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1 Introduction

Let () be a bounded domain in R”, n > 2, with the boundary dQ) consisting of two surfaces
I'1, I'> which intersect along a manifold lp. Assume that in a neighbourhood of each point of
lp the set Q) is diffeomorphic to a dihedral angle. Assume that in a neighbourhood of each
point of Iy the set Q) is diffeomorphic to a dihedral angle. For any P € I, two half-spaces
T;(P), and T»(P) tangent to (), and a two-dimensional plane 77(P) normal to Iy are defined.
We denote by v(P) the angle in the plane 77(P) (on the side of )) bounded by the rays Ry =
Ti(P) N t(P), Ry = To(P) N t(P) and by B(P) the aperture of this angle.

In the cylinder Q = () X R, we study a class of second-order hyperbolic equations. The
Dirichlet boundary condition is given on the boundary dQ = dQ) x R of the cylinder. Our goal
is to describe the behaviour of the solutions near the edges. There are some approaches to this
issue. For systems or equations dealt with in [13, 6, 12] whose coefficients are independent
of the time variable, B. A. Plamenevssky used Fourier transform to reduce the problem to an
elliptic one with a parameter. In contrast to [13] and [12], in this paper, we consider equations
with coefficients depending on both of time and spatial variables. We develop the approach
suggested in [2] to demonstrate the asymptotic representation of the solution of the problem
mentioned above near the edges. Furthermore, we investigate the unique solvability of the
problem and the regularity of solutions in weighted Sobolev spaces.
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Let
"9
L(x,t,0)u = — Z Fre

ij=1

(a,] X, t) > —|—Zb X, t +c(x, t)u,

be a second-order partial differential operator, where a;;(x, t), b;(x, ) and c(x, t) are real-valued
functions on Q belonging to C*(Q). Moreover, suppose that a;; = aj;, i,j = 1,...,n, are
continuous in x € Q uniformly with respect to t € R and

Y aij(x, £)Ei&j > pol)? (1.1)

i,j=1

for all { € R"\{0} and (x,t) € Q, yo = const > 0. In the present work, we consider the
Dirichlet problem
Up + L(x/ t a)u = f in Q/ (12)

ulag = 0. (1.3)

Let us introduce some functional spaces used in this paper. We denote by H'(Q)) and H'(Q)
the usual Sobolev spaces as in [1]. Let & € R, we introduce the space H.(Q) as the weighted
Sobolev space of all functions u defined on () with the norm

By = X [ PO DI + udx,
0<[pl<if

in which r2 = x% + x%, and DPu = a‘mu/axfl coxh, p=(p1,.. ., Pn)-
By H'*(Q, ), H¥(Q,7) (7 € R) we denote the weighted Sobolev spaces of functions 1 defined
on Q with the norms

k
30, = / ( ) |Dpu|2+21ut,-|2>e”’tdxdt< +00
o \oslpl<! j=1

and

||”||szQ7) _/< Z p2lactlpl= ’]D”u!2+2|u |2>e " dx dt < +oo,

where 1, = %. The space H"¥(Q, ) is the closure of CF(Q) in H"*(Q,7) .

Finally, denote by H.(Q, ) the space of functions u(x, t) defined on Q with the norm

[l = X[ (POPHDDIG R+ ) e dxat
O<|p\+k<l

Let us denote

B(u,v;t) Z/”ll

z]l

au av

Z/b —vdx+/ tyuvdx,

the time-dependent bilinear form. Applying condition (1.1) and similar arguments as the proof
of the Garding inequality, it follows that

B(u,u;t) > yoHuH%{l(Q) —)\OHMH%Z(Q), forae. t € R (1.4)
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for all u(x,t) € H"'(Q, ), where yy = const > 0, Ay = const > 0.

We denote by (-, -) the inner product in Ly(Q). Let f € HY(Q,7),r > 0, a function u(
is called the generalized solution in H'(Q,~) of problem (1.2)~(1.3) if and only if u(x,t
H"'(Q,7), and for any T > 0 the equality

,t)

X
) €

—/T (ut,vt)dt—k/T B(u,v;t)dt:/T (f,0)dt, (1.5)

holds for all v € I—OIM(Q, —),v(x,t) =0,t > T.

