ok i [ﬁkjs’tG(I;){g<xk1(t)) * ohl fkj(T)g<W>dT}

+ myI; /th gkfw)g(W) da]

n n G
+ ) { Z; v; <,Bjk5;'6[; + (1 - 5jk)mjk> — v (pk + 7k + Tﬂkk)}lifg(]/k(t))
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n

=- Z{vk(.ukl + D + le) — i”jljk}sfg(xk(f))

P =
knzlvk{ (E BriG(I7) + (pa +lkk+lkk> Sk — ]é xS} }8<xk1(t)>
—kévkﬁlk] j /0 gxi(o )g<xj(tx;a>>d0

s i)

n n G I‘
+ Z{va (ﬁij}“ i : (1= %) jk) —vk(ﬂkz+7k+mkk)}fzfg(yk(t))-

k=1 \j=1 ]

Hence, by (4.1),

du n n )
at <- Z{Uk ,ukl‘f‘lkk-i-lkk) Zvlfk}skg(xk(t))
j=1
n 1 n n hy X'(t—0)>

Sk e e X (£)g;(t — 1)
- )% Z{ﬁkjskc(lj)/o fkj(7)<yl:(t)>d’f

+ mk]-I]fk /th gkj(U)é’(yj(t_tU)) da}

Yi(t)
n n G(IF
+ Z { Z i (ﬁijf;ﬂ + (1 — 5jk)mjk> — Uk(]/lkz + v+ Thkk)}lgg(yk(t)), (5.7)
k=1 =1 j

from which one can obtain the following lemma.

Lemma 5.1. For Ry > 1, if there exists a positive n-column vector v = (v1,0y,... ,vn)T such that

(1.17) holds, then U’ (t) < 0.

Proof of Theorem 1.1. Theorem 3.1 denotes the first part Ry < 1 of Theorem 1.1. For the case
Ry > 1, by Lemma 4.1, there exists at least one endemic equilibrium E* = (S}, 17, S5, I3, . ..
Sk, I*) and by Lemmas 2.1 and 4.4, system (1.6) is permanent in T°. We now suppose that
there exists a positive n-column vector v such that (1.17) holds. By Lemma 5.1, it hold (5.7)

for (5.2) and U'(t) = 0, if and only if
xk(t) =1, and yi(t) = y;(t —0), forany 0 <o < hy, t >0, j=1,2,...,n, k=1,2,...,n

Then, there exists a positive constant ¢ such that

=c¢, foranyt>0,j=12,...,n,k=12,...,n,
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and
Se(t) =S; and L(t)=cl, foranyt>0,k=12,...,n

From the first equation of system (1.6), we obtain that

n
0="b;— (‘I/lkl + ikk + lkk) +c Z ‘Bk]SZG(I]*) - lk]S]*, for any k=1,2,...,n. (5.8)
j=1
Since the right-hand side of (5.8) is strictly decreasing in ¢, (5.8) holds if and only if ¢ = 1. This
implies that (S1(t), [1(t), S2(t), I(t), ..., Su(t), I,(t)) = E*. Then, the only compact invariant
subset where U’'(t) = 0 is the singleton {E*}. Therefore, by Lemmas 2.1, 2.2 and 4.4, and
a similar argument as in Section 3, we obtain that for Ry > 1, E* is globally asymptotically
stable in I'Y. Hence, the proof is completed. O

Concerning condition (1.18), we have the following lemma (see Guo et al. [8, Lemma 2.1]).

Lemma 5.2. The following system:
n G( [].* )

£ S

+(1 _5jk)mjk} = k(i + Yk + Tkk), k=1,2,...,n (5.9)
j=1

has a positive solution (v1,vy, ..., v,) defined by

(01102/ e /vi’l) = (Cl].l C22/ sy Cnn)/ (510)
where
3 LG(I7) . ,
)
and _ ~ .
Yipihy P - —Pm
5 =Pz Ljpb2 0 —Pm
_Bln _,[;211 e Z];An Bn]

and Cyy denotes the cofactor of the k-th diagonal entry of B, 1 < k < n.
Proof. Consider a basis for the solution space of the linear system:
Bv =0, (5.11)

which can be written as (5.10) (see for example, Berman and Plemmons [3]). By the irre-
ducibility of B, one can see that [Bkj] uxp 18 irreducible and vy = Ci >0, k =1,2,...,n. Then,
by (5.11), we have that

fun P - Pm U1 no_
Bz B - Pm V2 <zﬁzj>vz
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from which we have that

Zv]ﬁ]k —kaﬁk], k=1,2,.

