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Abstract

We consider a system consisting of a quasilinear parabolic equation
and a first order ordinary differential equation containing functional de-
pendence on the unknown functions. The existence and some properties
of solutions in (0, co) will be proved.

Introduction

In this work we consider initial-boundary value problems for the system

Dyu — Z Dila;(t, x,u(t, ), Du(t, z);u,w)]+ (0.1)

i=1
ag(t, z,u(t, z), Du(t, z); u,w) = f(t,x),
Dyw = F(t,z;u,w) in Qr = (0,T) x Q, T € (0,00) (0.2)
where the functions

a; : Qr x R"™1 < LP(0,T; V1) x L*(Qr) — R

(with a closed linear subspace V; of the Sobolev space W1P(Q), 2 < p < o)
satisfy conditions which are generalizations of the usual conditions for quasilin-
ear parabolic differential equations, considered by using the theory of monotone
type operators (see, e.g., [2], [7], [13]) but the equation (0.1) is not uniformly
parabolic in a sense, analogous to the linear case. Further,

F:Qr x LP(0,T;V}) x L*(Qr) — R

satisfies a Lipschitz condition.
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In [12] the existence of weak solutions in Q7 was proved. In this present
paper this result will be extended to Q = (0,00) X Q and some properties
(boundedness, asymptotic property as ¢ — 0o) of the solutions will be shown.

Such problems arise, e.g., when considering diffusion and transport in porous
media with variable porosity, see [5], [§8]. In [8] J.D. Logan, M.R. Petersen, T.S.
Shores considered and numerically studied a nonlinear system, consisting of a
parabolic, an elliptic and an ODE which describes reaction-mineralogy-porosity
changes in porous media. System (0.1), (0.2) was motivated by that system. In
[3], [4] A. Besenyei considered a more general system of a parabolic PDE, an
elliptic PDE and an ODE.

1 Existence of solutions

Let 2 C R™ be a bounded domain having the uniform C' regularity property
(see [1]) and p > 2 be a real number. Denote by W1P(Q) the usual Sobolev
space of real valued functions with the norm

= [ [ apap + |u|1’>} "

Let Vi € W'P() be a closed linear subspace containing W, *(2) (the closure
of C§°(2) in W1P(Q)). Denote by LP(0,T;V;) the Banach space of the set of
measurable functions w : (0,7) — Vi such that || u ||{, is integrable and define
the norm by

T
o= | 110 14 dt.
0

The dual space of LP(0,T; V1) is LY(0,T;Vy*) where 1/p+ 1/q = 1 and V{* is
the dual space of Vi (see, e.g., [7], [13]).

On functions a; we assume:

(A1). The functions a; : Qr x R*1 x LP(0,T;V1) x L?(2) — R satisfy
the Carathéodory conditions for arbitrary fixed (u,w) € LP(0,T;V;) x L*(Q2)
(i=0,1,..,n).

(Az). There exist bounded (nonlinear) operators g1 : LP(0,T; V1) x L2(Q2) —
RT and kq : LP(0,T; V1) x L2(Q2) — L9(2) such that

|ai(t7x7 CO) C)ua ’U_))| S gl(uvw)[|<0|p71 + |<|p71] + [kl(ua ’U_))](ZL'), 1= 07 15 e n
for a.e. (t,7) € Qr, each ({p,¢) € R*™! and (u,w) € LP(0,T; V1) x L?(Q).
(A3) Z?:l[ai(taxaCOaC;uaw) - a/i(tax)COaC*;uaw)](Ci - Cz*) >0 if C 7& C*'
0

(A4). There exist bounded operators go : LP(0,T; Vi) x L*(Q) — C[0,T],
ko : LP(0,T; V1) x L*(2) — LY(Q) such that

ai(t, z, Co, G u, w)Gi = [g2(u, w)](B)[[Col” + [C[P] = [Ra(u, w)](Z, z)

n
=0
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for a.e. (t,x) € Qr, all (¢p,¢) € R™™, (u,w) € LP(0,T; V1) x L?(Q2) and (with
some positive constants)

*

[92(u, w)]t) = const(14 | w [|Lr(o.6v1) ™" (14 | w ll12(@0) ™" (1.3)