The problems for nonstationary systems or equations in nonsmooth domains also have been
investigated in [2, 3, 4, 5, 10, 11], in which the authors obtain results on the regularity of solu-
tions in weighted Sobolev spaces and asymptotic behaviour of solutions in the neighbourhood
of the conical points. However, the problems are considered in domains with conical points
and with initial conditions. Different from the above-mentioned papers, we consider the prob-
lem without initial conditions in domains with edges. The paper is organized as follows. In
Section 2, we present the results on the unique solvability of the problem. The regularity of the
generalized solution is stated in Section 3. The main result, Theorem 4.2, is given in Section 4.

2 The unique solvability

In this section, we will establish the unique solvability and the regularity in time variable of
the solution for problem (1.2)-(1.3). Furthermore, some energy estimates of the solution are
proven. The solvability condition of problem (1.2)—(1.3) is: the right hand side f (external force)
of (1.2) belongs to HY(Q, y) where 7 is a sufficiently large positive number. This condition is
more applicable than f € Ly(Q, ), because Lo(Q,y) — HY(Q,7),a € [0,1].

Theorem 2.1. Suppose that f, fr € HY(Q,7), v > 0, a € [0,1], and the coefficients of the operator L
satisfy
sup{|aj|, laij|, |bil, |c| 1 i,j =1,...,1;(x,t) € Q} < u, u = const.

2u+e

Then forany v > Y0 = infizm—c}’

the space H'(Q, ) and

€ € (0,2u), problem (1.2)—~(1.3) has a generalized solution u in

14100 < € (I By + i ) 2.1)

where C is a constant independent of u and f.

To prove the theorem, we construct an approximate sequence u" of solution u of the prob-
lem (1.2)—(1.3). It is known that there is a smooth function x(t) which is equal to 1 on [1, +c0),
is equal to 0 on (—oo,0] and assumes values from [0,1] on [0,1] (see [14, Thm. 5.5] for more
details). Moreover, we can suppose that all derivatives of x(t) are bounded. Let h € (—oo,0]
be an integer. Set f*(x,t) = x(t — h)f(x,t) then

i foift>nh+1,
o ift<h

Moreover, if f € HY(Q,v), then f* € HY(Qy,, ), " € HY(Q,7),Qn = Q x (h, ), and

h h
1" i @um = 1" o) < 1100
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where H)(Qy, ) as H(Q, ), replacing Q by Q. Fixed f € HY(Q, ), we consider the follow-
ing problem in the cylinder Qy:

i+ L(x,t,9)u = f*(x,1) in Qp, (2.2)
u=0o0nS, =090 x (h,o00), (2.3)
U |j—p=0,u; |—p=00n Q. (2.4)

This is the initial boundary value problem for hyperbolic equations in cylinders Qj,. A function
u = u(x,t) is called the generalized solution in the space H'"!(Qy,y) of problem (2.2)-(2.4) if
and only if u € I—ollfl(Qh, 7v), u(x,h) =0, and for any T > 0 the equality

T T T
_/h (ut,vt)dt—i—/h B(u,v;t)dt:/h (f,v)dt, (2.5)

holds for all v € H"'(Qy, —7), v(x,t) =0, t > T.

Lemma 2.2. Suppose that the assumption of Theorem 2.1 is satisfied. For any h fixed, there exists a
solution u” in the space H''(Qy,, 7y) of the problem (2.2)~(2.4) and the following estimate holds

14 1By < € (1" FRpigum + 1 100 ) - 2.6)

where C is a constant independent of h.

Proof. We will prove the existence by Galerkin’s approximating method. Let {wy(x)}¢; be an
orthogonal basis of H'(Q)) which is orthonormal in L, (Q)). Put

N
= chy(t)wk(x)
k=1

where Clﬁ\] (t),k=1,...,N,is the solution of the following ordinary differential system:
(uf\t],wk) + B(uN,wk;t) = (fh,wk), k=1,...,N, (2.7)
with the initial conditions
cN(n)y=0,cN(n)=0,k=1,...,N. (2.8)
Let us multiply (2.7) by CY(#), then take the sum with respect to k from 1 to N to arrive at
(gt uh) + B, u; t) = (", ul).