]_

which is equivalent to

’ LG L  GUL) .
Z U] ﬁ]kS I + (1 5]k m]k = Uk Z ,Bk]Sk + (1 — (Skj)mk]' I]
j=1 j j= I

= v (pr2 + v + i) I,

for k = 1,2,...,n. By I} > 0, one can see that (5.9) has a positive solution (v1,vy,...,v,)
defined by (5.10). O

Proof of Corollary 1.2. For system (1.6), it follows from Lemma 5.2 that there exists a positive
n-column vector v = (U],Uz,...,Un)T such that (1.18) and (1.19) hold. By Theorem 1.1, we
obtain the conclusion of the first part of this corollary. If there exists positive n-column vector
w = (wy,wy,...,wy,)T such that (1.20) and (1.21) hold, then by Theorem 1.1, we obtain the
conclusion of the second part of this corollary. O

By Corollary 1.2, we obtain the following corollaries.

Corollary 5.3. If Ry < 1 and

i + I > pio + vk + g, and

ﬁij? + (1= dp)my > (1= )k, forany j,k=1,2,...,n,

or, (5.12)
i + I < pio + v + g, and

ﬁij]Q +(1- (5jk)mjk <(1- 5jk)ljk, forany j,k=1,2,...,n,

then EC is globally asymptotically stable in T.
If Ry > 1and

(Vkl + Tk > o + vk + 1k, and
LG(If ‘
BjkS; g £ + (1= 6p)mp > (1 —6p)ly, forany j,k=1,2,...,n,
k

or, (5.13)
i + Ly < po + vi + g, and

G(I .
BjxS; ( ) + (1 =6 )mjx < (1 -y ), forany j,k=1,2,...,n,

then E* is globally asymptotically stable in T.

Corollary 5.4. If

i + I > o + i + i, and
mjk 2 ljk’ foranyj # k/ k= 1/2/-“/”/
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then for Ry < 1, E® is globally asymptotically stable in T, and for Ry > 1, E* is globally asymptotically
stable in T°.

If

Iy < ik, d
{,uk1+ ke S Mo + Yk + Mg, an (5.14)

,B]-kS? +(1- 5]-k)m]-k <(1- Si)lix, forany j,k=1,2,...,n,

then for Ry < 1, E® is globally asymptotically stable in T, and for Ry > 1, E* is globally asymptotically
stable in T°, where T]f, k=1,2,...,n are determined by the following equation.

n
(Mro + i + i) [ = Z{‘Bkjsg +(1- 5kj)mkj}ﬁr k=1,2,...,n.

j=1

Note that G(I}) < I}, k=1,2,...,n,if I} >0, k =1,2,...,n exist (see (4.1)).

6 Discussion

In this paper, we have formulated the multi-group SIR epidemic model (1.4) with nonlinear in-
cidence rates and distributed delays, which is related to the heroin model in which the heroin
users under treatment can return to untreated users depending on their different characters
and external influences. We have simplified the model to (1.6) and investigated the global
asymptotic stability of its equilibria. We have defined the threshold parameter Ry as in (1.13)
and proved that if Ry < 1 and there exists a positive n-column vector u such that (1.16) holds,
then the disease-free equilibrium E° is globally asymptotically stable, while if Ry > 1 and
there exists a positive n-column vector v such that (1.17) holds, then the endemic equilibrium
E* is globally asymptotically stable (see Theorem 1.1).

The condition (5.14) in Corollary 5.4, as well as the latter part of the conditions (5.12) and
(5.13) in Corollary 5.3, implies that By = 0 for all k = 1,2,...,n. It is worth noting that the
condition By = Oforallk =1,2,...,nis valid, since the matrix B is assumed to be irreducible.
For the case py; + T < Uiz + Yk + Mg and Byx > 0 for some k = 1,2,...,n, it would be an
interesting open problem to find the sufficient conditions under which each of equilibria E°
and E* is globally stable.
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