I k2, w) 21 < const(L+ | u | Logo,sv4))” (1 | w [ 22(q,))” (1.4)

where
0<o"<p-1, 0<o<p-—o"

and (3, 8* > 0 satisfy
B +oc"<p—-1, B +o0"+B+0<p.
(As). There exists 6 > 0 such that if (ux) — u weakly in LP(0,T; V1),
strongly in LP(0, T; W'=%?(Q)) and (wy) — w in L?(Q) then for i = 0,1,...,n

ai(tazauk(tﬂz)aDuk(tv'r);ukvwk) - ai(tazauk(tvx)vDuk(tvx);uaw) -0

in LY(Qr).
Definition Assuming (A;)-(As) we define operator A : LP(0,T; V1) x L*(Qr) —
L2(0,T; VY) by

[Mwmw=4<amwwm@m=

/ {Z a;(t, z,u(t,x), Du(t,z); u,w)D;v + ag(t, x, u(t, x), Du(t, x); u, w)v} dtdz,
T

=1
(u,w) € LP(0,T; V1) x L*(Qr), v € LP(0,T;V1)

where the brackets (-, -), [, -] mean the dualities in spaces Vi*, V1 and L9(0, T’; V),
L?(0,T; V1), respectively.

On function F : Q7 x LP(0,T; V1) x L*(Qr) — R assume

(Fy). For each fixed (u,w) € LP(0,T; V1) x L*(Qr), F(:;u,w) € L*(Qr).

(Fy). F satisfies the following (global) Lipschitz condition: for each ¢ €
0,77, (u,w), (u*,w*) € X we have

| F(5u,w) = F(su*,w*) |72, <

K[| = 0 3o m-smoy + 1w =" 1320, -
In [12] the following theorem was proved.

Theorem 1.1 Assume (A1) - (As) and (F1), (F2). Then for any f € L9(0,T; VYY)
and wy € L*(Qr) there exists u € LP(0,T; V1), w € L*(Qr) such that Dyu €
L9(0,T; V), Dyw € L*(Qr) and

Diu+ A(u,w) = f, u(0)=0,. (1.5)

Dyw = F(t,x;u,w) for a.e. (t,x) € Qr, w(0) = wy. (1.6)
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Now assume

(F/) F has the form F(t,z;u,w) = F(t,z,w(t,z);u,w) and F : Qp x
R x X — R satisfies: for each fixed (u,w) € LP(0,T;V1) x L*(Qr), £ € R,
F(-,f;u,w) € LQ(QT)'

(F3) There exist constants K, K(c1) such that if |£], |£*] < ¢1 then for each
t € (0,7, (u,w), (u*,w*) € LP(0,T; V1) x L*(Qr with the property |w]|, |w*| <
c1 in Qr

B (t, @, & u,w) — F(t 2, 50t w)]? <

K u = a0 ai-say +EL() [0 = 0" 3, +iE— €]
(F4) There exists a constant ¢ > 0 such that for a.e. (¢,z) and all u,w

Theorem 1.2 Assume (A1) - (As) and (F{) - (F}) such that operators gz, ko
in (A4) satisfy the following modified inequalities instead of (1.8) and (1.4):

[92(u, w)](t) = const(1+ || u | Lr(o,1v1)) ™7 (L4 g3l w z2@n) ™"

| B2 (uw, w) L@ < const(l+ || w || Leo.4v1))” (4 || w | 22(@0))

where g3, g4 are monotone nondecreasing positive functions, 0 < ¢* < p — 1,
0<o<p-—o*.

Then for any f € L9(0,T; V) andwo € L?(Qr) there existsu € LP(0,T; V1),
w € L*(Qr) such that Dyu € L4(0,T;Vy), Dyw € L*(Qr) and (1.5), (1.6) hold.

This theorem is a consequence of Theorem 1.1 (see also [12]): set
co = max{co, || wo [ L=}

and let y € Cg°(R) be such that x(£) = £ for [¢] < ¢ and define functions F,

Pt zyu,w) = F(t, o, x(w(t, 2));u, x(w)),
di(ta 33»(0’ C; u,w) = ai(ta xaCOa C; u, X(w))a

Then by Theorem 1.1 there exists a solution (u,w) of (1.5), (1.6) with F, a;
(instead of F, a;, respectively). It is not difficult to show that for a.e. © € €,
all t € [0,T], Jw(t,z)| < ¢ by (F5) and so (u,w) satisfies the original problem,
too.