Since (ul,ulN) = di( |ulN || ) we get

T (120 + 2B, 1) = 24", u)

Integrating the equality above from & to t we find that

t
I ()1 +2 [ B s 0yde =2 [ (7, ) e 9)
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Let us evaluate the right-hand side of (2.9). Integrating by parts, we have

2 [0 =27 (0),0%(0) 2 [ (s

By the Cauchy-Schwarz inequality and the Hardy inequality, for an arbitrary positive number
a € [0,1], it follows from the equality above that

t
2'/ (fh,uf\])dr
h
t
< C||fh”Hg(Q)H”NHH1(Q) + C/ HfthHHO 0 H”NHHl(Q) dt (2.10)

< CO)F By + €l Bniay + [ O i + el

t
<207 |y N |y +2/h 17 F o ™ uN |y ) dT

where € > 0 and C(¢) is a constant independent of N, /.
We consider the second term in the left-hand side of (2.9), we can write

uN oulN
B(uN,uN;t) / td+ /b dx+/cu ul dx
1; " ox; 2 2.11)
=: By + B».
It is easy to see that
B _i(lA[u 1/ f a”Na” dx, (2.12)
1 — dt \2 > . l]t xi .
& =1
for the symmetric bilinear form
o 9uN guN
A[uN, uM, 1] :/ a
2 Z.,].Z_ll 7 ox; ox;
The equality (2.12) implies
t t
[ Brar = ol (1) oy = /2 [ 10 R g (2.13)
and we also note
t t
M B,dt| < y/z(/h 1™ 1By + 1N 1,0 dT) (2.14)
Combining estimates (2.10), (2.13) and (2.14), we obtain
2u+€ t
a0y + 1 Ol < g [ g0 + 10" B 7 .

t
+C <Hth%—Ig(Q) +/h HfthH%—Ig(Q) dT) /

where we used (2.12) and 0 < € < 2uy.
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Thus the Gronwall-Bellman inequality yields the estimate

¥ ()17, oy + 15 (O
< o)+ )
(1o / I£0) e
T / hlt= (r|fh<r>qu<Q>+ 1A Byt )
h

2u+e
min{1;2pp—€}’
¥ > 7o, then integrating them with respect to t from & to oo, we get

6B 0 < € (e IO By it [ e [ U0 g )

+Cpo [ e / P (1) [y e
h o
h

where 79 = € € (0,2p9). Now multiplying both sides of this inequality by e~ 7,

t

+C70/ e 7f/e%f T/ £ 5) g ) s AT .
h

By the Fubini theorem and v > <9, we conclude that

1M 1 gum < € (17" 10y + 1A i) 2.17)

where C is a constant.

From the inequality (2.17), by standard weak convergence arguments, we can conclude
that the sequence {uN}%_, possesses a subsequence convergent to a function u” € H'(Qy, ),
which is a generalized solution of problem (2.2)—(2.4). O

Proof of Theorem 2.1: Let k be a integer less than /1, denote uk a generalized solution of the
problem (2.2)—(2.4) with the replacement of h by k. We define u" in the cylinder Qy by setting
u(x,t) = 0fork <t < h. Putu =ul —uk, f'* = " — £¥ s0 u"* is the generalized solution
of the following problem
ulk 4+ L(x b, a) — M (x,1)in Q,

" —0on S, u™ |,_x=0,ul* |;_=0o0n Q.

According to Lemma 2.2, we have

h k
1™ 1) = N4 [0y < CUF" = F ey + 1A = il (@)

It is easily seen that
h_ gk h_ gk T
1= g = 17 = Pl = [ €717 = g o
L
§2/k e | £l dt

As f € HY(Q,7), we have

h1
/k e 2 ey dt — O, Ik — —co.
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Therefore,
lim [| " = f¥([}0(0) = 0, Bk = —oo.

Repeating this argument, we get
Hfth - ftkH%—Ig(Q/‘y) — 0/ h,k —> —O0Q.

This shows that {u"} is a Cauchy sequence in H'(Q,y). Hence, {u"} is convergent to u in
Ifll'l(Q,’y). Since u" is a generalized solution of problem (2.2)-(2.4), for any T > 0, we have
that the equality

T T T
- /h (0, 01) dt + /h B(uy, v; 1) dt = /h (f" o) dt, (2.18)

holds for all v € H"'(Q, —7), v(x,t) = 0, t > T. Using (2.18) when h — —oo, we obtain (1.5).
It means that u is a generalized solution of the problem (1.2)-(1.3). Using (2.6), we get

H”hHHUQ <C ||fHH0 Q) +Hft||H0Q7
)

From this inequality, sending i — —oo, we get (2.1). The proof of the theorem is completed.