Now we formulate existence theorems in (0,00). Denote by Li (0, c0; V;)
the set of functions v : (0,00) — Vi such that for each fixed finite T > 0,
vlo,r) € LP(0,T;V1) and let Qo = (0,00) x Q, Lf¥ (Q) the set of functions

v Qoo — R such that v]g, € L*(Qr) for any finite 7' > 0.
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Theorem 1.3 Assume that the functions

@it Qoo X R X LY (0,00;V1) X L}, .(Qoo — R
satisfy the assumptions (A1) - (As) for any finite T and that a;(t, x, (o, (; u, w)|Qr
depend only on u |7y and w |q, (Volterra property). Further, the function
F: Qoo X Lje(0,00, V1) x Lipo(Qoo — R
satisfies (F1), (Fy) for arbitrary fized T and has the Volterra property.
Then for each f € L} _(0,00; Vi*), wo € L2(2) there exist u € LY (0,00; V1),

loc loc

w € L} (Qoo) which satisfy (1.5), (1.6) for any finite T.

loc

The idea of the proof. The Volterra property implies that if u, w are solutions
in Qp then for arbitrary T < T, their restriction to Q7 are solutions in Q7.
Therefore, if lim(T}) = +oo0, T1 < Ts < ... < T < ... and u;, w; are solutions in
Qr, then, by using a ’diagonal process’, we can select a subsequence of (u;,w;)
which converges in Qr for arbitrary finite T to (u, w), a solution of (1.5), (1.6)
in Qs. (For more details see, e.g., [10].) Similarly can be proved

Theorem 1.4 Assume that the functions

a; Qoo X R x P

loc

(0,00; V1) x L}, (Qoo — R

satisfy the assumptions of Theorem 1.2 for any finite T and they have the
Volterra property; the function
F:Qoo x Rx LY (0,00;V1) x L}, (Qoo — R
satisfies (F) - (F3) for arbitrary fized T and has the Volterra property.
Then for each f € L] (0,00; V), wo € L*(Q) there exist u € L (0, 00; V4),

loc loc

w € L} (Qoo) which satisfy (1.5), (1.6) for any finite T.

loc

2 Boundedness and stabilization

Theorem 2.1 Assume that the functions ai, I satisfy the conditions of The-
orem 1.4 such that for all w € LY (0,00;V1), w € LiS.(Qx), t € (0,00) the
operators ga, ko in (A4) satisfy

[g2(u, w)](t) > const

T€[0,T]

1+ g3( sup Z(T))] (2.7)
T€[0,T]

—c* /2
1+ sup y(T)] .

/( Tk w)] (1) < (2.8)

const |1+ sup y(1)7/% + o(t) sup y(r)P=o)/2

T€[0,T] T€[0,T]

1+ ga( sup Z(T))]
T€[0,T]
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where 0 < 0* < p—1,0< 0 < p—0*, limexy = 0, g3, g4 are monotone
nondecreasing positive functions,

y(r) = /QU(T,,T)QCZZ‘, 2(1) =l w(t, ") Lo (o) -

Further, the constant co in (Fy) is independent of T, || f(t) |lvy is bounded for
t € (0,00).
Then for a solution u € L7 (0,00;V1), w € LY (Qs) of (1.5), (1.6) with

loc loc
wo € L*(Q) and arbitrary initial condition on w, y and z are bounded in (0, c0).

Proof Since the constant ¢y in (F3) is independent of T, it is easy to show that
|w(t, )| < max {co, I wo ||LOO(Q)}

for a.e. z € Q, all t > 0 (see the idea of the proof of Theorem 1.2, i.e. z is
bounded.
Further, applying (1.5) to u(t) € Vi, by (A4) we obtain
1

2 (1) + [g2(u, W) (1) || w(®) 7, */Q[’fz(u,w)](tvx)dﬂf < (2.9)

(F(@),u(®)) <II £@) lvp | w(t) [lvi < const [ u() [lva
since || f(t) |lvs is bounded. Young’s inequality implies
1
i S
elga(u, w)] ()7

eP p 1
?[92(%1")]@) [ u(t) HV1 +q€q[g2(u,w)](t)q/p'

Choosing sufficiently small € < 0, one obtains from (2.9), (2.10)

2y/(®) + 2 lg2(w, w)(0) | u(t) IV, < /Q[kz(u,w)](taw)dw + const[gz (u, w)] () =7

2 2
(2.11)

Il u(t) lIva < elgz(u, w)] (@) | ult) [lvs - (2.10)

Since by Holder’s inequality , p > 2,
Il u(t) I}, = consty(t)/?,
(2.7), (2.8), (2.11) and the boundedness of z imply (with some positive constant

)

y'(t) + ey ()P

—o* /2
1+ sup y(7) < (2.12)
T€[0,T]

const [1+ sup y(7)7? + o) sup y(r)P=7 )24 sup y(r)@/P"/2)
T€[0,T] T€[0,T] T€[0,T]

Since 0 < o < p—o0o* < p, (¢/p)o* < p—o*, limy ¢ = 0, it is not difficult to
show that (2.12) implies the boundedness of y(t) (see [11]).
Now we formulate an attractivity result.
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Theorem 2.2 Assume that the functions a;, F satisfy the conditions of Theo-
rem 2.1 such that for allu € LY _(0,00; V1), w € L (Qoo), t € (0,00)

loc loc

/Q[kQ(U,’w)](t,:C)dgg < (P(t) [ sup y(T)(p_U*)/Q

1+ g4( sup Z(T))] -

T€[0,T] 7€[0,T]
(2.13)
Further,
Jim || £(2) v =0, (2.14)

with a strictly monotone increasing continuous function g satisfying g(0) = 0.
Then for a solution u € L7 (0,00;V1), w € L (Qs) of (1.5), (1.6) with

loc loc
wop € L®(Q) and arbitrary initial condition on u, for the functions defined in

Theorem 2.1 we have
limy =0, (2.16)

limz = 0. (2.17)

Proof By (1.6) and (2.15) for a.e. =z € Q, t — w(t,x) is continuous and
monotone decreasing and for a.e. (¢, )

Dyw(t,x) < —g(w(t,x)) if w(t,z) >0
thus for a.e. x €  satisfying wo(x) > 0,
w(t,z) < wp(z) — tg(w(t,x)) for a.e. z € Q until w(t,z) >0

(g is monotone increasing, t — w(t, z) is monotone decreasing). Consequently,

to(w(t,z)) < wo(x), thus w(t,z) < g~1 <|wo|%<ﬂ>)

for a.e. x € Q with wo(x) > 0 until w(¢, z) > 0. In the case wo(x) < 0 we obtain

[| wo |L°°(Q))

w(t,z) > —g~* ( ,

for a.e. x € Q until w(t,z) < 0. If for some t1, w(ti,z) = 0 then w(t, z) = 0 for
t > t1. Hence we obtain (2.17).
In order to prove (2.16), we use (2.13) and so we obtain (similarly to (2.12))

—o*/2
Y (1) + ety |1+ sup y(T)] < (2.18)

T€[0,T]

+comst [| £(t) vy sup y(r) @D/,
T€[0,T]

const p(t) |1+ sup y(r)®=77)/2
7€[0,T]
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Since y is bounded and lim ¢, = 0, by using (2.14) one can derive from (2.18)

the equality (2.16) (see, e.g., [9]).

Remark In the case g(§) = —a1& (where o is a positive constant)

lw(t, z)| < |wo(z)|exp(—aat) for a.e. (¢, x)
and the inequality
—a2® <EF(ta, & u,w) <O (az > 0)

implies
|w(t, )| > |wo(x)| exp(—ast) for a.e. (¢, ).

Now we formulate a stabilization result.

Theorem 2.3 Assume that conditions of Theorem 2.1 are satisfied such that

(Az), (A4) hold for all T > 0 with operators

g1,92: Ly (Oa 003 Vl) X L%OC(QOO) - R+’

loc

ki : LY (0,005 V1) X LZQOC(QOO) — L1(Q);

loc

for arbitrary fived u € LY (0,00; V1), w € L?, (Quo) such that

loc loc
/ u(t,z)?dz, || w(t,-) ||p=, t€(0,00) are bounded
Q

and for every (Co,¢) €R, a.a. z € Q
thm ai(tv'erOaC;uaw) = ai,oo('erOvC)a 1= 07 15 sy T

exist and are finite where a; o satisfy the Carathéodory conditions.
Further, for every fived u € L7 (0,00; V1), w € L2 (Qoo)

loc loc

n

Z[ai(tv'erOaC;uaw) - ai(tvxvcavc*;uawﬂ(é.i - C:) Z
=0
[92(u, w)]()[|Co = GG 1P + [¢ — C*IP] = [ks(u, w)](t, x)

with some operator

ks : Ly, (O,OO;Vl) X L%OC(QOO) - Ll(QO@)

loc
satisfying
lim [ [ks(u,w)](t,x)dz =0

t—o0 Q
for all fived u,w satisfying (2.21).
On F assume

F(t, 2, & u,0)[€ = woo(2)] < =g(§ — Woo ())[§ — Woo ()]