Theorem 2.3. If v > 0 and |ajj|, |bi], bi,|, [c] < u1e*", ae. (x,t) € Q, 1 = const, then problem
(1.2)~(1.3) has no more than one solution in H'*(Q, ).

Proof. It suffices to prove that the only solution of (1.2)-(1.3) with f = 0is u = 0. To verify this,
forany T > 0, fix 0 <s < T and set

t
/ u(x,7)dt, —oco<t<s
v(x, t) = s
0, s <t < Hoo.

Then v € HY'(Q, —) for any 7 > 0. From the definition of generalized solution, we get

S S
—/ (ut,vt)dt+/ B(u,v;t)dt = 0.

Asvr = —u(t <s),so

S S
/ (ut,u)dt—/ B(vt,v;t)dt = 0.

Therefore,
sod (1, 1 s
/_Ooa EH”HLZ(Q) — EA[v,v;t] dt = —/_Oo C(u,v;t) + D(v,v;t) dt,
where )
Clu,vit) = [ Y- buroy + bguvdz — | cuods
Qo Q

and

(v,0;t) 2/ E ;jtUx; Ux; dx.

i,j=1

Hence,

*H”( )H tEIPmA[U(t)’U(t);t] = —/_SOOC(u,U;t) + D(v,v;t) dt.
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Using inequality (1.1) and the Cauchy inequality, we arrive at

S
4@+ Jim 100 By < C [ (I oy + 00 By dt. 219)
Let us write ,
w(t) = / u(x,7)dt, t <s,
then

lim o(t) = —w(s),v(t) = w(t) — w(s).

t——o0

It follows readily from (2.19) that

S
||u(s)||%2(0) +(1- Cez"’s)Hw(s)H%{l(Q) < C/_oo el (Hu(t)H%Z(Q) + HW(t)H%{](Q)) dt.
Choose T; so small that 1 — Ce?Tt > 1/2, then we have

J1e(5)112 ) + 10D By <2 [ 2 (@) 300 + le0(®) i )

for all s < T;. Consequently the Gronwall inequality implies # = 0 on (—oo, T1]. In view of
the uniqueness of the solution of the problem with initial condition (2.2)-(2.4), u = 0 holds on
R. O

By the same arguments as in the proof of Theorem 2.1 together with inductive arguments
(cf. [2]), we obtain the following theorem:

Theorem 2.4. Let h € IN*, assume that
(i) sup{|ani], b, lep| 14,7 =1,...,m;(x,t) € Qk <h} <p,
(ii) fu € Hg(Q,'yO), k<h+1.

Then for an arbitrary real number -y satisfying v > <o, the generalized solution u € H"'(Q,7) of
problem (1.2)—(1.3) has derivatives with respect to t up to order h belonging to H"*(Q, ), and

h+1
[l igqy < C X ol (2.20)
=0

where C is a constant independent of u and f.

3 Regularity of the generalized solution

We reduce the operator with coefficients at P € Iy, t € R

2 2

2 0

L(()) == § / aij(Pl t)ax'axj/
i,j=1 1

to its canonical form. After a linear transformation of coordinates, it can be realized that via

this reduction Ty and T» go over into hyperplanes T; and Tj, respectively. The angle  at (P, t)

is transformed to
[a11 (P, t)azz(P, t) — Q%Z(P, t)]l/z

(122(13, t) COtﬁ - Ellz(P, t)

w(P,t) = arctan
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Clearly, the value w(P, t) does not depend on the method by which L(()z) is reduced to its canon-

ical form. The function w(P,t) is infinitely differentiable and w(P,t) > 0. Then, we have the
following theorem.

Theorem 3.1. Let the assumptions of Theorem 2.4 be satisfied for a given positive interger h + 1.
Furthermore, assume « € [0,1] and 1 —a < Z. Then the generalized solution u € HY(Q,7) of
problem (1.2)—(1.3) has derivatives with respect to t up to order h, u, € H,,%’O(Q, 7v) and

h+2 )
HuthHHZO Q7 S Ckgo Hft"HHg(Q,'y)’

where C is a constant independent of u, f.

Proof. We will prove the assertion of the theorem by induction on h. Firstly, we consider the
case h = 0. It is easy to see that u(-,tp), fo € R, is the generalized solution of the following
problem:

L(x,tp,0)u = F(x,tp) in O, u’aQ =0,

where F(x,to) = f(x,to) — us(x,t9) € HY(Q). From [8, Thm. 2], we get u(x, ty) € H2(Q) and

14 t0) 20y < € [IIFCo10) By + 14100 |

. i (3.1)
< C [ gy + sl + 1l ]

Multiplying both sides of the above inequality by e~/07, then integrating with respect to #; on
R and using estimates from Theorem 2.4, we obtain

2
llitgn sy = € X Wfisligian:

Thus, the assertion of the theorem is valid for h = 0.
Next, suppose that the assertion of the theorem is true for i — 1, we will prove that it also
holds for k = h. Differentiating / times both sides of (1.2) with respect to t, we find

h—1 k
Luy = fpr — 2 — ), <h> Lytty == F. (3.2)
k=0

By using the assumptions of the theorem and the inductive assumption, we obtain f € HY(Q),
up2 € La(Q) € HYQ), « € [0,1], and uy € HY(Q), k < h — 1. Therefore, F(-,ty) € HY(Q),
a.e. tp € R. By using [8, Thm. 2] again, we get uy € H2(Q)) for a.e. tp € R and

h—1
0y < ClIFllgi) < C [HfthH%;g(Q)JrHutmlliz(gﬁkx gl | - (33)
=0

Multiplying both sides of (3.3) by e 7, then integrating with respect to t; on R and using
estimates from Theorem 2.4 again, we obtain

h+2 )
el F200,) < € L il

It means that the assertion of the theorem is valid for k = h. The proof is completed. O
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From now on, let the assumption of Theorem 2.4 be satisfied for a given positive integer
h+1.

Theorem 3.2. Assume that fu € H,ff(Q, Y0), k < 2,and
h+l-a<’, aelo]
w

Then the generalized solution u of problem (1.2)~(1.3) belongs to H2*"(Q, «). In addition,

2
H“||H2+h E |ftk||%-[g(Q,~,)/ (34)

where C is a constant independent of u, f.

Proof. We have

/ <r2 “HIPIHR=2) | DP 1y |2+ u > e~ " dxdt
\P|+k<2Q

= /<r2 “HPI=2) DPy|? 4 uf? )e’”tdxdt
Pl<25
+ Z / 2(a+pl-1) ]Dput] )e thxdt—l—/ 2% g |2e ™ dx dt
pI<1p Q

= Hulleo o 16000+ 1 B0

lule 0,

_ 2
- kgo s a0
Therefore, u € H(,%(Q, 7v) by Theorem 3.1 and Theorem 2.4. Moreover, we have

2
||“||H2 Q) ZH”tkHHz k0(Q CZHftkHHU Q)"
k=0

Thus, the theorem is valid for 1 = 0. Suppose that the assertion of the theorem is true for h — 1,
we will prove that it also holds for k = h. It is easy to see that

h+2
H“HH2+h Q) Z H“tkHHi:+2 ko (3.5)
Hence, we will prove that
up € HH2K0(Q,9),k=0,...,h (3.6)
and
HutkHH11+2 9(0,7) <C Z HftSHHh £0(Qy)” k < h. (3.7)

By using Theorem 3.1, this holds for k = h. Suppose that it holds fork = h,h —1,...,j+ 1, we
will prove that it holds for k = j. Returning one more time to (3.2) (h = j), we get

=1/
Lut] = ft]- — Uyjt2 — 2 <I]€> Lutjfkutk = Fl.

k=0
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Notice that f,; € H'(Q) C HY (Q) for a.e. t € R (by the assumptions of theorem), u,j:> €

H,ff_j(Q) for a.e. t € R (by (3.6) which holds for k = j +2), ux € H'175(Q) C HZ_j(Q),k =