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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with some woo € L () where g is a strictly monotone increasing function with

9(0) = 0.
Finally, there exists foo € V¥ such that

Jim || £(8) ~ foo llv;=0. (2.27)

Then for a solution uw € LT (0,00;V1), w € LY (Qs) of (1.5), (1.6) in (0,0)

loc loc
with wy € L*(Q), any initial condition on u we have

Jin [ u(t) = oo [l 2= 0, (2.28)
T+a
Tlim | u(t) = uc ||y, dt =0 for arbitrary fized a > 0, (2.29)
— 00 T—a
tlgg) | w(t,-) = woo ||Loe()= 0, (2.30)

where uso € V1 s the unique solution to
Ao (too) = foo (2.31)

and the operator A : Vi — Vi* is defined by

(Aso(2),0) = Z /Q .00 (2, 2(x), D2 (2)) Dyv(z)da+
/aoﬁoo(z,z(x),Dz(x))v(x)daz, z,v € V.
Q

Proof Equality (2.30) follows from (2.26) similarly as it was proved in Theorem
2.2. By Theorem 2.1 (2.21) holds. Applying (Az) (by using (2.19), (2.20)) to
u(t) = @, w(t) = @ where @ € V1, w € L?(2), we obtain from (2.22)

@i 00 (2, C0, Q)] < c1(|CoP™H + [CP7Y) + ifl(if)

with some constant ¢; and k; € L9(Q). Similarly, Vitali’s theorem, (2.19),
(2.20), (2.22) - (2.25) imply

Z /Q[aiﬁoo(z, z2(x), Dz(x)) — Gi,00(x, 2" (), Dz* (2))][Diz(x) — Diz*(x)|dx+

/Q[aoﬁoo(z, z(x), Dz(x)) — ao,00(x, 2" (), D2*(2))][2(x) — 2*(z)]dx >

c2 / [|z(x) — 2*(z)|P + |Dz(x) — Dz*(x)|P]dzx for any z,z* € V4.
Q

Consequently, Ao : V4 — V{* is bounded, hemicontinuous, strictly monotone
and coercive which implies the existence of a unique solution of (2.31) (see, e.g.,

[13)).
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If uw,w are solutions of (1.5), (1.6) in (0, 00) then by (2.31) we obtain
(Di[u(t) — too], u(t) — too) + (A(u, w)(t) — Aco (oo ), u(t) — uo) = (2.32)

(1)~ foorult) — 1s0).
It is well known ( see [13]) that
y@)=<ua>—ux”uu>—um>=3Aju@>—umﬁdx

is absolutely continuous and the first term in (2.32) equals to 1/2y/(t) for a.e. t.
Further, for the second term in (2.32) we have by (2.23) and Young’s inequality

([A(w, w)](t) = Ao (too), u(t) — uoo) = (2.33)
([A(w, w)] () = [Auw (uso)] (1), u(t) — uoo)+
([Au,w (too)](t) = Aco (oo ), u(t) — Uoo) >

mwwwu@*%J%*A%WWWMMF

eP » 1
" | u(t) — uee Iy, i |

with arbitrary ¢ > 0 where we used the notation

([Au,w(uo0)](t), 2) =

[Au,w (Uoo)](t) — Aso (Uoo) ||€/1*

/ {Z a;i(t, 2, Uoo (), Do (@); u, w)D;z + ap(t, &, teo (), Duco (2); u, w)z} .
2 Li=1
By Vitali’s theorem we obtain from (Asz), (2.19), (2.20), (2.22)

tliglo (| [Au,w (o)) () — Aoo(too) ||V1*: 0. (2.34)

Finally, by Young’s inequality, for the right hand side of (2.32) we have
e P 1 q
[(f(t) = foos u(t) — uos)| < m | u(t) — uco |y, toe | F(#) = foo IV - (2.35)