0,...,j — 1, (by the valid inductive assumption for k = h — 1).
It implies that F; (-, f) € HZ_](Q), a.e. t € R. From [8, Thm. 2], we obtain

u, € HIP?7(Q), ae t €R
and

Hutj H?_IiHrZ*]'(Q) < CHFl |‘HZ_j(Q)
j—1
< Ol oy + ey + D sl @9
¢ ¢ k=0 «

Multiplying both sides of (3.8) by e~ 7, then integrating on R, we arrive at
j+2

H“HH2 27,0 <C Z HftkHz h—i0 .
Hy ™" 7(Q) = HI0 Q)

It means that (3.6) and (3.7) are true for k = j. Thus, (3.6) and (3.7) hold for all k = 0,1,...,h.
From (3.5), we get

2
1120y < ckzo 1fe s -

The proof is completed. O

4 Asymptotics of the solution in a neighbourhood of the edge

According to the previous section, if k +1 —a < Z,a € [0,1] and f, fi, fu € HY(Q, ), then the
solution u € H>"*(Q, 7). Now we study the solution in the case Z < k+ 1 — a. In this case,
we can find an asymptotic representation of u in the neighbourhood of Iy : x; = x = 0. In this
section, we use the notations y1 = x1, y2 = X2, ¥ = (y1,Y2), 2i = Xiz2, 2 = (21,...,2p-2), T =
x2 + x% and (r, ¢) for the polar coordinates of the point y = (y1,2) € Q. = QN {z = const}.
Set Q, = ), x R. To begin with, we present the following lemma.

Lemma 4.1. Suppose that the following hypotheses are satisfied:
(i) fr € HY(Q,79), s <h.
(i) k—a < Z<k+1l-a<Z ael01]
Let u be the solution of (1.2)—(1.3), u = 0 outside some neighbourhood of ly. Then
u(y,z,t) = c(z,)re®d(z, ¢, t) + uy(y,z,1)
where cis € Ly(Qz,7), (u1)s € HY22(Q,, ), s < hand ® € C*.

Proof. Using (i), we get from Theorem 3.2 that u;s € HS™(Q,v), s < h, particularly, u, €
HK(Q), uy, € HY(Q) for a.e. t € R. On the other hand, we have

Lu, = fz — Uy — Lyu =: fl/
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i,j=1 9x;
Theorem 2 in [8], we obtain u, € HX*1(Q) for a.e. t € R. Therefore, equality (1.2) can be
rewritten as follows

where L, = —Y/._, 2 ( ijax> + Y 1blzax +c,and fi € HY(Q) for ae. t € R. Using

1Pu=F 4.1)
where F € HX(Q) for a.e. t € R. Now we can apply Theorem 1" in [9] to get

u(y,z,t) =c(z, t)rgcb(z, @, ) +u(y,zt) 4.2)
where ® € C*,u; € H?(Q,) and

ez O < C (IF I + Il )
lal2g 0y < € (IEIga) + 11,0, ) 2 € 1o R,
Therefore, ¢ € Ly(Q,,7y), U1 € H§+2,O<Qz,')’). It implies that this lemma holds for & = 0. Sup-

pose the lemma is true for 1 — 1, we will prove that it also holds for k = h. Denoting v = u
and differentiating both sides of (4.1) with respect to ¢, h times, we find

Leh
LPv=Fi—Y <]> L. (4.3)

Set Sy = r«®, we have

o horh o
Y ( >L((w>uth =Y <],>Léf}(cso)thj +) <],>L(()f]?(u1)thj. (4.4)

j=1 ] j=1 j=1

The first term of the right hand side of (4.4) can be rewritten in the following form:

" h(h o
Z; <],>L((]$].)(C50)thj = Z; <]>L$j) <Z(:) < ; ]> Cpn—j—i Soyi
= = i=

h—j
i ) th—j— ’L(()t])SOti

ho\ "

- Z (]) ( i ]> Coni- ZL(()t/ Soi + Z (])Cth ]L(()tJ)SO
j=1 i=1

i

( > ( i ]> i IL(()t/)SOti

h "ok
> th— ]L((]t])SO - Z (i)cthiL((JZ)SOti

i=1

From the assumptions of the lemma and the inductive assumptions, we find that F; € H5(Q),).
Hence, from equality (4.4), we obtain

h h h h
2 <]> L(()i-)uthfj =F - Z <i>ct”il‘(()2)50ti/
i=1

j= i=1
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where F, € HX(Q),). Employing the equality above, we get from (4.3) that