Thus, choosing sufficiently small € > 0, (2.21), (2.25), (2.27), (2.32) - (2.35)
yield
y'(8) + ¢ | ut) = us [IT, < (1), (2.36)
thus by Holder’s inequality
y'(t) + eyt < (), (2.37)

where lim;_, ¥(t) = 0 and ¢*, ¢** are positive constants. Similarly to (2.16),
one obtains (2.28) from (2.37). Combining (2.28) and (2.36) one obtains (2.29).
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Examples Now we consider examples satisfying the conditions of Theorems
1.4 - 2.3. (Examples for Theorems 1.1, 1.3 see in [12].) Let a;(t,x, o, (; u, w)
have the form

ai(t,x, o, C;u, w) = by ([Hy(uw)))ba([Ha(w)))ev; (t, x,0,¢), i=1,..,n, (2.38)
ao(t, z, Co, G u, w) = b ([H1(w)])ba([Hz(w)])ao (¢, 2, Co, () + (2.39)
bo([Fo(w)](t, ))bo(Go (w))dio(t, z, o, €)

where «a; satisfy the usual conditions: they are Carathéodory functions;

|ai(taxaCOa<)| S Cl(|C0|p_1 + |C|;D—1) + k/’l(.’I])

with some constant ¢1, k1 € L9(Q2), i =0,1,...,n;

n

Z[ai(taxag}ac) - ai(taxaCOaC*)](Ci - C:) >0 if C 7& C*7

i=1

n

ZO@(L%CO,C)Q > ca(|Col?” + [CIP)

=0

with some constant co > 0. E.g. functions
= — — p—2
az*<z|c| ) 7’715"'5”7 O‘O*<0|CO|

satisfy the above conditions. The function & satisfies the Carathéodory condi-
tion and A A

|d0(taxaCOaC)| Scl(|<—0|p+|<—|p)5 0§ﬁ<p_1 (240)
Further, bl,bg,i)o,go are continuous functions, satisfying (with some positive
constants)

const
b1(©) > ——,
1(©) = T oF

withO<o*<p—1,0"4+p<p*<p-—1,

b(©)] < const|OP~1=7"

by ( 9) S const

Z T 45(0)’ b0 (©)| < const[1 4 g4(O)].

(93, g4 are monotone nondecreasing positive functions.)
Finally,

Hi : L7, (0,00, W'™2P()) = C(Qs),  Hz: Li,o(Qu) — C(Qc),s

loc loc

Fy: L}, (0,00 W'°P(Q)) — L}, (Qec),  Go & Line(Qoo) = Lipe(Qoc)

are linear operators of Volterra type such that for any fixed finite 7' > 0 their
restrictions

Hi - LP(O,T;Wl_é’p(Q))) — C(@), Hy: LQ(QT) — C(@)a
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Fy : LP(0, T; W'=9%(Q))) — LP(Qr), Go: L2(Qr) — L*(Qr)

are uniformly bounded with respect to T' € (0,00). [H1(u)](t, z) may have e.g.
one of the forms:

/d(t,x,7‘,§)u(7,£)d7‘d§Where sup / |d(t, z,7,8)|%drd§ < oo,

t (t,x)eQr JQ

/ d(t,z, 7,8)v(r,€)drdos where sup / |d(t, z,7,8)|%drdoe < oo.
T (t,x)eQr JTp
Examples for Fy, Gy see in [11].

By using Young’s inequality, one can prove that the assumptions on a; in
Theorem 1.4 are fulfilled for the above example (see [11]). The assumptions on
a; in Theorem 2.1 are satisfied for the above example if

1/2
| Hi(u) [lo@m< const sup {/ U(T,$)2d$} , (2.41)
T€[0,T] Q
1/2
| Fo(u) ||Lr(@r)< const sup {/ u(r, x)de} (2.42)
T€[0,T] Q

with constants not depending on 7'. (2.41) is satisfied if e.g.

[Hy(w)](t, x) :/ d(t,z, T, &)u(r, )drdE where

t

0o 1/2
sup / [/ |d(t,x,7‘,§)|2d£} dr < oo.
(t,2)EQoc YO Q

The assumptions on a; in Theorem 2.2 are satisfied if (2.41), (2.42) hold and
(instead of (2.40))

lo(t, z, Co, Q) < 1(®)(|Gl? +1¢I?), 0<p<p—1 (2.43)

where lims, ¢1 = 0.
Finally, the following modification of functions (2.38), (2.39) satisfy the con-
ditions of Theorem 2.3: for simplicity e.g.

Q5 :§i|C|p_2 for i = 1)"'7”7 (%) :C0|§0|p_25

(2.43) is valid and instead of by (H1 (u)), ba(Hz2(w)) we have by (¢, Hy (u)), ba(t, Hz2(w)),
respectively, where (with some positive constants)

const const
b1(t,0) = ————— bo(t,0) = ————— i i =0.
O = Tnmer PO T T mee); B
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