Z) = F3 + Z ( >Cth 1L SOt’ (45)

" h
(2) (Z) — Z <Z,>Cth—i50ti = F3,
i=1

where F; € HX(Q),). Analogously to the case h = 0, we get

Thus,

h
h
v—) <Z,>Cth—i50ti =d(z,t)So +uz(y,z,t).
i=1

Therefore,
h

h
g =) <1> cpiSo +d(z,t)So + u2(y, 2, t), (4.6)

i=1

where d € Ly(Q.,7),uz € H{ﬁz’o(Qz,'y). By the assumption (i), it implies that u is differen-
tiable with respect to f. Then, it can be seen that the functions c(z, -), u1(y, z, -) are differentiable
with respect to t. Combining (4.2) and (4.6), we conclude that

Cop = de LZ(QZ/ ’Y)/ (ul)th =u € H§+2’O(QZ/ ’Y)
The proof is completed. O
Now, we come to the main results.

Theorem 4.2. Suppose that hypotheses of Lemma 4.1 are satisfied. Then the following representation
holds

u(x,t) = c(x, )rod(z, @, t) + up(x, t),
where c;s € HZ:[ZNO(Q,W), (u1)p € HE™2(Q,v), s < h,and ® € C*.
Proof. From Lemma 4.1, we have the following representation:
u(x, t) = c(z, )red(z, t, ¢) + uy(x, ), 4.7)

where ¢s € Ly(Qz, ), (u1)s € H§+2’O(QZ,')/), s < h. Considering the differential operator

0 190
D= —+~-—,
YT o + rog
in coordinates x1, x5, it has the form
d d
Di =& D
1= Py~ 0 + Oy — 9%,
here @, P, are infinite differentiable functions. From representation (4.7), we find
Dyu = g c(z,t)ro "\ ®s(z, t, ) + Dyug(x, t). (4.8)
Moreover,
k+2,0 2 2y — ot
uy € Hy7(Qz, ), / r | ¢ Ydxydxy dt < oo. (4.9)
2 dx7'0x,”
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By similar arguments to the proof of Lemma 4.1, we obtain
uz,u € H0(Q, ).

Therefore,
(D1u), € H(Q,v) and/ (1’2(“”‘)\(Dlu)z|)e’7tdxdt g/ (r*|f|*)e " dx dt < oo. (4.10)
Q Q

Combining (4.9) and (4.10), we get

-z k+1,0
r ‘“+1D1u1 € Haiz_l(Qz/')’)
w

1~ (Dyu), € Hﬁilg’o_l(Q,'y).
On the other hand, equality (4.8) yields the equality

(r_g“Dlu)y = (r_gHDlul)y.

Consequently,

e Dy € Hij%{l(g,y). (4.11)
Now write w
o1 (x,t) = ;r—%“Dlucbg,

then (4.11) implies ¢; € g0 (Q,7v). From Lemma 2 in [9], we obtain that there is ¢; €

at+T-1
Hﬁzg’o(Q,'y), (1) € Hf;i%’o(Q,’y), s < h such that
/ (Jey — & [Pr2etE—F=2) =" dx dt < co. (4.12)
Q

Utilizing (4.8) and the fact that u; € HE22(Q,, ), we get
/ (Jc — 1 |Pr2e+E=5=2)) e dx dt < co. (4.13)
Q

We can rewrite representation (4.7) in the following form

glx

u(x, t) = ¢y (x, )red(z, @, t) + [c — 1]re ®(z, ¢, t) + u1(x,t)

D(z, ¢, t) +us(x, t), (4.14)

=c1(x, t)r

ISIE}

where u; € H§+2’0(QZ, 7v), z € ly. Since u is differentiable with respect to z and u, = u — Grod,
we get that Lu, € H5(Q) and [, 72**=2)|u,|dx < co. From Lemma 2 in [7], we obtain u, €
HE2(Q)). Hence, u; € HE™2(Q, 7).

To prove (uy) € Hi™%(Q,7), s < h, we can use arguments analogous to the proof of
Lemma 4.1. The theorem is proved. O
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